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PREFACE 

The design of this Treatise is to explain all that is 
commonly included in a First Part of Algebra. In the 
arrangement of the Chapters I have followed the advice 
of experienced Teachers. I have carefallj abstained from 
making extracts from books in common usa The only 
work to which I am indebted for any material assistance 
is the Algebra of the late Dean Peacock^ which I took as 
the model for the commencement of my Treatise. The 
Examples, progressive and easy, have been selected from 
University and College Examination Papers and from 
old English, French and German works. Much care has 
been taken to secure accuracy in the Answers, but in a 
collection of more than 2300 Examples it is to be feared 
that some errors have yet to be detected. I shall be 
grateful for having my attention called to them. 

I have published a book of Miscellaneous Exercises 
adapted to this work and arranged in a progressive order 
so as to supply constant practice for the student. 

I have to express my thanks for the encouragement 

and advice received by me from many correspondents ; 

and a special acknowledgment is due from me to Mr E. 

J. Gross of Gonville and Caius College, to whom I am 

indebted for assistance in many parts of this work. 

J. HAMBLIN SMITH. 
Cambridqb, 1871. 
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L ADDITION AND SUBTRACTION. ^ 

1. Algebra is the science whicli teaches the use of stm- 
1K>LS to denote numbers and the operations to which numbers 
may be subjected. 

2. The symbols employed in Algebra to denote numbers 
are, in addition to those of Arithmetic, the letters of some 
alphabet 

Thus o, b, c os^ViZ: a, ft y : ci, b\ c' read 

a dash, b dash, c dash : ai, bi, Ci read a one, 

h one, c one are used as symbols to denote numbers, 

3. The number one, or unity, is taken as the foundation of 
all numbers, and all other numbers are derived from it by the 
process of addition. 

Thus two is defined to be the number that results from 
adding one to one; 

three is defined to be the number that results from 
adding one to two ; 

four is defined to be the number that results from 
adding one to three ; 
and so on. , 

4. The symbol +, read plus, is used to denote the opera- 
tk>a of Addition. 

Thus 1 + 1 symbolizes that which is denoted by 2, 

2 + 1 , 3, 

and a+5 stands for the result obtained by adding bio a, 

6, The symbol = stands for the words "is equal to,* or 
"the result is." 

S.A. \ 
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Thus the defiuitfons given in Art. 3 may bo presented in an 
algebraical form thus : 

1 + 1 = 2, 

2 + 1 = 3, 

3 + 1=4. 

6. Since 

2 = 1 + 1, where unity is written twice, 

3 = 2 + 1 = 1 + 1 + 1, where unity is written three times, 
4=3 + 1 = 1 + 1 + 1 + 1 /ottr times, 

it follows that 

a « 1 + 1 + 1 + H- 1 with unity written a times, 

6=1 + 1 + 1 +1 + 1 with unity written & times. 

7. The process of addition in Arithmetic can be presented 
in a shorter form by the use of the sign + . Thus if we have 
to add 14, 17, and 23 together we can represent the process 
thus: 

14 + 17 + 23 = 54. 

8. When several numbers are added together it is indiffe- 
rent in what order the numbers are taken. Thus if 14, 17, and 
23 be added together their sum will be the same in whatever 
order they be set down in the common Arithmetical process : 

14 14 17 17 23 23 

17 23 14 23 14 17 

23 17 23 14 17 14 

54 54 54 54 54 54 

So also in Algebra when any number of tymboh are added 
together, the result will be the same in whatever order the 
symbols succeed each other. Thus if we have to add together 
the numbers symbolized by a and &, the result is represented 
by a +5, and this result is the same number as that which is 
represented by 6+ a. 

Similarly the result obtained by adding together a, 5, <? 
might be expressed algebraically by 

a + 6+(^ or a+^+6, or 6+a + c, or 6 + c+a, or c+a+fr, 

or c + 6 + a. 

9. When a number denoted by a is added to itself, the 
result is represented algebraically by a + a. This result is for 
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the sake of brevity represented by 2a, the fi.^e prefixed to 
the symbol expressing the number of times the number 
denoted by a is reputed. 

Similarly a+a+a is represented by 3a. 

Hence it follows that 

2a + a will be represented by 3a, 
3a + a by 4a. 

10. The symbol — , read minm^ is used to denote the ope» 
ration of Subtraction. 

Thus the operation of subtracting 15 from 26 and its coi- 
nection with the result may be briefly expressed thus ; 

26-16 = 11. 

11. The result of subtracting the number h from the num- 
ber a is represented by 

a-&. 

Again a—h—c stands for the number obtained by taking o 
from a—h. 

Also a— 5-^— ^stands for the number obtained by taking 
d from a—h—c. 

Since we cannot take away a greater number from a smaller, 
the expression a— &, where a and h represent nurhbers, can 
denote a possible result only when a is not less than b. 

So also the expression a— &-c can denote a possible result 
only when the number obtained by taking b from a is not 
less than e. 

12. A combination of symbols is termed an algebraical 
expression. 

The parts of an expression which are connected by the 
symbols of operation + and — are called Terms. 

Compound expressions are those which have more than 
, one term* 

Thus a— 5+c-c? is a compound expression made up of 
four terms. 

When a compound expression contains 

tux> terms it is called a Binomialf 

three Trinomial, 

four or more MuUinomiaL 
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Terms which are preceded by the symbol + are called posi- 
tive terms. Terms which are preceded by the symbol — ar** 
called negative terms. When no symbol precedes a teim the 
symbol + is understood. 

Thus in the expression a—h^-c—d+e—f 

a, c, e are called positive terms, 
&, d,/ negative 

. The symbols of operation + and - are usually called posi- 
tive and negative Signs. 

13. If the number 6 bo added to the number 13, and if 6 
bo taken from the result, the final result will plainly be 13. 

So also if a number b bo added to a number a, and if b bo 
taken from the result, the final result will be a : that is, 

a+b'-b = a. 

Since the operations of addition and subtraction when per- 
formed by the same number neutralize each other, we conclude 
that we may obliterate the same symbol when it presents itself 
as a positive term and also as a negative term in the same ex- 
pression. 

Thus a-a = 0, 

and a-^a + b = b, 

14. If wo have to add the numbers 64, 17, and 23, wo may 
first add 17 and 23, and add their sum 40 to the number 54, 
thus obtaining the final result 94. This process may be repre- 
sented Algebraically by enclosing 17 and 23 in a Bkaceet 
( ), thus : 

644-(l7+23) = 54 + 40 = 94. 

15. If we have to subtract from 64 the sum of 17 and 23, 
the process may be represented Algebraically thus : 

54-(l7 + 23)=54-40 = 14. 

16. If we have to add to 54 the difference between 23 
and 17, the process may bo represented Algebraically thus : 

54 + (23-l7) = 64+6 = 60. 

17. If we have to subtract from 54 the difference between 
23 and 17, the process may be represented Algebraically thus : 

64-(23- 17) = 64-6 = 48. 
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18. The use of brackets is bo frequent in Algebra, that 
the rules for their removal and introduction must be carefully 
considered. 

We shall first treat of the removal of brackets in cases 
where symbols supply the places of numbers corresponding to 
the Arithmetical examples considered in Arts. 14, 15, 16, 17. 

Case I. To add to a the sum of b and c. 
This is expressed thus : a + (6 + c). 
First add b to a, the result will be 

a + b. 

This result is too smalls for we have to add to a a num- 
ber greater than &, and greater by c. Hence our final result 
will be obtained by adding c to a+ &, and it will be 

Case II. To take from a the sum of b and e. 
This is expressed thus : a—fp + c). 
First take b from a, the result will be 

a -5. 

This result is too large, for we have to take from a a num- 
ber greater than &, and greater by c. Hence our final result 
will be obtained by taking c from a-b^ and it will be 

a—b—c. 

Case III. To add to a the difference between b and c. 
This is expressed thus : « + (&-<;). 
First add & to a, the result will be 

a+b. 

This result is too large, for we have to add to a a number 
lea than b, and less by c Hence our final result will be ob- 
tained by taking c from a + &, and it will be 

a + b—c. 

Case IV. To take from a the difference between b and c. 
This is expressed thus : a-{J)-c), 
First take b from a, the result will be 

a-b. 

This result is too small, for we have to take from a a num- 
ber leu than b, and less by e. Hence our final result will be 
obtained by adding do a-b, and it will be 

a-5 + c. 
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NoU, We assume that a, &, c represent such numbers 
that in Oase II. a is not less tlian the sum of h and c, in Case 
III. & is not loss than c, and in Case IV. h is not less than c, 
and a is not less than h, 

19. Collecting the results obtained in Art. 18, we have 

a + (& + c) = a+& + c, 

a+i}>'-c)=a^br-c, 
a-'{b—c) = a-'b + c. 

From which we obtain the following rules for the removal 
of a bracket. 

KuLB I. When a bracket is preceded by the sign +, re- 
move the bracket and leave the signs of the terms in it un- 
changed, 

RoLH ll. When a bracket is preceded by the sign — , re- 
move the bracket and change tlie sign qf each term in it 



These rules apply to cases in which any number of terms 
are included in the bracket. 

Thus 

a+h-\-{c-d-¥e-f)=a+h-\-c-d+e''f, 
and 

a+h—{c-d-\-e-f)=a+h—C'¥d-e-\-f, 

20. The rules given in the preceding Article for the re- 
moval of brackets furnish corresponding rules for the intra- 
ditction of brackets. 

Thus if we enclose two or more terms of an expression in a 
bracket, 

(1) The sign of each term remains the same if + pre- 

cedes the bracket : 

(2) The sign of each term is changed if - precedes 

the bracket. 

Ex. a-5 + o-(;?+5-/=a-& + (<j-<;?)+(«-/), 
a-l + c-d + e-f^a-(p-c)-{d-e-\-f). 
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21. We may now proceed to give rules for the Addition 
and Subtraction of Algebraical expressions. 

Suppose we have to add to the expression a+5— <j the ex- 
pression d—e+f. 

The Sum =a+h-c+{fi-e-\-f) 

= a-l-&-c+a?-e+/(by Art. 19, Rule!.). 

Also, if we have to subtract from the expression a + h-e 
the expression d—e+f. 

The Difference =a-\-h—c-{d-e +/) 

=a+ &-c-ci + 0-/(byArt. 19, Rule II.). 

We might arrange the expressions in each case under each 
other as in Arithmetic : thus 

To a+b-e =^ From a-hb—c 

Add d-e+f Take d-e+f 

Sum a+b-c + d-e+f Difference a-^b—c-d-{-e-/ 
and then the rules may be thus stated. 

I. In Addition attach the lower line to the upper with the 
signs of both lines unchanged. 

II. In Subtraction attach the lower line to the upper with 
i?ie iigns of the lower line changed, the signs of the upper line 
being unchanged. 

The following are examples. 

(1) To a+6+9 
Add a-b-G 

Sum a+6+9+a-&-6 

and this sum =a+a + &-6 + 9--6 
= 2a+3. 

For it has been shewn, Art. 9, that a + a=2^, 

and. Art. 13, that 6-&=0. 

(2) From a + b + 9 

Take a-b-G 



Remainder a+b+O-a + b + G 
and this remainder ==26 4 1&. 
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22. We have worked out the examples in Art. 21 at full 
length, but in practice they may be abbreviated, by combining 
the symbols or digits by a mental process, thus 

To c+tf+lO From c + rf+lO 

Add c-d-1 Take c-d-1 



Sum 2(5 +3 Remainder 2(3?+ 17 

23. We have said that 

instead of a + a we write 2flf, 

a+a + a 3a, 

and so on. 

The digit thus prefixed to a symbol is called the coefficient 
of the term in which it appears. 

24. Since Za=a + a + a 

and 5a=:a + a + a + a + ay 

Sa + 5a=a+a + a+a + a + a-i-a + a 
= 8a. 

Terms which have the same symbol, whatever their coeffi- 
cients may be, are called like terms : those which have diffe- 
.rent symbols are called unlike terms. 

Like terms, when positive, may be combined into one by 
adding their coefficients together and subjoiniog the common 
symbol: thus 

3y + 5y+8y=lGy. 

25. If a term appears without a coefficient, unity is to ba 
taken as its coefficient 

Thus a!-\-5x=6x. 

26. Negative terms, when like, may be combined into one 
term with a negative sign prefixed to it by adding the coeffi • 
cients and subjoining to the result the common symbol 

Thus 2jp-3y'-5j/=2x-St/y 

for 2a?-3y-5y = 2:p-(3y+5y) 

= 2x-8y. 

So again 3a?-y-4y-6y=3J?-lJy. 
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27. If an expression contain two or more like terms, some 
bdng positive and otiiers negative, we must first collect all the 
positive terms into one positive term, then all the n^g^tive 
terms into one n^^tive term, and finally combine the two 
remaining terms into one by the follovdng process. Snbtract 
the smaller coefficient from the greater, and set down the 
remainder with the sign of the greater prefixed and the com- 
mon symbol attached to it 

Ex. 8;r-3ar=&F, 

7a: — 4a: + 6a: - 3a? = 1 2 J? - 7ar = &r, 
a-2& + 56-4*=a+5ft-66=a-6. 

28. The rules for the combination of any number of like 
terms into one single term enable us to extend the application 
of the rules for Addition and Subtraction in Algebra, and we 
proceed to give some Examples. 

ADDITION. 

(1) o-25 + 3(J (2) 6a + 7&-3c-4<l 

3a-46-f:c 6a-7& + 9c + 4c/ 

4a-6&-2c 11a +6c 

The terms containing h and (^ in Ex. (2) destroying one another, 

(3) 7a:-5y+ \z (4) 6m-13w + 6j9 

a?+2y-ll^ 8m+ n-9/> 

3a:— y+ 5-2? m— w— /? 

6a?— 3y— z w+ 2n + 5p 

16a:-7y- 3^ 16m-ll7i 

SUBTRACTION. 

(1) 6a-35-f Gc (2) 3a+76- 8c 

2a + 5ft- 4c 3a-7&+ Ac 

3a - 8& + lOc \ 14&-12C 

(3) 6a-66+2(j (4) x-y-^z 

2a-6& + 2c x-y—z 

3a 2a? ' 

(5) 3a?+7y+12.« (6) 7a:-19y-144f 

6y- 2z 6a:— 24y.+ 9j» 

3a: + 2y + 14«f ar+ 6y-23* 
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29. We have placed the expre9sions in the examples giver 
in the preceding Article under each other, as in Arithmetic 
for the sake of clearness, but the same operations might be ex 
hibitod by means of signs and brackets, thus Examples (2) o 
each rule might have been worked thus, in Addition, 

5a+76-3c-4(;?+(6a-7&+9<; + 4rf) 
= 5a+76-3<J-4rf+ 6a-7&+9(; + 4rf 
= lla + 6c; 
and, in Subtraction, 

3a+76-8c-(3a-7J + 4^) 
s=3a+76-8c-3a + 76-4c 
= 145 -12c. 

Examples. — T. 

Simplify the following expressions, by.combining like symbob 
in each. 

1. 3a + 46+6c + 2a+35 + 7c. 2. 4a + 65 + 6c-3a-25-4c 

3. 6tf-35-4c-4a + 56 + 6c. 

4. 8a-56 + 3c-7a-26 + 6c-3a + 95-7c+10a. 
6. 6ar-3a + 6 + 7 + 25-3:r-4a-9. 

6. a—h-c-\-'b-\-e'-d+d—a. 

7. 6a + 105-3c + 2&-3a + 2c-2a + 4(;. 

Examples. — II. Additun, 
Add together 
1. a+xsinda-x, 2. a + 2a? and a + 3i?. 

3. a— 2:rand 2a— a?. 4. 3;»+7y and 5a?-2y. 
6. a + 35 + 6<;and3a-25 — 3c. 
6. a-25 + 3canda + 26— 3c. 7. l + a?-y and3-a: + y. 

8. 2a-3y + 4Zf bx—ly- 2Zj and 6x+9y— 8z, 

9. 2a+6— 3a?, 3a-25+a?, a+b—Bx, and 4a— 75 + 6.r. 

Examples — ^III. Svhtraction, 
1. From a -h 5 takea-&. 

2 Zx-\-y 2x-y. 

3. 2a+3c + 4</ a-2c+3c/. 

4 4?+y + 4f x-y-z. 
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5. From m—n + r take m—«—r. 

6 a+h+c a-b—c, 

7 3a + 4?» + 5c 2a + 76+6<?. 

8 Zx+5y—^ Zx+2y-6z, 

30. We have giyen examples of the use of a bracket The 
methods of denoting a bracket are yarious ; thus, besides the 
marks ( ), the marks [ 1 or { }, are often employed. Some- 
times a mark called ''The Vinculum'' is drawn over the symbols 

which are to be connected, thus a-&+cis used to represent the 
same expression as that represented by a— (&+<;). 

Often the brackets are made to enclose one another, thus 

a-[&+{<;-(c?-«V)}]. 

In removing the brackets from an expression of this kind it 
is best to commence with the innermost^ and to remove the 
brackets one by one, the outermost last of alL 

Thus 

= a-[6 + {<;-(c?-tf+/)}] 

Again 

6;i? - (3;i? - 7) - {4 - 2aj - (6a? - 3)} 
= 6^7-30?+ 7-{4-.2a?-6a7 + 3} 
= 6a?-3;r+ 7 -4 + 2;i? + 6a?- 3 
= 100?. . 

Examples. — IV. Brackets, 

Simplify the following expressions, combining all like quan* 
titics in each. 

1. a+6 + (3a-25). 

2. a+6_(a-36). 

3. 3a+5&-6<;-(2a+45-2c). 

4. a+6— c— (a— 6— <?). 

5. 14a?-(6a?-9)-{4-3a?-(2a?-3)}. 



6. 4a?— {3a? -(2a? -a? -a)}. 

7. 15a? - {7a? + (3.1? +a--a?)}. 
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8. a-[& + {a-(& + a))]. 

9. Ga + [4a-{8d-(2a + 4&^-22&}-7&]-[7& + {8a 

-(36 + 4a) + 8&} + 6a]. 

10. &-[5-(a4-&)-{5-(&-a^))]. 

11. 2<;-(6a-6)-{c-(5a + 25)-(a-3&)}. 

12. 2:r-{a-(2a-[3a-(4a-[6a-(6a-;r)])])}. 

13. 25(r-19&-[3i>-{4a-(5&-6c-)}]. 

31. "We have liitherto supposed the symbols in every ex- 
pression used for illustration to represent siich numbers that 
the expressions symbolize results which would be Arithmetic- 
ally possible. 

Thus a-h symbolizes a possible result, so long as a is 
not less than h, 

lif for instance^ a stands for 10 and h for 6, 

a-h will stand for 4. 

But if a stands for 6 and h for 10, 

a—h denotes no possible result, because we cannot 
take the number 10 from the number 6. 

But though there can be no such a thing as a negative 
number, we can conceive the real existence of a negative 
quantity. 

To explain this we must consider 

1. What we mean by Quantity. 

2. How Quantities are measured. 

32. A Quantity is anything which may be regarded aa 
being made up of parts like the whole. 

Thus a distance is a quantity , because we may regard It as 
made up of parts each of themselves a distance. 

Again a sum of money is a quantity ^ because we may regard 
it as made up of parts like the whole. 

33. To measure any quantity we fix upon some known 
quantity of the same kind for our standard, or unit, and then 
any quantity of that kind is measured by saying how many times 
it contains this unit, and this number of times is called the 
measure of the quantity. 
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For example, to measure any distance along a road we fix 
upon a known distance, such as a mile, and express all distances 
by saying how many times they contain this unit. Thos 16 is 
the measure of a distance containing 16 miles. 

Again to measure a man's income we take one pound as our 
uuit^ and thus if we said (as we often do say) that a man's in- 
come is 500 a year, we should mean 500 times the unit, that is, 
£500. Unless we knew what the unit was, to say that a man's 
income was 500 would convey no definite meaning: all we 
should know would be that, whatever our unit was, a pound, a 
dollar, or a franc, the man's income would be 500 times that 
unit, that is, £500, 500 dollars, or 500 francs. 

N.B. Since the unit contains itself once^ its measure is 
unity y and hence its name. 

34. Now we can conceive a quantity to be such that when 
put to another quantity of the same kind it will entu'cly or in 
part neutralize its effect. 

Thus, if I walk 4 miles towards a certain object and then 
return along the same road 2 miles, I may say that the latter 
distance is such a quantity that it neutralizes part of my first 
journey, so &r as r^ards my position with respect to the point 
from which I started. 

Again, if I gain £500 in trade and then lose £400, 1 may 
say that the latter sum is such a quantity that it neutralizes 
part of my first gain. 

If Fgain £500 and then lose £700, 1 may say that the latter 
pum is such a quantity that it neutralizes all my first gain, and 
iiot only that, but also a quantity of which the absolute value 
is £200 remains in readiness to netUralize some future gain, 
R^[arding this £200 by itself wo call it a quantity which will 
hilve a subtraciive effect on subsequent profits. 

Now, since Algebra is intended to deal with sudi ques- 
tions in a general way, and to teach us how to put quantities, 
alike or opposite in their effect, together, a convention is adopt- 
ed, founded on the additive or subtractive effect of the quanti- 
ikg in question, and stated thus : 

''To the quantities to be added prefix the sign +, and to 
the quantities to be gubtracted prefix the sign — , and then 
write down all the quantities involved in such a question con- 
nected with these sisT^s.'' 
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Thus, suppose a man to trade for 4 years, and to jgain -<] 
pounds tho first year, to lose }> pounds the second year, to gain 
c pounds the third year, and to lose d pounds the fourth year. 

Tho additive quantities are here a and c, which we are to 
write + a and + c, 

Tho tubtracfive quantities are here h and d, which wo are 
to write — & and -d^ 

/. Result of trading = +a-5+c-c?. 

35. Lot us next take the case in which the gain for the 
first yoar is a pounds, and the loss for each of three subsequent 
yoai*s is a pounds. 

Result of trading = -ha-a—a-a 

Tlius wo arrive at an isolated quantity of a subtractive 
naturo. 

Arithmetically wo interpret this result as a loss of £2a. 

Algebraically wo call the result a negative quantity. 

Wlion once we have admitted the possibility of the inde- 
pendent existence of such quantities as this we may extend the 
iipplicatiou of the rules for Addition and Subtraction, for 

(1) A negative quantity may stand by itself, and we may 
then add it to or take it from some other quantity or expres- 
sion. 

(2) A negative quantity mny stand first in an expression 
which we may have to add to or subtract from any other 
expression. 

The Rules for Addition and Subtraction given in Art. 21 
will be applicable to these expressions, as in the following 
Examples. 

ADDITION. 



(1) 


6a-7a= —2a. 






(2) 


4a-35-6a + 75 = 


-2a + 45. 




(3) 


To Aa 


To 


5a -35 




Add —Sa 


Add 


-^a-^h 




Sum a 


Sum 


3a-6& 
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5} 



t- 



he 



(4) 6tf-56- 4c -I- 6 (5) Ix-Sy-^dz 

-5a+7&-12c-17 -18a:+9y-5-y 

— a-8J+19c+ 4 - ai?-8y+ 4f 

-66+ 3c- 7 -l-Lr-4y+5^ 



SUBTRACTION. 

(1) From a: 
Take -?/ 

Remainder a+y 
^^ we might represent the operation thus, 

(2) a + b-(~'a+b)=a+b+a'-b=2a. 

(3) — a-6-(«-&)=— a-6-a+&= -2a. 

(4) -3a+ 4&- 7c+10 

6a- 9&+ 8C + 19 



-8a+136-loc- 9 



(5.) ^-y-[3ar-{-6a?-(-4y+7a?)}] 

=a?-y-[3;r-{-6a?+4y-7a?}] 
=a?-y-[3^ + 5j7-4y + 7^] 
= d?— y — So: — 6a: + 4y — 7i» 
= -14a?+3y. 

(6) 7a + 66+ 9c-12tf 

-36-12C- 8<;?+ 66 



I 

1 7a+ 86 + 21C- 4c?-6d 

In this example wo have deviated from our previous prac- 
tice of placing like terms undeir each other.* This arrange- 
ment is useful to facilitate the calculation, hut is not absolutely 
necessary, for the terms which are alike can be combined 
ludependently of it. 



• NoTK. — The meaning of Subtraction is here extended so that 
Uie result in Art. i8, Case iv. may be tni(9 when 6 is less than c. 



1 6 ADDITION AND SUB TRA CTION. 



Examples. — V. 

Addition, 
Add together 

1. 6a +76, -2a~4&, and 3rt-£6. 

2. -5a+65-7c, -2a+126 + 9<?, and 7a-296-f 4<?. 

3. 2a?-3y + 4;2r, -hx^Ay-*lz, and - 8^-92/- asr. 

4. —a+b-c+dy a-2b-ic + d, -5b+ic, and — 5c + ( 
6. o + i>-c + 7, -2a-36-4(; + 9, and 3a + 2& + 6c-16. 

6. 6a? -3a -46, 6y-2a, 3a -2y, and 66 -7j?. 

7. a+6— <:, c-a + 6, 26-<;+3a, and 4a-3<r. 

8. 7a-36--6c + 9tf, 26-3c-6fl?, and -4c?4-15c. 
S). -12a?-5i^+44r, Zx+^y-Zz, and 9x-3yf2^. 

/S'M?>^rac/2072. 

1. From a + 6 take -a-b, 

2. From a-6 take — 6+<?. 

3. From a— 6 + c take —a+b-c, 

4. From 6;»-8y+3 take -2^+9y-2. 

5. From 6a-126+'17c take -2a+46-3c. 

6. From 2a +6-3.1? take 46-3a + 6:r. 

7. From a + 6-c take 3c- 26 + 4a. 

8. From a + 6 + c-7 take 8-c-6 + a. 

9. From llx—Zy—z take 4^-5-2?+;!?. 

10. From 8a -66 + 7c take 2c -46 + 2a. 

11. From 9/?-4^+3r take S^'-S^ + r. 



II. MULTIPLICATION. 

36. The operation of finding the sum of a numbers each 
equal to & is called Multiplication. 

The number a is called the Multiplier. 
h Multiplicand. 

This Sum is called the Fboduct of the multiplication of h 
by a. 

This Product is represented in Algebra by three distinct 
symbols : 

(1) By writing the symbols side by side, with no sign 

between them, thus, cib ; 

(2) By placing a small dot between the symbols, thus, a . b; 

(3) By placing the sign x between the symbols, thus, 
axb; and all these are read thus, *'a into 6," or ^'a times &." 

In Arithmetic we chiefly use the third way of expressing a 
Product, for we cannot symbolize the product of 5 into 7 by 
57, which means the sum of fifty and seven, nor can we well 
represent it by 5 . 7, because it might be confounded with the 
notation used for decimal fractions, as 5*7. 

37. In Arithmetic^ 

2x7 stands for the same as 7 + 7. 
3x4 4 + 4 + 4. 

In Algebra 

db stands for the same as &+&+&+... with h written 

a times. 
(a'¥b)c stands for the same as c + (; + c. . .wii^ < ; written 

a+6timo6. 

V 81. ^ 



i8 
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38. To thew that 3 times 4=4 times 3. 
3 times 4 » 



4 times 3 



4 + 4 + 4 

1+1+1+1 ^ 
+ 1 + 1 + 1 + 1 )-. 

+ 1 + 1 + 1 + 1 J 

3+3+3+3 
=1+1+1 
+1+1+1 
+1+1+1 
+1+1+1 



I. 



ir. 



Now the results obtained from I. and II. must be the same, 
for the horizontal columns of one are identical with the verticai 
columns of the other. 

39 . To prove that db = ha, 

ah means that the sum of a numbers each equal to & is to 
be taken. 

.'.05= 6 + 5+ with 6 written o times 

= h 
+ 6 
+ 



to a lines 

1 + 1 + 1 + to6 tierms ' 

+ 1 + 1 + 1 + to & terms 

+ 

to a lines. 



; 



1. 



Again, 



6a = 



o + a + 
= a 

+ a 

+ 



with a written h times 



to h lines 
1+1+1+ 
+1+1+1+ 
+ 



to h lines. 



tea terms 
to a terms 



II. 
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^ Bill 

Now the results obtained from I. and II. must be the same, 
for the horizontal columns of one are clearly the same as the 
vertical colunms of the other. 

40. Since the expressions ah and ha are the same in mean- 
iug, we may regard either a or 6 as the multiplier in forming 
the product of a and 6, and so we may read ab in two ways ; 

(1) a into by 

(2) a multiplied by h. 

41. The expressions dbc, ad>, hoc, lea, cab, eba are all the 
same in meaning, denoting that the three numbers symbolized 
by Oy by and c are to be multiplied together. It is, however, 
generally desirable that the alphabetical order of the letters 
representing a product should be observed. 

42. Each of the numbers a, 6, c is called a Factor of the 
product cibc, 

43. When a number expressed in figures is one of the 
factors of a product it always stands first in the product 

Thus the product of the factors x, y, z and 9 is repre- 
sented by ^xyz, 

44. Any one or more of the factors that make up a pro- 
duct is called the Coetficibnt of the other factors. 

Thus in the expression 2aar, 2a is called the coefficient of x. 

45. When a factor a is repeated tvoice the product 
would be represented, in accordance with Art 36, by oa; 
when three times, by aaa. In such cases these products are, 
for the sake of brevity, expressed by writing the symbol with 
a immher placed above it on the right, expressing the number 
of times the symbol is repeated ; thus 

instead of oa we write a^ 

cum o* 

aaaa a* 

These expressions a\ a\ a* are called the second, 

third, fourth Powsbs of a. 

The number placed over a symbol to express the power of 
the symbol is called the Indsz or Exponent. 

a* is generally called the square of a. 
a' the cube a£ a. 
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46. The product of a' and a^=:a*x€fi 

=aax aaa=aaaaa=a^. 
Thus the index of the resulting power is the sum of the 
indices of the two factors. 

Similarly a*xa*= aaaa x aaaaaa 

If one of the factors be a symbol without an index, we may 
assume it to have an index \ that is i 

Examples in multiplying powers of the same symbol are 

(1) axa«=a^+«=a'. 

(2) 7a» X 5a'= 7 X 6 X a» X a'^ 35aS+7= 35a^*. 

(3) a»xa«xa»=a8+«+9=a^8. 

(6) a^ft X a&» X a«67=^t+i+5 ji+s+7^^8 511, 

Examples. — VI. 
Multiply 

1. X into Zy, 2. Zx into 4y. 3. Zxy into 4iXy. 

4. Zabc into ac, 5. a^ into a\ 6. a' into a. 

7. 3a2& into 4a^&2, 8. 7a^<; into 6a*&c». 9. 16a&<c» by 12a3&c. 

10. 7aV by 4a26o». 11. a^ by 3a'. 12. ^^hx by 5a&V. 

I3.19a:'y^by4ry'4?2. 14.17a&»^by3?>cV. 16. Soj'yVbyS^yV. 

16. Zahc by 4flw^. 17. a^6*c by M¥c. 18. 9m*w^ by m^n^p^. 

19. ay2^by&;cV. 20. llaS&^r by 3a^^6"/w». 

47. Tlie rules for the addition and subtraction of powers 
are similar to those laid down in Chap. I. for simple quantities. 

Thus the sum of the second and third powers of x is repre- 
sented by 

and the remainder after taking the fourth power of y from the 
fifth power of ^ is represented by 

and these expressions cannot be abridged* 
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But when we have to add or subtract the same powers of 
the same quantities the terms may be combined into one : 
thus 

Again, whenever two or more terms ate entirely the same 
with respect to the symbols they contain, their sum may be 
abridged. 

Thus acif+a^=2a^, 

3a^-2a2&=a22,^ 

Wx- lOa^^r- 12o2j;= _ Xf^a^x. 

48. From the multiplication of simple expressions we pass 
on to the case in which one of the quantities whose product is 
to be found is a compound expression. 

To shew that {a+h) 0=00+10, 

(a+ &)<?=<?+ C+C+... with c written a+5 times, 
= (c + <? + c + . . . with c written a times) 

+ (c + c + c ... with c written h times), 
= ac+bc, 

49. Toshewthat{a—'b)c=ac-''bc, 

(a— &)c=c+c+c + ... withe written a -& times, 
#• =((j+c+c+ ... withe written a times) 

— (<?+<:+(?... with c wiitten h times), 

# 

Note. We assume that a is greater than h, 

50. Similarly it may be shewn that 

{fl-\-h + c)d=ad+'bd+cdy 
(a — 6 — c) d^ ad— Id— cd, 

and hence we obtain the following general rule for finding the 
product of a single symbol and an expression consisting of two 
or more terms. 

"Multiply each of the terms by the single symbol, and con- 
nect the terms of the result by the signs of the several terms 
of the compound expression." 
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Examples.— VII. 
Multiply 

1. a + &-cbya. 7. Sm^ +9mn + 10»* by mn. 

2. a+ 36-4(j by 2a. 8. 9a5+4a*6-3a'5»+4a^ by 2a6. 

3. a'+3a'+4aby 0. 9. a^^-a^^+xy-T hj ofy. 

4. 3a^-ea'-6a+7by3a'. 10. w»-3m2w+3mn*-n5by n. 

5. a« - 2a& + &« by oft. 1 1. 12a85 - 6a«&2 + SoJ' by 12a'&». 

6. a»-3a26«+&»by 3a2&. 12. IZx^-na^-^Sxp^-y^hjSa:!/, 

61. We next proceed to the case in which both multiplier 
and multiplicand are ccvnpound eocpressiom. 

First to multiply a+h into c-^d, 

Roprosont c+d by x. 

Then {a-\-'b){c+d)={a-¥'b)x 

=ax-\'bx, by Art. 48, 

=a(c+d) + b(c + d) 

^ac + ad+bc+hdf by Art. 48. 

The same result is obtained by the following process : 

c + d 
a+b 



ac-hod 
■hbc+bd 

ac + ad+bc + bd 
which may be thus described: 

Write a+b considered as the multiplier under c-^d con- 
sidered as the multiplicand, as in common Arithmetic. Then 
multiply each term of the multiplicand by a, and set down the 
result JSText multiply each term of the multiplicand by b, and 
set down the result under the result obtained before. The 
9um of the two results will be the product required. 

Note. The second result is shifted one place to the right. 
The object of this will be seen in Art 56. 
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52. Next, to multiply a+6 into c— d 
Eepreseut c— ^ by x. 
Then (a + 6)(c-df) = (a + 6)a? 

^ac—ad+bc-bd, by Art. 49. 

From a comparison of this result with the factors from 
which it is produced it appears that if we regard the terms of 
the multiplicand c—dsLa independent quantities, and call them 
+ c and —d, the effect of multiplying the positive terms +a 
and +b into the positive term +c is to produce two positive 
terms +ac and +&c, whereas the effect of multiplying the 
positive terms +a and +b into the negative term — c? is to 
produce two negative terms —ad and —bd. 

The same result is obtained by the following process: 

c-d 
a + b 



ac—ad 
+ bc-bd 



ac—ad + bc-bd 

This process may be described in a similar manner to that 
in Art. 51, it being assumed that a positive term multiplied 
into a negative term gives a negative result. 

Similarly we may shew that a—b into <?+c? gives 

ac-hod—bc—bd, 

53. Next to multiply a—b into c—d. 
Represent c—d by x. 

Then (a-b) (c-d) = {a-b)x 

=ax—bx 

=-a(C''d)-b{c-d 

= {ac - ad) - {be - &<i), by Art. 49, 

^ac-ad-bc+bd. 

When we compare this result with the factors from which 
it is produced, we see that 

The product of the positive term a into the positive 
tenu c is the positive term ac. 
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The product of the positive term a into the negatire 
term — rf ia the negative term —(kd. 

The product of the negative term —6 into the pontive 
term c is the negative term —he. 

The product of the negative term —h into the negative 
term —dS^ the positive term hd. 

The multiplication of c—d by a—b may be written thus: 

c-d 
a-h 



ac—ad 

—bc-^bd 

ac-ad-bc-^bd 

64. The results obtained in the preceding Article enable us 
to state what is called the Rule of Signs in Multiplication, 
which is 

" 77ie product of two positive terms or of two negative 
terms is positive: the product of two tenns^ one of which is 
positive and the other negative, is negative*** 

55. The following more concise proof may now be given 
of the Bulb of Signs. 

To shew that (a — &) (c - (i) = ac - ad- be + bd. 

First M{a—b) means that 3f is to be added to itself a — b 
times; 

.'. if we add it a times we have added it b times too often ; 

.'. from Ma we must take Mb ; 

.-. M{a-b)=Ma-Mb, 

Now let M=c—d» 

Then Ma=ac-ad 

Mb—bc—bd, 

/. {a-b){c-'d) = {ac-ad)-(pc-bd). 

Now to subtract (bc-bd) from {ac—ad), if we take away 
be we have taken bd too much and we must therefore add bd 
to the result, 

.•. we get ae-^ad-be + bd. 
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So it appears that in multiplying {fl—l^ip-d) we must 
multiply each term in one factor by each term in the other 
and prefix the sign according to this law:— 

When the factors mtdtiplied have like signs prefix + 
tohen unlike — to the product. 

This is the Rule of Sioxa 

56. We shall now give some examples in illustration of the 
principles laid down in the last five Articles. 

Examples in Multiplication worked out, 
(1) Multiply ic+ 5 by ;r + 7. (2) Multiply a?- 5 by a: + ?• 



a?+ 5 


a?-6 


x+ 7 


x+1 


a^+'&x 


x^—6x 


+ 7^ + 35 


+ 7a:-35 


ar»+l^+35 


^+2a?-35 



The reason for shifting the second result one place to the 
right is that it enables us generally to place like terms under 
each other. 

(3) Multiply x+6 by x-7, (4) Multiply x-5 by x-7. 

x-^S X- 5 

x-l X- 7 



x^ + 5x X — 5x 

-7^-36 - 7^f35 



j?--2^-35 ic2-12;r+35 



(5)Multiplya^+y2by«»-j^. (6) Multiply 3flw?-65y by 7<M?-2&y. 

x^+j/^ 3dw?- 56y 

a^-y^ lax— 2hy 



-a?V-.y* - Sabxy+lOb'^* 



dr*-y* 2la^x^-^labxy-fr\W}f^ 



26 
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57. The process in the multiplication of factors, one or 
both of which contains more than two terms, is similar to the 
processes which we haye been describing, as may be seen 
the following examples : 



Multiply 

(1) o?+xy+y^hy x-y, 

a^+xy-^-y^ 
x-y 

a^+xh/+xy^ 
-x'^-xy^-y^ 

x^—y^ 



(2) a' + 6a + 9 by a'-ea + 9. 

a24 6a +9 
a^-Qa +9 

a*+6a'+9a« 
-6a»-36«"-54a 

+ 9a* +64a + 81 



a*-18a« + 81 

(3) Multiply ^a^'\'Axy-y'* by Zx'^-^+yK 

3a?'+ Axy - y* 
3^— Aocy + J/' 



9^ + 12a:'y-- Za^y^ 

-Ux^y-16x^y^-h4xi^ 

+ 3x^tf + 4xy^-y* 

9x* - 1 6a?V^+ 8^ -2/* 

(4) To find the continued product of ;r+3, a?+4, and 
x+6. 

To effect this we must multiply a? +3 by x+4, and then 
multiply the result by a:+ 6. 

• 

x-\- 3 
x+ 4 



x' + 

+ 


3a: 

4a? +12 




d? + 


7x +12 
6 




;f» + 

+ 


7a:«+12a: 
6a:' + 42a?+ 


72 



a;* + 130?^ + 54a: + 72 

Note, The numlers 13 and 54 are called the coefficients of 
or* and X in the expression a^'*+13a^^ + 54a:+72^ in accordance 
with Art. 44. 



MULTIPLICATION. 2^ 



(5) B'ind the continued product of ;r + a, a? + &, and a? -f <?. 

•^bx+ab 



x^+ax+bx+ab 
x+c 

x^-\-ax^-\-bx^+abx 
+ cx^ + OCX + bcx + abc 



a^-{-{a + b + c)x^+{ab + ac-¥bc)x+abc 

Note, The coefficients of a^ and x in the expression just 
obtained are a-^-b+c and ab+ac+bc respectively. 

When a coefficient is expressed in letters; as in this examr 
pie, it is called a literal coefficient. 

Examples.— VIII. 
Multiply 

1. a7+3by4?+9. 1 ;r + 15bya;-7. 3. a?-12bya' + lO 

4. xShyx-l, 5. a-3bya-5. 6. y-6byy+13. 

7. «2-4byaj2+5. 8. a^-Gx+dhy ai^-ex+5. 

9. a^ + 6^-3bya?2-5^-3. lo. a3-3a + 2 by a'-3a2 + 2. 
11. aj2— aj+1 by;i;2+a?-l. 12. x'^ -{- xy -¥ y^ by a^—xy+y^ 
la of^+xy+y^ by ;i?-y. 14. a'-ar* by a*+aV+^*. 

15. ^-3^+3ar-l by ^ + 3ar+l. 

16. x^ + 3x^-^dxy'-^27y3 by x-*Sy, 

17. a3 + 2a«6 + 4a52 + 86» by a-25. 

18. 8o?+ia%+2ab^+b^ by 2a-&. 

19. a3_2a»6+3a6' + 4&3 by a2_2a5-3/>*. 

20. a' + Sa^b - 2a62 + 36' by a» + 2a6 - 3b\ 

21. a^-2a;r+4a?« by a^-h2ax+4a^. 

22. 9a*+3aa7+ic' by 9a*-3aa:+iB". 

23. x*-2aa^ + 4a^ by ^* + 2aa?2+4^s_ 

24. a^+l^+c^-ab-ac-bc by a + & + (?. 

25. fl:'+4;cy+6y2 by a^-'3a^y-2xy^-h3y^. 

26. db-^cd-hoc+bd by db+cd-^ac-bd. 

Find the continued product of the following expressions : 
27. J?-a,a?+a, a* + a', jr*+a*. 28. «-a, a:+5^«-c. 
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29. 1-a?, l+;r, l+aj», l+o;*. 

30. x-y^x+yya^-'Osy + 'i^,a^'\'Xy-^y\ 

31. a-J7, a+;r, a*+a:*, a^+a:*, a^+ic*. 

Find the coefficient of ^ in the following expansions : 

32. (j7-6)(^-6)(/c+7). 33. (a? + 8)(;r+3)(;r-2). 

34. (a? -2) (a?- 3) (a? +4). 35. (a?-a)(a?-5)(a?-c). 

36. (j?'+3a?-2)(««-3;r+2)(a?*-6). 

37. (a?2-;c+l)(a?Hic-l)(a;*-a?« + l). 

38. {a^'-mx+\){x!^~mx-^\){x^-m^X'-'\), 

58. Our proof of the Bole of Signs in Art 55 is founded 
on the supposition that a is greater than h and c is greater 
than^. 

To include cases in which the miUtiplier is an isolated 
negative quantity we must extend our definition of Multiplica- 
tion. For the definition given in Art 36 does not cover this 
case, since we cannot say that c shall be taken ^d times. 

We give then the following definition. " The operation of 
Multiplication is such that the product of the /actors a—b 
and c^d will he equivalent to ac^ad—bc+hd^ whatever 
may he the valties of a, h, c, d" 

Now since 

{a-h)(c-'d)=ac-'ad-hc + hd, 
make a=0 and d=0. 

Then (0-&)(c-0) = Oxc-OxO -hc+hxO, 

or —bxc= —he. 
Similarly it may be shewn that 

— 6x -d= +bd. 

Examples.— IX. 
Multiply 

1. a« by -&. 2. a' by -a'. 3. a^b by -ab^. 

4. - 4a^h by - Baft*. 5. 5x^y by - 6jpy\ 6. a^-db + b^hy" a. 
7. 30" -I- 4a2- 5a by -2a'. 8. -a»-a«-a by -a-1. 

9. 3a^y-5xy*-\'4y^hy -2;r--3y. 

10. — 5m'— 6mn + 7n' by — m + w. 

11. 13r2-l7r-45 by -r-3. 

12. Ij^ - Sji^z - 9^' by - a? - z, 

J, 3. — ar' + ic^y— a?Vby —y-x, 
14. -y^-xy^-a^—x^hy —x-y. 
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59. To tbis part of Algebra belongs the process called 
InvolutiofL This is the operation of multiplying a quantity 
by itself any number of times. 

The power to which the quantity is raised is expressed by 
the number of times the quantity has been employed as a fac- 
tor in the operation. 

Thus, as has been already stated in Art 45, 
a* is called the second power of a, 
a" is called the third power of a. 

60. When we have to raise negative quantities to certain 
powers we symbolize the operation by putting the quantity in 
a bracket with the letter denothig the index (Art. 45) placed 
over the bracket on the right hand. 

Thus ( - «? denotes the third power of - a, 
(— 2;i?)* denotes the fourth power of -2;r. 

61. The signs of all even powers of a negative quantity 
will be positive, and the signs of the odd powers will be 
negative. 

Thus (-a)'=(-a)x(-a) = a», 

(-a)3=(-a).(-a).(-a)=a*.(-a)=~a'. 

62. To raise a simple quantity to any power we multiply 
the index of the quantity by the number denoting the power 
to which it is to be raised, and prefix the proper sign. 

Thus the square of a^ is a\ 

the cube of o^ is a^, 
the cube of - jr'y** is -^ai^f^^. 
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•t 

63. We form the second, third and fourth powers of iH^& 
in the following manner : 



(«+ 


■6)3: 


■hab +h^ 

= a'+2a6+62 
a +b 


• 


• 


a^ + 2a*b + al^ 
+ a'6+2a6' 


^V 


(^4 


=a»+3a26+3a2/» 


+6» 




a* + 3a86 + 3a26« 
+ a^b + Sa^b^ 


' + 3a&8 + 2,< 



(a + &)* = a* + 4a^6 + 6a'6' + 4ad» + 6* 

Here observe the following laws : 

1. The indices of a decrease by unity in each term. 

2. The iildices of b increase by unity in each term. 

3. The numerical coefficient of the second term is always 

the same as the index of the power to which the 
binomial is raised. 

64. We form the second, third and fourth powers of a -6 
in the following manner : 

a—b 
a—b 



a^-ab 

a -6 

a'— 2a'6+a6^ 

(a - bf = a* - Za^b + 3a6« - &» 



a*-3a3& + 3a252«^^a 
- a%+3a^~3g6»+&* 
(a-6)*=a*-4a86+6a"&8-4ae>'' + ft* 
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*4!f6w observe that the powers of a— 6 do not differ from 
the powers of a+6 except that the terms, in which the odd 
power* €^ 6, as &^, 6*, occur have the sign — prefixed. 

Hence if any power of a+6 be given we can write the cor- 
responding power of a— & : thus 

since (a + &)» = a« + 5a^6 + 1 Oa^l^ + 1 Oa^l^ + 5ah* + M, 

65. Since {a+by=a*+b*+2ab and (<»-&)2=a«+5«-2a6, 
it appears that the square of a binomial is formed by the 
Mowing process : 

''To the sum of the squares of each term add twice the 
product of the terms." 

Thus (^ + y)* = ;»2+y2^2ary, 

(a?-6)'=ic' + 25-10a?, 

66. To form the square of a trinomial : 

a-¥h + c 
a+b+c 

■hac-hhc + c^ 



a^4-2a6+62+2ac + 26c+c^. 

Arranging this result thus a^+b^-¥c^+2ab + 2ac+2bc, we 
Koo that it is composed of two sets of quantities : 

1. The squares of the quantities a, b, c, 

2. The double products of a, b, c taken two and two. 

Now, if we form the square of a— 6 —c, we get . 

a—b—c 
a—b—c 

d^—ab—ac 
--ab+l^+be 



d''-2ab-hb^'-2ac+2bc + o* 
The law of formation is the same as before, for we have 
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1. The sqnai^es of the qnantities. 

2, The double products of a, — &, — c taken two by two : 
the sign of each result being + or - , according as 
the signs of the algebraical quantities composing it 
are Uko or unlike. 

G7. The same law holds good for expressions containing 
more than three terms, thus 

'-2ab + 2ac-2ad~^bc+^bd-2cd, 

And generally, the square of an expression containing 2, 3, 
4 or more terms will be formed by the following process : 

"To the sum of the squares of each term add twice the 
product of each term into each of the terms that follow it." 

Examples.— X. 

Form the square of each of the following expressions : 

1. x+a, 2. x-a, 3. d?+2. 4. ^-3. 5. a? + y*, 

6. x*-yK 7. a' + 63. 3, a^^h^. 9. x+y+z. lO.x-y-rZ. 

11. m + n-p-r, 12. a^ + 2jp-3, 13. ^-6d7+7. 

14. 2a?2-7;c + 9. 16. x^ + y^-z^ 16. x*'-4xY + t/*' 

17. a^-{-b^-ir(^, 18. a^-y^-z^ 19. x-¥2ySz, 

20. ^2.2^2 + 52^3. 

Expand the following expressions : 

21. (x + a)\ 22. (a?-a)>. 23. {x + iy. 24. (x-Vf. 
25. (x + 2)\ 26. (a2-&«)3. 27. {a+b + c)\ 28. (a-'b-c)\ 
29. (m + w)».(w-n)2. 30. (m + n)«.(m*-n*). 

68. An algebraical product is said to be of 2, 3 dimen- 

sionSf when the sum of the indices of the quantities composing 
the product is 2, 3 

Thus ab is an expression of 2 dimensicms, 

a'^c is an expression of 5 dimension's.' 



DIVISION, 33 



69. An algebraical expression is called Jiomogeneout when 
each of its terms is of the same dimensions. 

Thus a^+xy+y* is homogeneous, for, each term la. of 2 
dimensions. 

Also Sx^+4a^i/'h5y' is homogeneous, for each term is of 3 
dimensions, the numerical coefficients not afifecting the dimen- 
sions of each term. 

70. An expression is said to be arranged according to 
powers of some letter, when the indices of that letter occur in 
the order of theur magnitudes, either increasing or decreasing. 

Thus the expression a? + a'a: + flw?^ +a^is arranged according 
to descending powers of a, and ascending powers of x, 

71. One expression is said to be of a higher order than 
another when the former contains a higher power of some dis- 
tinguishing letter than the other. 

Thus a^+a^a!-haaf+a^ is said to be of a higher order than 
ij^+aa+x^, with reference to the index of a. 
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72. Division is the process by which when a product is 
given and we know one of the factors the other factor is deter- 
mined. 

The product is, with reference to this process, <^ed the 
Dividend. 

The given factor is called the Divisor. 

The fEbctor which has to be found is called the Quotient. 

73. The operation of Division is denoted by the sign -r . 
Thus db-i-a signifies that a& is to be divided by a. 

The same operation is denoted by writing the Dividend 

^ aft 

over the Divisor with a line drawn between them, thus-— . 

a 

In this Chapter we shall treat only of cases in which the 
Dividend contains the Divisor an exact number of times. 

B.JL ^ 
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Case I. 

74. When the Dividend and Divisor are each included in 
a single term we can usually tell by inspection the factors of 
which each is composed. The Quotient will in this case be 
represented by the factors which remain in the Dividend, when 
Uiose factors which are common to the Dividend and the Di- 
visor have been removed from the Dividend. 

Thus T = ^> 

o 

a a ' 

d? aaaaa „ 

-a = =aa^a\ 

or aaa 

Thus when one power of a number is divided by a smaller 
power of the same number the quotient is that power of the 
number whose index is the difference between the indices qfthe 
dividend and the divisor. 

Thus ^^a>"-^=a\ 

or ' 

75. The quotient is unity when the Dividend and the 
Divisor are equal. 

Thus ?=l; ^^=1; 

and this will hold true when the Dividend and the Divisor are 
compound quantities. 

Thus l±|=l; ^;=1. 

* 

Examples. — XL 

Divide 
1. a^ by a^. 2. x^^ by a^, 3. a!*y^ by ity, 

4. ar^y'z^ by apy^z. 6. ' 24ab*c by 4db. 6. 72a«J»c« by 9a^c. 

7. 256aW€^ by I6abc^. 8. 1331m^Vy« by llmh^\ 

9. 60a»(»V by 5^. 10. 96a*6V by 125c. 



: 
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Casb II. 

76. If the Divisor be a single term, while the Dividend 
contains two or more terms, the quotient will be found by 
dividing each term of the Dividend separately by the Divisor 
and connecting the results with their proper signs. 

Thus — - — =a+o, 



12;i^y*+16^V-8^' 



= 2a^.l/' + 4xy-2. 



Examples.— XII. 
Divide 

1. a?" + 2a^ +xhja, 4. mpx* + m^p'^aP + m'jt?' by mp, 

2. y'-y*'^t/'-y^ fey 2/' S. l6a^a;y-28a^a!^ + Aa^a!^hj4a^x. 

3. 8a?+16a26 + 24a6'by8a. e.l2ar^p^-36aiy-lSa!^y^hj9x^i/. 

7. 81mW— 54m*n*+27m'«'jpby 3wi'w* 

8. 12ar'^-8icV-'^y*by4^. 

9. 169a*&-117a'&2+9ia«6by 13a2. 

10. 361&V+ 2286V- 1336V by 196*(?. 

77« Admitting the possibility of the independent existence 
of a term affected with the sign -, we can extend the Exam- 
ples in Arts. 74 — 76, by taking the first term of the Dividend 
or the Divisor, or both, negative. In such cases we apply the 
Rule of Signs in Multiplication to form a Kule of Signs in 
Division. 

r 

Thus since — ax 6= — a6, we conclude that —j—= — ^> 



ax-6=— a6, — h~~^ 

— ax— 6=a6, — ». =""^ 



and hence the rules 

L When the Dividend and the Divisor have the same 
ngn the Quotient is positive, 

II. When the Dividend and the Divisor have different 
signs the Quotient ia- negative. 
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78. The following Examples illustrate the oonclosiQiis just 
obtained : 

(6) "^'^!y~^' =3^-^^2. 



Examples. — ^XIII. 
l)ivide 

1. 72a6by — 9a6. 6. —c?a^—a^a?-axhj —cue, 

2. -60a8by-4a». 7. -34a?+51a'-l7<M?8by 17a. 

3. -84»Vby4a7V. 8. -8a'&'-24a'^&«+32a'&«by -4a»6». 

4. - ISm'w* by 3mw. 9. - 144a;3 + i08a?V - 96;i^ by 12a?. 

5. -128a36^(?by -8&c. 10. &V;5«-&«;i;V-&V«' by -6V. 

Case III. 

79. The third case of the operation of division is that in 
which the Divisor and the Dividend contain more terms than 
one. The operation is conducted in the following way : 

Arrange the Divisor and Dividend according to the 
powers of some one symbol, and place them in the 
same line as in the process of Long Division in 
Arithmetic. 

Divide the first term of the Dividend by the first term 
of the Divisor. 

Set down the result as the first term of the Quotient. 

Multiply all the terms of the Divisor by the first term 
of the Quotient. 

Subtract the resulting product from the Dividend. If 
there be a remainder, considw it as a new Dividetid, 
and proceed as before* 
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The process will best be understood by a careful study of 
the following Examples: 

(1) Dividea'+2a&+6'bya+&. (2) Dividea'-2a&+&*bya-5. 
a+&Ja'+2a5+&»(a+6 a-Wa'-2a5+&«Ca-6 



a&+6« -aJ + ja 

(3) Divide a?«-y« by ^-y2 

(4) Divide a?« - 4a'ir* + 4a*aj* - a« by a?« - a^. 

-3o»a?*+4a*^«-a« 
-3a2a?*+3aV 



(6) Divide aa:y+«'+y'—l by y+a?-l. 
Arranging the Divisor and Dividend by descmding powers 

-a%+aj'+3icy+2^-l 

xy+x+y^—l 

a+y—l 
a-hy-l 
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80. We must now direct the attention of the student to 
two points of great importance in Division. 

1. The Dividend and Divisor must be arranged accord- 
ing to the order of the powers of one of the symbols 
involved in them. This order may be ascending or 
descending. In the Examples given above we have 
taken the descending order, and in the Examples 
worked out in the next Article we shall take an 
ascending order of arrangement. 

2. In each remainder the terms must be arranged in 
the same order, ascending or descending, as that 
in which the Dividend is arranged at first 

81. To divide (1) l-a*hj a^-hx^+x+l, 

arrange the Dividend and Divisor by ascending powers of a, 
thus: 

(2) 48;c' + 6-35a;" + 58a;*-70;c'-23^by Qa^-^x+^-'Ja^, 

arrange the Dividend and Divisor by ascending powers of x^ 
thus : 

2 - 5ii? + 6aj« - yic*; 6 - 23^ + 48a:« - TOor* + 68a?* - 36;i?\3 - 4:c + 6a:* 

6-15a? + 18a;2-21aj» 



- 8a? + 30a?' - 49a?» + 68a?* 

- 8a? + 20a?2 - 24a?' + 28a?* 



10a?'- 25a?3 + 30a?* - 35a?* 
1 0a?2 - 26d7' + 30a?* - 35a?» 

Examples.— XIV. 
Divide 

1. a?Hl6a?+60 by 07 + 10. 5. a?3 + l3a?»+64^ + 72 by a?+6. 

2. a?2-17a?+70bya?-7. Q,a^+oi^-x-lhyx-{-\, 

3. o?3+a?-12bya?-3. 7. a?' + 2a?«+2a?+l bya?+l. 

4. a?' + 13a?+12bya?+l. 8. a?*- 6a?' +7a?«+ 6a? +1 by 0?^+ 3a? +1. 

9. a?*-4a?'+2a?2+4a?+lbya?'-2a?-l. 
10. a?*-4a?' + 6a?2-4a? + lbya?'-2a7+l. 
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11. a>*-d?2+24?-l by a!2+a?-l. 12. ^-4^+8;i?+16 byd?+2. 

13. ic' + 4j?V + 3a^'+12y'bya?+4y. 

14. a* + 4a3^ + Ga^&a + 4a68 + &* by a + &. 

16. a'-5a*6 + 10rt'&2_ioa'&3^.5^2>4_2^ljya-&. 
la. iC*-12a;3 + 50a;2-84a? + 45bya?2_6^ + 9. 

17. a«-4a*6+4a86« + 4a253_i7^2,4_i2&» bya3~2a5-3&l 

18. 4aV-12a'a^ + 13aV-6a'4?+a« by2aaj*-3a2a?+a». 

19. ^-^+2a;-l byaj'+ay-l. 

20. ;c*+aV~2a*by d7^+2a'. 23. x'^-f^hj x-y, 

21. a^*-13J?y-30y2bya?-15y. 24. a2-52+2&c-c2bya-5+<j. 

22. or'+j^by^r + y. 25. &-3&' + 36»-6* by &-1. ' 

26. a^-¥'-(^+d^-2(ad-bc) hjai-h-c-d. 
27. cr3+2^+;2?'-3^3rby^+y+;8f. 28. ^^*+y^<' by ar^+y*. 
29. p^ +pq + 2jpr- 2^^ + Iqr- 3T^hjp-q+ 3r. 

31. ^+47V+^y* + ^V+y'byiB*-a?^y+ii%'-a7y'+y*. 
32. 44?'-a?' + 4^by 2;»' + 3a: + 2. 33. a*-243bya-3. 
34. *io-/jby^'-l. 35. ar'-5a;«-46^-40bya? + 4. 

36. 4Sa^ - 76aa?2 _ 54^2^ ^ 1 05^3 |jy 2x - 3a. 

37. 18a:*-45;c3+82^-67iC + 40by3aj=-4^+5. 

38. 16a:*- 72a2;c' + 81a* by 2x - 3a. 

30. 81a:*-256a*by3^+4a. 41. x^ + ^cutr-a^x-^c^hja^-a^ 
40.2a' + 3a»6-2a52-363bya''-6l 42.a*-a'62-126*bya» + 3&*. 

43. a^-^a^-Qxy-y'^hj x^ + Zx-\-y, 

44. ip*-6:i?'y + 9a;V-42^byaj'-3^y+2y'. 

45. ;f*-812^ by x-Zy. 47. 81a*- 16&* by 3a + 25. 

46. a*-166*bya-2&. 48. 16;c*-81y*by 2ir+3y. 

49. 3a» + 8a6 + 4&3+i0a<J + 8&c + 3c' by a + 26 + 3(?. 

50. a*+4aV+16ii?*bya'+2a;r+4a?2. 

51. x*+a^y^-\'y^ by x^-xy+y*, 

62. 256a?* + 16ii?V+y* by 16a:*+44?y+y'. 

63. a^+x*y-xh/^-h/i^-2xy^-\-lfihj a^-\-x-y. 
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64.aa^'{-3a^a^'-2a^x—2a*hja!-a. 65. a'-o^ by a?+a. 

66. 2a^+xy-'3y^-4yz-a!z-2^hy2x+3p+z, 

67. 9x+^x* + l4j!^ + 2hy l + 5x+a!', 

68. 12-38a? + 82ar*-112^ + 106^-70a;"by 7^-6;r+3. 

69. 0?' + y' by ic* - a?V + ^V- ^y' + y*- 

€0. (aV+62y2)-(a«2>«+;i^y»)bya^+5y + a& + ;ry. 

61. a& (d7^+2/*)+a:y(a2+&') by ax+hy, 

62. ic*+(262-a2);i^+&*byiB2+a;i?+&«. 

82. The process may in some cases be shortened by the 
use of brackets, as in the following Example. 

{a+c) x^-^{db'¥ac+'bc) x 
{a-¥c)x^-\-{ab-^'bc)x 

acx+abc 
acx+abc 

x-'lJai^'-mx*-\-nx^—nx'^ + mx—l (.a:*— (m-l)a:' 

x^—x* —{m-n-l)a^—(m — i)x + l. 



'-{m-l)x*'^na^ 

-(m-l)x^+{m-l)a^ 

•-{m-n-l)ai^+{m-n-l)x^ 

— {m-Vjx^ + mx 

x-l 
x-l 

Examples. — XV. 
Divide 

1. a^—{a^—h—c)x^-(J>—c)ax+'bchYa?-(ix+c. 

2. y^— {l+m+n)y^-¥ {fm +ln + mn) y—lmn by y — n. 

3. a;"— (m— (;)ic*+ (w— cm + d^)ir' + 

(r+(?»— dm)^+ {cr+dn)x-¥drhj a^-'-ma^+nx-^r, 

4. a:* + (5+a)aj'-(4-6a + &)«2-(4a+6&)^+46byaj' + &i:-4. 

5. ii^''{a+l>+C'^d)si^ + {db+ac+ad+he'¥hd+cd)x^ 

^{dbc+abd+acd+bcd)x-\-abcdhj ai^-(a+c)x-^ac. 



DIVISION. 41 



\ 



83. The following Examples in division are of great 
importance. 



nnsoR. 


DiVIDBND. 


QUOTIEITT. 


^+y 


^-y« 


X-y 


x-y 


^2-y3 


x^-y 


x + y 


ar'+y^ 


a^-xy-^y^ 


x-y 


a^-y^ 


a^-^xy-^y* 



84. Again, if we arrange two series of binomials consisting 
respectively of the sum and the difference of ascending powers 
of a and y, thus 

x-\-y, a^+y*f a^+^, ^ + y*, a^+y^, «*+2/*, and so on, 

x—y, a^—y^, a^-y^, ^-y*, ^— y*, afi—y^, and so on, 

x+y will divide the odd terms in the upper line, 
and the even in the lower 

x-y will divide aUl the terms in the lower, 
but none in the uppen 

Or we may put it thus : 

If n stand for any whole number, 

af+y*ia divisible hy x+y when n is odd, 

hy x—y never; 

a;"— y" is divisible by ;p+y when n is even, 

hy x-y always. 

Also, it is to be observed that when the divisor is ;r-^ all 
tho terms of the quotient are positive, and when the divisor is 
x+y, the terms of the quotient are alternately positive and 
negative. 

Thus^— ^=iP'+^+^^+2^, 
x—y 

-?^^^=af^---a^y+x*y^--x^yi+xY'-xy^'^y^, 
— ^^==afi''X*y+a^y^-x'^y^+xy*-j^. 
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85. These properties may be easUy remembered by taking 

the, four simplest cases, thus, ic+y, x-y, a^+y*, ^-y*! of 

which 

the first is divisible by a;+y, 

second x—y, 

third neither, 

fourth both. 

Again, since these properties are true for all values of x 
and y, suppose y=l, then wo shall have 

x^-l , «'-l 

- — r=a?-l, ,=^+1, 

x+l ' x-\ ' 

x+i ' x—l 

Also 

=^ — ^ + ^.2-^+1 

;c + l _„ ' 

-^^ = a;" + a?* + iP' + 0?* + 1 . 

Examples. — XVI. 

Without goiug through the process of division write down 
the quotients in the following cases : 

1. When the Divisor is m + w, and the Dividends arc 
respectively 

2. When the Divisor is m-w, and the Dividends are 
respectively 

3. When the Divisor is a+1, and the Dividends are 
respectively 

a»-l, a^'+l, a* + ], a^+1, a^-1. 

4. When the Divisor is y-1, and the Dividends are 
respectively 

y'-l,2^«-l,y'-l,y^-l, 2/^-1. 



V. ON THE RESOLUTION OF EXPRESSIONS 

INTO FACTORS. 

86. We shall discuss in this Chapter an operation which 
is the opposite of that which we call Multiplication. In Mul- 
tiplication we determine the product of two given &ctors : in 
the operation of which we have now to treat t?ie product is 
given and the factors have to he found, 

87. For the resoliUion, as it is called, of a product into its 
component factors no rule can be given which shall be applica- 
ble to all cases, but it is not difficult to explain the process 
in certain simple cases. We shall take these cases separately. 

88. Case T. The simplest case for resolution is that in 
which all the terms of an expression have one common factor. 
This factor can be seen by inspection in most cases, and there- 
fore the other factor may be at once determined. 

Thus a^+db=a{a + b\ 

dar^y -ISiPV + 54d?y = 9xy {x^ - 2xy + 6). 



•EXAMPLES.r-XVII. 

Resolve into factors : 

1. 6^-16^. 5. x^-ax'^^'bix^'\-cx, 

2. 3^' + 18a;* -6a?. 6. Z^x^y^-llos^y^ + ^lxY- 

3. 49y2-l4y + 7. 7. 54a»Z'«+108a<'6''-243a% 

4. Aafy-V2xhJ^^-Sxy^. 8. Abx^y^^-^^Q^'^ -Wis^'^. 



44 RESOL UTION INTO FA CTORS, 

89. Case IL The next case in point of simplicity is that 
in which four terms can be so arranged, that the first two 
have a common factor and the last two have a common &ctor. 

Thus 

x^+ax-\-'bX'\-ab={x^+ax) + (!)X'\-a>b) 

=a?(a?+a)+&(a?+a) 
c=(;p+&)(a?+a). 

Again 

oc - a</- &c + W = (ac - flkf) — (6c - 6J) 

^a{C'-d)-'b{e-d) 

'=(a-b)ic-d). 

EXAJfPLES.— XVIII, 

Besolve into factors : 

1. ^-ax—hx+ah, 6. aba^''axy-\-hxy'-y\ 

2, ab-^ax—hx—a^. 6. abx—dby+cdx-cdy, 

3. bc+l>y—cy-y\ 7. cdx^+dmxy—cnxy—mny*. 

4, bm + mn + ab + an, 8. dbcx-'l^dx—acdyA-hcPy. 

90. Before reading the Articles that follow the student is 
advised to turn back to Art. 56, and to observe the manner in 
which the operation of multiplying a binomial by a binomial 
produces a trinomial in the Examples there given. He will 
then be prepared to expect that in certain cases a trinomial 
can be resolved into two binomial factors, examples of which 
we shall now give. 

91. Case III. To find the factors of 

a^-{-lxA-\% 

Our object is to find two numbers whose product is 12, 

and whose sum is ?• 

These will evidently be 4 and 3, 

:,x^-¥*lx+l2={x+4){x+Z). 

Again, to find the factors of 

x^+6bx-¥m. 

Our object is to find two numbers whose product is 66*, 

and whose sum is bb. 
These will clearly be 36 and 26, 

/. a^-\-bbx-\- 66' =(x-\- 36) {x + 26). 
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Examples.— XIX. 
Resolve into factors : 

1. ,aj' + ll;p+30. 9. j^+19«y+48n*. 

2. a?» + 17a:+60. 10. ;»' + 29/?4f+100j9*. 

3. i/'+13y+12. 11. «* + 6a^ + 6. 

4. y3+21y+110. 12. 4^ + 4^?*+ 3. 

5. »»* + 35wi + 300. 13. a?V + 18^+32. 

6. »»«+23m+102, 14. aV+7a?V+12. 

7. a«+9a6+8&l 15. »»^<»+10m»+16. 

8. a:»+13ina?+36ml 16. n*+27w(/ + 1402* 

92. Case IY. To find the factors of 

«*-9a?+20. 

Our object is to find two negative terms whose product is 20, 

and whose sum is — 9. 

These will clearly be -5 and - 4, 

.'. a?^-9;i?+20=(;i?~6)(a:-4> 

Examples. — XX. 
Resolve into factors : 

1. «»-7a?+10. 6. w'-57n + 66. 

2. d?»-29ii?+190. 7. ii?'-7^+12. 

3. i/'-23y+132. 8. a2&'-27a& + 26. 

4. y»-30y+200. 9. 5V-ll&"c* + 30. 

5. n*-43n + 460. 10. a^y^z^-lZxyz^-^^, 

93. Case Y. To find the factors of 

aj2+5a?-84. 

Onr object is to find two terms, one positive and one npgative^ 
whose product is —84, and whose sum is 5. 

These are clearly 12 and - 7, 

.% aj*+6a?-84=(a?+12)(iP-7). 
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Examples.— XXI, 
Resolve into factors : 

1. a^ + 7a?-60. 6. &'+25&-160. 

2. a?«+12a?-45. 7. i»*+3iC*-4. 

3. a2+lla-12. 8. 07-^3+3^^-164. 

4. a^^ 13a- 140. 9- »i"+16m»-100. 
6. &«4-13&-300. 10. w2+17w-390. 

94. Case VI. To find the factors of 

Our object is to find two terms, one positive and one negative, 
whose product is —28, and whoso sum is —3. 

These will clearly bo 4 and - 7, 

/. a?2-3:c-28 = (^ + 4)(a?-7). 

Examples. — XXII. 

Resolve into factors : 

1. ;r2-5a?-66. 6. z^-Uz-lOO. 

2. aj'-7^-18. 7. ^<'-9^-10. 

3. m«-9m-36. 8. c=c?^-24cc?-lS0. 

4. w'^-lln-eo. 9. m««*-m8/i-2. 
6. y2-13y-14. 10. ^V-5l?V-84. 

95. The results of the four preceding articles may be thus 
stated in general terms : a trinomial of one of the forms 

may be resolved into two simple factors, when & can be re- 
solved into two factors, such that their sum, in the first two 
forms, or their di£ference, in the last two forms, is equal to a, * 

96. We shall now give a set of Miscellaneous Examples on 
the resolution into factors of expressions which come under 
one or other of the cases already explained. 
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Examples. — XX 1 1 1. 
Besolve into factors : 

1. ^^-15.1?+ 36. 8. o^-^mx-^-nx-^-mn, 

2. x^+ix-iS, 9. y«-4y3 + 3. 

3. a^-l6ab-36, 10. x^y-abx-cxy-¥dbc, 

4. a^-^mx^-lOm^, 11. ^+(a-&)a?-a5. 

5. y«+y8-9o. 12. a^-{c-d)x-cd. 

6. ai^-a?-UO, 13. ab^-bd+cd-abc, 

7. a^ + 3ax^+ia*x. 14. 4a;2-28ary + 48/A 

97. We have said, Art 45, that when a number is multi- 
plied by itself the result is called the Square of the number, 
and that the figure 2 placed over a number on the right hand 
indicates that the number is multiplied by itself. 

Thus a^ is called the square of a, 
(x — pY is called the square oix—y. 

The Squabe Root of a giyen number is that number whose 
square is equal to the given number. 

Thus the square root of 49 is 7, because the square of 7 
is 49. 

So also the square root of a^ is cb, because the square of a is 
a* : and the square root of {,a;—yf isx—y, because the square 
of a?-y is (a?-y)'. 

The symbol J placed before a number denotes that the 
square root of that number. is to be taken: thus J25 is read 
" the square root of 25,** 

Note. The square root of a positive quantity may be either 
positive or negative. For 

since a multiplied by a gives as a result a^, 
and — a multiplied by — a gives as a result a% 

it follows, from our definition of a Square Boot, that either a 
or —a may be regarded as the square root of a\ 

But throughout this chapter we shall take only the positive 
value of the square root. 
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98. We may now take the case of Trinomials which are 
perfect squares, which are really inclucled in the cases dis- 
cussed in Arts. 91, 92, bat whidi, from the importance they 
assume in a later part of our subject, demand a separate 
consideration. 

99. Case VII. To find the factors of 

Seeking^ for the factors according to the hints given in Art 
91, we find them to be ^ + 6 and x+6. 

That is ;c« + 12a?+36 = (a?+6)«. 

ExAMPLEa — XXIV. 

Resolve into factors : 

1. a^+lSx+Sl. 6. a?*+li«2+49. 

2. d?« + 26a?+169. 7. a;* + 10a^+25y*. 

3. a:^+34a! + 2S9, 8. »»* + 16»iW+64n*. 

4. y^ + 2y + l. 9. afi+24x^ + l4A. 

6. ;y24.200;2r + 10000. 10. a?*y"+162a?y+6561. 

100. Case VIII. To find the fectors of 

a?2-.i2a;+36. 

{Seeking for the factors according to the hints given in 
Art. 92^ we find them to be ;v— 6 and a;— 6, 

That is, dJ« - 124? + 36 = (^ - 6)*. 

Examples. — XXV, 
Resolve into fsictors : 

1. ai^-Sx-hie. 2. aj»-28d?+19G. 3. a;3-36a?+324. 

i. y2_40y + 400. 6. ;?2-i00;2r + 2500. 6. ;»*- 22^^2+121. 
1. «»-30ay+225y*. 8. »»*-32iiiW+256n\ 
9. ««-S8«» + 361. 
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101; Case IX. We now proceed to the most important 
case of Besolution into Factors, namely that in which the ex- 
pression to be resolved can be put in the form of two tquarei 
with a negative sign between them. 

Since fn^'-n^=(m+n){m—n\ 

we can express the difference between the squares of two 
quantities by the product of two factors, determined by 
the following method : 

Take the square root of the first quantity, and the 
square root of the second quantity. 

The sum of the results will form the first factor. 

The difference of the results will form the second factor. 

For example, let a^—l^he the given expression. 
The square root of a^iaa. 
The square root of b^ is b. 
The sum of the results is a + &. 
The difference of the results is a— 5. 

The factors will therefore he a + b and a-b, 
that is, a^-b^={a+b){a'-b), . 

102. The same method holds good with respect to com- 
pound quantities. 

Thus, let a^—{b—cf be the given expression. 
The square root of the first term is a. 
The square root of the second term isb—e. 
The sum of the results isa+b—c. 
The difference of the results isa—b+c. 
.'. a^'-{b-cy={a+b-c){a-b + c). 

Again, let {a—b)^—{c—df be the given expression. 
The square root of the first term is a— &. 
The square root of the second term h&c—d. 
The snm of the results is a- & +<?*-(?. 
The difference of the results isa-&— <?+cf. 
... (a-&)a-((.-rf)»=(a-& + c-rf)(a-&-<?+rf). 

B.JL ^ 
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103. The terms of an expression may often be arranged 
BO as to form two squares with the negative sign between 
thero, and then the expression can be resolyed into factors. 

Thus a'+&2-c»-<f2+2a5 + 2<r^ 

«=(a+6)«-(c-cf)3 



Examples.— XXVI. 

'ft 

Kesolve into two or more factors : 

1. «»-y". 2. iC*-9. 3. 40^-25. 

4. a*-ar*. 5. ac^-X. fj. aj«-l. 

7. ^-1. 8. wi*-16. 9. Sey^^iD;?*. 

10. 81ajV-121a«63. 11. (a-&)«^c». 12. s^-.^m-nf. 

13. (a+6)*-(c+<fA 24. 1xy-x^-y'^^\. 

14. («+y)"-(a?-y)«. 25. a^-2yz-y'i'-z\ 

15. «!»-2;r2^+y"-;??'. 26. a«-42>»-9c«+125<?. 

16. (a-&)*-(w + n)«. 27. a*- 165*. 

17. a'-2a<j+c»-i>2_2&^_^, 28. l-49c». 

18. 2ft<j-&'-c«+a2. ?9. a2+ft«-c'-rf«-2a&-2a?. 

19. 2a^+ar»+j/»-;?». " 30. a^-l^-^<^-cP^2ac+2hd. 

20. 2mn-m«-n*+a2+6»-2a6, 31. ^ofi-2lax, 

21. (aa?+&y)2-i. 32. a*&«-c». 

22. {flic-^hy^-{ax-'ly)\ 33. (5a?-2)2-(^-4)« 

23. l-a2-&*+2a&. 34. (7a?+4y)'-(2a?+3y)» 

36. (753)" -(247)*. 

104. Casb X. SincQ 
-i--=««-aa?+a3, and--^^=a?»+<M?+a' (Ari 83)l 
we know the following important facts : 
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(1) The 9um of the cube$ of two nomhers is divisihle hy 
the Mvun of the nnmbers : 

(2) The difference between the ciibes of two numbers is 
divisible by the difference between the nnmbers. 

Hence we may resoke into factors expressions in the form 
of the sum or difference of the cubes of two numbers. 

Thus a^+27=a!'+3«=(a?+3)(aj»-3jr+9) 

y3-64=y»-4»=(y-4)(y» + 4y + 16). 

Examples.— XX V 1 1. 

Express in &ctors the following expressions : 

1. fl^+fr'. 2. a»-6». 3. a9-8. 4. «8 + 243. 

5. &»-126. 6. ofi + Uy^, 7. 0^-216. 8. 8a?' + 272^. 

9. 64a^-1000&». 10. 729;c'+512y>. 

Express mfour factors each of the following: expressions: 
11. af^-t^, 12. af^^l. 13. a«-64. 14. 729 -y«* 



105. Before we proceed to describe other processes iu 
Algebra, we shall give a series of examples in illustration of 
the principles 'already laid down. 

The student will find it of advantage to work every exam* 
pie in the following series, and to accustom himself to read and 
to explain with facility those examples in which illustrations 
are given of what may be called the short-hand method of ex< 
pressing Arithmetical calculations by the symbols of Algebra. 

Examples.— XXVIII. 

1. Express the sum of a and b, 

2. Interpret the expression a-b-hc, 

3. How do you express the double of ;r 7 

4. By how much is a greater than 6 ? 

6. If ;r be a whole number^ what is the number next above 
it? 

6. Write five numbers in order of magnitude, so that w 
shall be the third of the five. 
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7. If a be multiplied into zero, what is the result 1 

8. If zero be divided by ar, what is the result ? 

9. What is the sum of a +a+a ... written d times ? 

10. If the Product be ac and the Multiplier a^ what is the 
Multiplioand ? 

11. What number taken from x gives y as a remainder ? 

12. A\»x years old, and Bia y years old ; how old was A 
when B was bom ] 

13. A man works every day qn week-days for x weeks in 
the year, and during the remaining weeks in the year he does 
not work at all. During how many days does he rest ? 

14. There are x boats in a race. Five are bumped. How" 
many row over the course ? 

15. A merchant begins trading with a capital of x pounds. 
He gains a pounds each year. How much capital has he at 
the end of 6 years ? 

16. A and B sit down to play at cards. A has x shillings 
and B y shillings at first. A wins 5 shillings. How much has 
each when they cease to play ] 

17. There are 6 brothers in a family. The age of the 
eldest is x years. Each brother is 2 years younger than the 
one next above him in age. How old is the youngest ? 

I 18. I travel x hours at the rate of y miles an hour. How 
many miles do I travel ? 

19. From a rod 12 inches long I cut off x inches, and then 
I cut off y inches of the remahider. How many inches are 
left 1 

20. If n men can dig a piece of ground in q hours, how 
many hours vnll one man take to dig it ? 

21. By how much does 25 exceed x \ 

22. By how much does y exceed 25 ? 

23. If a product has 2m repeated 8 times as a &ctor, how 
do you express the product ? 

24 By how much does a + 2& exceed a — 2& 1 

25. A girl is x years of age, how old was she 5 years 
since? 
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26. A boy is y years of age, how old will he be 7 years 
hence ? 

27. Express the difference between the squares of two 
numbers. 

28. Express the product arising from the multiplication of 
the sum of two numbers into the difference between the same 
numbers. 

29. What value of x will make %x eqiml to 16 ? 

30. What value of x will make 28^ equal to 56 ? 

ft 

31. What value of x will make ■= equal to 4 ? 

32. What value of x will make ^ + 2 equal to 9 ? 

33. What value of x will make x-*l equal to 16 ? 

34. What value of x will make ;r^ + 9 eqilal to 34 ? 

35. What value of x will make a;'— 8 equal to 92 ? 

Explain the operations symbolized in the following cj:- 
pressions : 

1. a+5. 2. a2-&2. 3. 4a'+6'. 4. 4(a«+&*). 

5. a'- 25 + 3c. 6. a+7»x&— c. 7. (a + 7w)(&-c). 8. \/i?. 
9. ^sjx' + y^ 10. o+2(3~c). 11. (a+2)(3-c). 

,„ a^+52 ,. J^Et 14 !Z^±2^ 

4a6 x-y s/x + y 

Examples. — ^XXX. 

If a stands for 6, b for 5, x for 4, and y for 3, find the value 
of the following expressions : 

1. a+x—b-y, 2. a + y-b-^x. 3. 3a+4y-5-2a:. 

4. 3(a + &)-2(iP-y). 5,(a + x){fi-'fj. 6. 2a + 3(a?+2^). 

7. {2a+Z){x+y). 8. 2a + 3a?+y. 9. ^3^. 

10. abx, 11. ab{x+y). 12. ayifi + x^^ 
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13. db{x-tff. 14. J 6b. 16. ^^. 

16. (^/5)3. 17. (s/5'+&)«. 18. ^/6S5. 

19. S^. 20. ^^^^. 21. 3a+(2d?-^y)». , 

22. {a-(5-y)}(a-(a?-y)}. 24. 3(a+6-y)'+4(a+a?)«. 

23. {a-b-yY + (a-x+y)\ 25. 3(a-&)2+(4:p-2^«)». 

Examples.— XXXI. 

1. Find the yalue of 

3a&c-a'+&'+c', whena=3, 5=2, c=l. 

2. Find the value of 

a^+y^-^z^+SxyZy when x=S, y=2, ;2f=5. 

3. Subti^t a^ + c* from (a + c)l 

4. Subtract {x - yf from aj^ + ^. 

6. Find the coefficient of x in the expression 

(a+&)2a?-(a+&a?)2. 

6. Find the continued product of 

2a?— w, 2iP+w, x+2m, a?— 2n. 

7. Divide 

acr* + (5c + (wf) r^ + (5<f + a«) r + 5« by ar + 5 ; 
and test your result by putting 

a=b^c=d=e-ly and r=10. 

8. Obtain the product of the four factors 

(a+b+c), (p+c—a\ (c+a-&), (a+b-e). 

What does this become when c is zero; when 5+c=^ 
when «=&=<?] 

9. Find the value of 

{a+b){b+c)'-(fi-^d){d+a)-'{a+c)(p-d), 
where b is equal to d, 

10. Find the value of 
3a+(25-c2)+{c2-(2a+35)} + {3c-(2a+3&)}*, 

when a=0, &b2, c=4. 
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11. If a=l, &=2, c=3> €^=4, ehew that the numerical 
values are equal of 

{<f-(c-&+a)}{(<f+c)-(5 f a)}, 
and of cf3-(<^+62) + a«+2(&c-a<f). 

12. Bracket together the different powers of a; in the fol- 
lowing expressions : 

(a) aaP+ha!^+cx+dx, 

03) aa^-ba^-cx^-da^+Za^. 

(y) 4a^—aai^—Za^-ha^-5x-ex, 

13. Multiply the three factors x-c^x-h.x-c together, 
and arrange the product according to descending \Kmet% otx, 

14. Find the continued product of {x + a) (a? + h) (x + c). 

16. Find the cube of «+&+<?; thence without further 
multiplication the cubes of a+h^c\ b + c^a; c+a-5; and 
Bubtract the sum of these three cubes from the first* 

16. Fmd the product of (3a + 2&)(3a+2c-3&), and test 
the result by making a= 1, &= <;= 3. 

17. Find the continued product of 

a— a?, a+x, a^+a^y a*+^, a'+a^, 

1 8. Subtract (& - a) (c - i) from (a -b){e- d). 

What is the value of the result when a=2b and d=2c ? 

19. Add together (& + y) (a + a?), j? - y, aa? - by, and a{x+ y\ 

20. What value of x will make the difference between 
(a?+l)(;p+2) and (a?- 1) (a?- 2) equal to 64? 

21. Add together ax— by, x-y, x{x^y) and {a-x)(p^y), 

22. What value of x will make the difference between 
(2j?+4)(3a?+4) and (3iP-2)(2a7^8) equal to 96 ? 

23. Add together 

2mx—Zny, x+y, 4(m+w) {x-y), and mx+ny. 

24. Prove that 

{x+y-\-aY-^x^+y^+^={x+yy-^(p-+zf-\'(x+z)\ 
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26. Find the product of (2a + 3&)(2a+3<;-2&), and test 
the result by making a= 1, &=4, c=2. 

26. If a, bf c, d, «... denote 9, 7, 5, 3, 1, find the values of 
flfe "^ cd 6 — c 

-^dTe' (^-«^(^^-^^); -^^^ 5 a^d ^"-^' 

27. Find the yalue of 

2abc-a^ + b^ + (^ when a=0, & = 2, c = l. 

28. Find the vahie of 

3a«+ £5 when a=4, &=1, c=2. 

29. Find the value of 

(a-&-c)«+(5-a-c)2 + (c-a-6)2whenar^l,&=2, c = 3. 

30. Fmd the value of 
{a+b-cf+{a-b+cf+(b+c-aY when a = 1, & = 2, c=4. 

31. Find the value of 

(a+&)3 + (6 + c)''+(c+a)3wheno=:-l, &=2, c=-3. 

32. Shew that if the sum of any two numbers divide the 
difference of their squares^ the quotient is equal to the differ- 
ence of the two numbers. 

33. Shew that the product of the sum and difference of 
any two numbers is equal to the difference of their squares. 

34. Shew that the square of the sum of any two consecu- 
tive integers is always greater by one than four times their 
product. ' 

35. Shew that the square of the sum of any two consecu- 
tive even whole numbers is four times the square of the odd 
number between them. 

36. If the number 2 be divided into any two parts, the 
difference of their squares will always be equal to twice the 
difference of the parts. 

37. If the number 60 be divided into any two parts, the 
difference of their squares will always be equal to 60 times the 
difference of the parts. 

38. If a number n be divided into any two parts, the 
difference of their squares will always be equal to n times the 
difference of the parts. 
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39. If two numbers differ by a unit, their product together 
with the sum of their squares is equal to the difference of the 
cubes of the numbers. 

40. Shew that the sum of the cubes of any three consecu- 
tive whole numbers is divisible by three times the middle 
number. 



VI. ON SIMPLE EQUATIONS. 

lOS. An Equation is a statement that two expressions 
are equal. 

107. An Identical Equation is a statement that two ex- 
pressions are equal for all numerical values that can be given 
to the letters involved in them, provided that the same value 
be given to the same letter in every part of the equation. 

Thus, (:i?+a)'=aj*+2a;c+a2 

is an Identical Equation. 

108. An Equation of Condition is a statement that two 
expressions are equal for some particular numerical value or 
values that can be given to the letters involved. 

Thus, /p+l = 6 

is an Equation of Condition, the only number which x can 
represent consistently with tliis equation being 6. 

It is of such equations that we have to treat. 

109. The Root of an Equation is that number which, 
when put in the place of the unknown quantity, makes both 
udes of the equation identical. 

110. The Solution of an Equation is the process of finding 
wliat number an unknown letter must stand for that the 
equation may be true: in other words^ it is the method of 
finding th6 Root 

The letters that stand for unknoum numbers are usually 
Xf y, Zf but the student must observe that any letter may 
stand for an unknown number. 

111. A SiMPLB Equation is one which contains the first 
power only of an unknown quantity. This is also called an 
Equation of the First Degree, 
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112. The following Axioms form the groundwork of the 
solution of all equations. 

Ax. I. If equal quantities be added to equal quantities, 
the sums will be equaL 

Thus, if a=&, 

Ax. II. If equal quantities be taken from equal quantities, 
the remainders will be equal 

Thus, if x=y^ 

x—z—y—z. 

Ax. III. If equal quantities bo multiplied by equal quaz^ 
titles, the products will be equal. 

Thus, if a=&, 

ma=vfiib. 

Ax. lY. Ifequal quantities be divided by equal quantities, 
the quotients will be equal. 

Thus, if xy=az, 

y=z, 

113. On Axioms I. and 11. is founded a process of great 
utility in the solution of equations, called Thb Tbansposition 
•OF Terms from one side of the equation to the other, which 
may be thus stated. 

"Any term of an equation may be transferred from one side 
of the equation to the other if its sign he changed*' 

For let a!-a=b. 

Then, by Ax. L, if we add a to both sides, the sides remain 
equal: 

therefore «— a+a=6+a, 

that is, ^=&+a. 

Again, let x+c=d. 

Then, by Ax. II., if we subtract e from each side, the sides 
remain equal : 

therefore a-he—c=d—c, 

that is, x^d-c. 
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1 ] 4. We may change all the signs of each side of au equa- 
tion without altering the equaMtj. 

Thus, if a—x^h—c, 

115. We may change the position of the two sides of the 
equation, leaying the signs unchanged. 

Thus the equation a~&=a?— c, may be written thus, 

116. We may now proceed to our first rule for the solution 
of a Simple Equation. 

Rule L Transpose the known terms to the right hand 
side of the equation and the unknown terms to the other, and 
combine all the terms on each side as far as possible. 

Then divide both sides of the equation by the coefficient of 
the unknown quantity. 

This rule we shall now illustrate by examples, in which x 
stands for the unknown quantity. 

Ex. 1. To solve the equation, 

Transposing the terms, we get 

Combining like terms, we get 

Dividing both sides of this equation by 2, we get 

^=4, 
and the value of x is determined. 

Ex. 2. To solve the equation, 

7a?+4=25a?-32. 

Transposing the terms, we get 

7iP-25a7=~32-4. 

Combining like terms,, we get 

-18:1?= -36. 

Changing the signs on each side, we get 

18ar=36. 

Dividing both sides by 18, we get 

x^2, 
and the value of x is determined. 
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ON SIMPLE EQUA TIONS, 



Ex. 3. To solve the equation^ 

2^-3a?+120=4iP-6^ + 132, 



tliat is, 


2a?-3^-4a? + 6a?=132-120, 


or, 


8:1?- 7a? =12, 


therefore, 


a=\2. 


Ex. 4. 


To solve the equation, 




3a? + 5-8(13-ar)=0, 


that is, 


3a? + 5-104+&c=0, 


or. 


3ii?+8:i?=104-6, 


or. 


lliP=99, 


therefore, 


a=9. 


Ex. 6. 


To solve the equation, 




6:i?-2 (4-3:1?) =7-3(17-^), 


that is. 


6:i?-8 + 6a?=7-51 + 3;r, 


or, 


6a?+6a?-3a?=7-51 + 8, 


or, 


12a?-3a?=15-61, 


or. 


9:1?= -36, 


therefore. 


a?=-4. 



Examples.— XXXII. 



1. 7a?+5 = 5a?+ll. 

2. 12a? + 7 = 8ar+15. 

3. 236^ + 425 = 97a? + 564. 

4. 5a?-7 = 3a?+7. 
6. 12a?-9=8a:-l. 

6. 124a?+19 = 112a:+43. 

7. 18-2j?=27-5a:. 

8. 125-7a?=145-12a:. 



9. 26-8a?=80-14a?. 

10. 123 -307= a?- 83. 

11. 13-3a?=5a?-3. 

12. 127 + 90?= 12a?+ 100. 

13. 15-5a?=6-4a?. 

14. 3o?-22 = 7a?+6. 



15. 8 + 4a?=12a?-16. 

16. 5o?-(3o?-7)=4a?-(6d?-3.5) 

17. 6d?- 2 (9 - 4a:) + 3 (.5a? - 7) = lOor- (4 + 16a?) + 35. 

18. 9a?-3(5a?-6) + 30=0. 

19. 12a?-5(9a?+3) + 6(7--8a?) + 783=0. 

20. ar-7(4a?-ll) = 14(a?-5)-19(8-a?)-61. 

21. (a? + 7) (a?- 3) = (a? -6) (a?- 16). 
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22. (ar-8)(a?+12)=(a?+l)(a?-6). 

23. (iC-2)(7-a?) + (^-6)(j7 + 3)~2(a?-l) + 12 = 0. 

24. (2df-7)(a?+6)=(9-2ar)(4-^) + 229. 

25. (7 -6;i:) (3 -20?) =(4:1? -3) (3^7 -2). 

26. 14-a?-6(iP-3)(a? + 2) + (6-a?)(4-6a?) = 45.i:-76. 

27. (a?4.5)2-(4-ar)2=21a?. 

28. 6(a7-2)«4-7(:i?-3)« = (3a?-7)(4a?-19) + 42. 

29. (3a?-l7)2+(4ar-25)2-(5a?-29)2 = l. 

30. (^+6)(;i:-9) + (ar+10)(a?-8) = (2a?+3)(a?-7)--113. 



VII. PROBLEMS LEADING TO SIMPLE 

EQUATIONS. 

117. "When we have a question to resolve by means of 
Algebra, we represent the number sought by an unkno\vn 
symbol and then consider in what manner the conditions of the 
questioQ enable us to assert that two expressions are equal. 
Thus we obtain an equation, and by resolving it we dctermiuo 
the value of the number sought. 

The whole difficulty connected with the solution of Alge- 
braical Problems lies in the determination from the conditions 
of the question of two different expressions having the same 
numerical value,' 

To explain this let us take the following Problem : 

Find a number such that if 15 be added to it, twice the 
sum will be equal to 44. 

Let X represent the number. 

Then J? + 15 will represent the number increased by 15, 
and 2 («+ 15) will represent twice the sum. 

But 44 will represent twice the sum, 
therefore 2 (a? + 15) = 44. 

Ilence 2^+30=44, 

that is, 2^=14, 

or, a?=7, 

and therefore the number sought is 7. 
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118. We shall now give a series of Easy Problems, in 
which the conditions by which an equality between two expres- 
sions can be asserted may be readily seen. The student should 
be thoroughly familiar with the Examples in set xxYiii, the use 
of which he will now find. 

We shall insert some notes to explain the method of repre- 
senting quantities by algebraic symbols in cases where some 
difficulty may arise. 



Examples.— XXXIII. 

1. To the double of a certain number I add 14 and obtain 
as a result 154. What is the number ? 

2. To four times a certain number I add 16 and obtain as 
a result 188. What is the number ? 

3. By adding 46 to a certain number I obtain as a result 
a number three times as large as the original number. Find 
the original number. 

4. One number is three times as large as another. If I 
take the smaller from 16 and the greater from 30 the remain^ 
ders are equal. What are the numbers ? 

6. Divide the number 92 into four parts, such that the 
first is greater than the second by 10, greater than the third 
by 18, and greater tlian the fourth by 24. 

6. The sum of two numbers is 20, and if three times the 
smaller number be added to five times the greater, the sum is 
84. What are the numbers ? 

7. The joint ages of a father and his son are 80 years. If 
the age of the son were doubled he would be 10 years older 
than his father. What is the age of each ? ;^ 

8. A man has six sons, each 4 years older than the one 
next to him. The eldest is three times as old as the youngest* 
What is the age of each ? 

9. Add £24 to a certain sum, and the amount will be as 
much above £80 as the sum is below ;£80. What is the sum 1 

10. Thirty yards of cloth and forty yards of silk together 
cost £66, and the silk is twice as valuable as the cloth. Find 
the cost of a yard of each. 
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11. Find the number, the doable of which being added to 
24 the result is as much above 80 as the number itself is below 
100. 

12. The sum of X500 is divided between A^ B^ C and 2>. 
A and B have together ;£280, .i and C £2Q% ^ and 2> ;£220. 
How much does each receive ? 

13. In a company of 266 persons, composed of men, 
women, and children, there are twice as many men as there 
are women, and twice as many women as there are children. 
How many are there of each ? 

14. Divide ^1520 between A, B and C7, so that A has 
^100 less than B, and B £210 less than C. 

15. Find two numbers, differing by 8, such that four times 
the less may exceed twice the greater by 10. 

16. A and B began to play with equal sums. A won ;£5, 
and then three times ^'s money was equal to eleven times B'% 
money. "What had each at first ? 

17. ^ is 68 years older than B, and A^% age is as much 
above 60 as ^'s age is below 50. Find the age of each. 

18. ^ is 34 years older than B, and ^ is as much above 
50 as ^ is below 40. Find the age of each. 

19. A man leaves his property, amounting to £7500, to be 
divided between his wife, his two sons and his three daughters, 
as follows : a son is to have twice as much as a daughter, and 
the wife j£500 more than all the five children together. 
How much did each get ? 

20. A vessel containing some water was filled up by pour- 
ing in 42 gallons, and there was then in the vessel 7 times as 
much as at first. How many gallons did the vessel hold ? 

21. Three persons A, B, C have £16. jB has £10 more 
than A, and C has as much as A and B together. How much 
haseach? 

22. What two numbers are those whose difference is 14, 
and their sum 48 ? 

23. A and B play at cards. A has £72 and B has £52 
when they begin. When they cease playing, A has three times 
as much as B, How much did ^ win ? 
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NoTB I. If wo have to express algebraically two parts 
into which a given number, suppose 50, is divided, and we 
represent one of the parts by x^ the other will be represented 
by 60 -a?. 

Ex. Divide 50 into two such parts that the double of one 
part may bo three times as great as the other part. 

Let X represent one of the parts. 

Then 60 -ic will represent the other part 

Now the double of the first part will be represented by 2:p, 
and three times the second part will be represented by 
3 (50 -a?). 



Hence 


2a? =3 (50 -4?), 


or, 


2.r«150-3^, 


or, 


5.r=150; 




.*. J? = 30. 


Hence the parts 


arc 30 and 20. 



24. Divide 84 into two such parts tl^at three times one 
part may bo equal to four times the other. 

25. Divide 90 into two such parts th^J-t four times one part 
may be equal to five times the other. 

26. Divide 60 into two such parts that one part is greater 
than the other by 24, 

27. Divide 84 into two such parts that one part is less than 
the other by 36. 

« 

28. Divide 20 into two such parts that if three times one 
part be added to five times the other part the sum may be 84. 

Note II. When we have to compare the ages of two pcr^ 
sons at one time and also some years after or before, we must 
be careful to remember that holh will be so many years older 
or younger. 

Thus if UD be the age of A at the present time and ^ b^ 
the age of B at the present time, 

The age of A 5 years hence wiH bo a? + 5, 
and the age of J7 6 year^ hence will be 2a? -f 5. 
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Ex. ^ is 5 times as old as J9, and 5 years hence A will 
only be three times as old as B. What are the ages of A and 
B at the present time ] 

Let X represent the age of B, 
Then hx will represent the age of A, 

Now x-\-^ will represent ^s ago 5 years hence, 
and 507+5 will represent ^'s age 5 years hence. 

Hence &i?+5=3(a:+6), 

or 6;c + 5 = 3^+15, 

or 2;p=10; 

Hence ^ is 25 and ^ is 5 years old. 

29. A is twice as old as By and 22 years ago he was three 
times as old as B, What is ^'s age ? 

30. A father is 30; his son is 6 years old. In how many 
years will the age of the father be just twice that of the sou ? 

31. A is twice as old as B^ and 20 years since he was three 
times as old. What is ^s age ? 

32. A is three times as old as B^ and 19 years hence he 
will be only twice as old as B, Wliat is the age of each ? 

33. A man has three nephews. His age is 50, and the 
joint ages of the nephews are 42. How long will it be before 
the joint ages of the nephews will be equal to the age of the 
andef 

NoTB III. In problems involving weights and measures, 
after assuming a symbol to represent one of the unknown 
quantities we must be careful to express the other quantities 
in the same terms. Thus if x represent a number of pence^ 
all the sums involved in the problem must he reduced to 
pence, 

Ex. A sum of money consists of fourpenny pieces and six* 
pences, and it amounts to £\, 16^. Sd, The number of coins 
is 78. How many are there of each sort? 

&A. ^ 
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Let X be the number of fourpenny pieces. 
Then ^ is their value in pence. 
Also 78— d? is the number of sixpences. 
And 6 (78 -ip) is their value in pence. 
Also £\, 16*. %d, is equivalent to 440 pence. 

Hence 4;r + 6 (78 - ^) = 440, 

or 4;r+468-6;r=440, 
from which we find a?= 14. 

Hence there are 14 fourpenny pieces, 
and 64 sixpences. 

34. A bill of £100 was paid with guineas and half-crowns, 
and 48 more half-crowns than guineas were used. How many 
of each were paid ? 

35. A person paid a bill of £Z, 14». with shillings and 
half-crowns, and gave 41 pieces of money altogether. Hot^ 
many of each were paid 1 

36. A man has a sum of money amounting to £11. 13*. Ad,, 
consisting only of shillings and fourpenny pieces. He has in 
all 300 pieces of money. How many has he of each sort ? 

37. A bill of £50 is paid with sovereigns and moidores of 
27 shillings each, and 3 more sovereigns than moidores are 
given. How many of each are used ? 

38. A sum of money amounting to £42. 8*. is made up of 
Bhillings and half-crowns, and there are six times as many 
half-crowns as there are shillings. How many are there of 
each sort \ 

39. I have £5. 11*. Zd. in sovereigns, shillings and x)ence. 
I have twice as many shillings and three times as many pence 
as T have sovereigns. How many have I of each sort 1 



VIII. ON THE METHOD OF FINDING THE 
HIGHEST COMMON FACTOR. 

119. An expression is said to be a Factor of another ex- 
pression, when the latter is divisible by the former. 

Thus 3a is a factor of 12a, i 

^xy oi\^o^y\ 

120. An expression is said to be a Common Factor of two 
r)r more other expressions, when each of the latter is divisible 
by the former. 

Thus 3a is a common factor of 12a and 15a, 

Zxy of 15^//2 and 21;rV, 

4z of 8^, 12^2 and 16;&'. 

121. The Highest Common Factor of two or more expres- 
sions is the expression of highest dimensions by which each of 
the former is divisible. 

Thus 6a» is the Highest Common Factor of 12a2 and ISa^, 

6j?2y „ oi\(ia^y, UxY 

and 25a?V' 

NoTB. That which we call the Highest Common Factor is 
termed by others the Greatest Common Measure or the High- 
est Common Divisor, Our reasons for rejecting these terms 
will be given at the end of the chapter. 

122. The words Highest Common Factor are abbreviated 
thus, n. c. F. 

123. To take a simple example in Arithmetic, it will readily 
be admitted that the highest number which will divide 12, 18, 
and 30 is 6. 

Now 12 = 2x3x2, 

18=«2x3x3, 
30=2x3x5, 
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Having thus reduced the numbers to their simplest factors, 
it appears that we may determine the Highest Common Factor 
in the following way. 

Set down the factors of one of the numbers in any order. 

Place beneath them the factors of the second number, in 
such order that factors like any of those of the first number 

shall stand under those factors, 

« 

Do the same for the third number. 

Then the number of vertical columns in which the numbers 
are alike will be the number of factors in the h. c. f., and if we 
multiply the figures at the head of those columns together the 
result will be the H.O.P. required. 

Thus in the example given above two vertical columns are 
alike, and therefore there are two factors in the h.o.f. 

And the numbers 2 and 3 which stand at the heads of 
those columns being multiplied together will give the h.c.p. 
of 12, 18, and 30. 

124. Ex. I. To find the H.O.P. of aWx and rt«&V. 

a^b^x=aaa.hb ,x, 
d^t^a^ =aa ,bbb,xx\ 
/. Ji,o,Y,=aabbx 
-c^b^x, 

Ex. 2. To find the h.c.f. of Z^o^^c^ and 51a»&V. 

34a*&*c* = 2 X 17 X aa . bbbblib , cccc, 
5la^b*c^ = 3 X 17 X aaa , bbbb . cc ; 
.', iL,c,F, = l7adbbbbcc 
= l7a'6*c2. 



Examples.— XXXIV. 

Find the Highest Common Factor of 

1. a*b and a^b\ 3. UxY and 24a^/^. 

2. x^y^z and ai^z^, 4. 4i5m*n^p and 60m^np\ 
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— ■ ■■■■i»-». ...^ ■■■! ^M 

5. ISdi^i^d and ZQa^hccP. 8. VJp^, Sip^q and Sljt?'^'. 

6. ifl^j a^b^ and 0*6*. 9. S^V^, 12;^^ and 20a?V«*. 

7. 4a6, lOoc and 305c. 10. 30.vV') 90a:V and 120a;V« 

125. The student must be urged to commit to memory 
the followmg Table of forms which can or cannot be resolved 
mto fectors. Where^ blank occurs after the sign = it signifies 
that the form on the left hand cannot be resolved into simpler 
factors. 

a^-y^=(jjD-i-y){x-y) ^-l==(a?+l)(jF-l) 

a^^y^= aP + l^ 

a!^-y^ = {x-y){a^+xy-^y^ a^-l=(;r-l)(a^^+ic+l) 

x*-y*={x^-^y^{a^-y*) x^-l = {x^-\-l)(x^-l) 

x*-{-y*= ^+1 = 

a^-\-2xy+y*={x+yf ai^+2x-\-l = {x + l)^ 

x^-2xy+y*={x-yy x^-Zx + l^ix-Vf 

x^ + 3x^'y + Sxy'^+y^=^{x+y)^ arH3a^+3iP+l = (a7 + l)3 

x^-3a^y+3xy^-y^={x-y)^ x^-Sx^+Zx-l={x-iy 

The left-hand side of the table gives the general formSi 
the right-hand side the particiUar cases in which y=l. 

126. Ex. To find the H.O.P. of aj'-l, a^-2x+l, and 

ar'+2d?-3. 

^-l=(;p-l)(a:+l), 

x^-'2x+l=(^x-l)(x-l\ 
x'^+2x-3={x--l){x+Z), 

.\ H.O.P. =;«?-l. 

Examples.— XXXV. 

1. a»-5' and a'- ¥. 4. a^+a^ and (a+x)*. 

2. a«-ft2 and a*-&*. 5. 9a^-l and (3^+l)^ 

3. a»-aj» and (a-xf, 6. 1 -25a2 and (1 -Sa)^. 

7. a^-y^ (x+yy md x*+3xy+2y\ 

8. x'^-y^, a^-y^ and x^-7xy + 6y\ 

9. iP'-l, x^-l and«*+a?-2. 
10. l-a^, l+a'anda' + 5a + 4. 
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127. In large numbers the factors cannot often be deter- 
mined by inspection, and if we have to find the h.cf. of two 
such numbers we have recourse to the following Arithmetical 
'Rule. 

"Divide the greater of the two numbers by the less, and 
the divisor by the remainder, repeating the process until no 
remainder is left : the last divisor is the H.O.F. required." 

Thus, to find the n.o.F. of 689 and 1573. 

689 J 1573 (^2 
1378 

195; 689 C3 
685 

"104; 195 U 
104 

li; 104 u 
91 

13J9H7 
91 

.*. 13 is the H.O.F. of 689 and 1573. 



Examples.— XXXVI. 

Find the H.C.F, of 

1 6906 and 10359. 4. 126025 and 40115. 

2. 1908 and 2736. 6. 1581227 and 16758766. 

3. 49608 and 169416. 6. 35175 and 236845. 

128. The Arithmetical Rule is founded on the following 
operation in Algebra, which is called the Proof of the Rule for 
finding the Highest Common Factor of two expressions. 

Let a and h be two expressions, arranged according to de- 
scending powers of some common letter, of which a is not of 
lower dimensions than 5. 

Let h divide a with p as quotient and remainder c, 

c h q dy 

d r with DO remainder. 
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The form of the operation may be shewn thus : 

pb 

djc{r 
rd 

Then we can shew 

I. That dia9k common factor of a and b. 

II. That any other common factor of a and h is a factor of 
d, and that therefore d is the Highest Common Factor 
of a and K 

For (I.) to shew that d\a2k factor of a and h : 

h=qC'¥d 
=qrd-¥ d 
=(gr + 1) dy and .*. ^ is a factor of h ; 

and rt=jp&+tf 

=p{qc-{-d)-\-c 

=pqc+pd-\-c 

^pqrd+pd-k-rd 

=twr +j3+r) d, and /. diso, factor of a. 

And (IL) to shew that any common factor of a and & is a 
factor of d. 

Let d be any common factor of a and b, such that 

a=mdand b^nd^ 

Then we can shew tiiat d is a factor of d. 
For ^=6-g(j 

= n8-qmb+pqnd 

= {n-qm-^pqn) 5, and /. d is a factor of i 

Now no expression higher than d can be a factor of d ; 
«*« d 18 the Highest Common Factor of a and b. 
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129. Ex. To find iho H.O.V. of :i;'+2a?+ 1 and 



Hence x+l being the last divisor is the h.c. f. required. 

130. In tho Algebraical process four devices are frequently 
useful. These we shall now state, and exemplify each in the 
next Article. 



I. If the sign of the first term of a remainder be neffa- 
the, we may change the signs of all the terms. 

II. If a remainder contain a factor which is clearly not a 

common factor of the given expressions it may be 
removed. 

III. We may multiply or divide either of the given ex- 
pressions by any number whidi does not introduce or 
remove a common factor. 



IV. If the given expressions have a common factor which 
can be seen by inspection, we may remove it from 
both, and find the Highest Common Factor of the 
parts which remain. 1/ we multiply this remit by 
the ejected factor J we shall obtain the Highest Con^ 
mon Factor of the given expressions. 

131. Ex. I. To find the H.c. p. of 2a^''X- 1 and 

Ca?"-3a:-3 

— x+1 



HIGHEST COMMON FACTOR, 73 

Change the signs of the remamder and it becomes x—l. 



The n.o. f. required is a?- 1. 

Ex. II. Tofind thoH.o,F. of;j!*+3^+2anda;' + 6a?+6. 

x'+3x+2 



2x-\-4t 

Divide the remainder by 2, and it becomes ^4-2. 

a+2)a!^+2x-\-2 (a+l 
a^+2x 



a! + 2 
x+2 

The H. o.p. required is a? +2. 

Ex. III. To find theH.o.p. of 12a?2+a?-l and l5a^-^Sx-^ 1. 

Multiply 16ii?'+8a:+l 

by 4 



Ua^-\-x-l)60a^ + S2x+4:(,6 
60;c'+ 5x-5 

27^ + 9 

Divide the remainder by 9, and the result is 30? + 1. 

3x-{-l)12a^+x-l(4x-l 
12;i?«4-4a? 

-SX"! 
-3x-l 

The H. 0. F. is therefore 3x+ 1. 

Ex. IV. To find the n.o.F. of a^-5x^-\-ex and 

ics-10^'4-21;if. 

Remove and reserve the factor x, which is common to both 
cxpreseioQg. 
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Then we have remaining a;* - 5j? ■»- 6 and a?' — 10;??+ 21. 

The H.O.P. of these expressions is a? —3. 

The H.O.F. of the original expressions is therefore o^—Zx. 

Examples.— XXXVIL 

Find the h. c. f. of the following expressions : 

1. iC*+7a? + 12anda;*+9iC + 20. 

2. a^+12a? + 20 and 0^+142?+ 40. 

3. ;c2-l7iP+70 and a;*-13;p+42. 

4. ir'+5a?-84andaj2+21;p+108. ; 
6. ii^+iC-12anddJ«-2a:-3. 

6. x^-k-^xy^- ey^ and a?H 6xy + 9y\ 

7. a^-exy+8y^B.nda^-8xy + l6y\ 

8. al^''lSxy-30y^SiXidx^''l8xy4-45y\ 

9. a^-'f^asidx^—2xy+y\ 

10. ar^ + y' and aj' + 3iBV+3»r2/'+y". 

11. x*—y*2aidx^—2xy\-y\ 

12. ic'+y'and^+y'. 

13. a?*-y* and a?' + 2a?y + y*. 

14. a2-&2+2&c-/:'anda2+2a5 + 52_2a<;-26c+c2. 

15. l2a^ + *7xy+y^SkJid2Sx'^ + 3xy-y'^. 

16. ex'^+jcy-y^ and 39a?2-22:i^ + 3yl 

17. 16:ij"-8:ry+y2and40a;*-3ii?y-y*. 

18. ;B'-5a?3 + 6;i;"-landa?*+a;'-4^2 + ^+X. 

19. a* + 4x^-^iesLnda^ + x*'-2x^'\-nx^-'l0x + 20. 

20. .a;*+^y2+2^an(i^ + 2a:V+3;i?2y2+2a?y3 + y*. 

21. ;i^-64?* + 9a;2«4 an<j a;«+a;'-2a?* + 3aj2-a?-2. 
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22. 15a*+10a'6+4a26a + 6a&3~3&* and 6a3 + 19a*6 + 8a5*-6t^. 

23. \oa^- Ua?y + 245^2/* - 72/* and 27a:' + ZZa^y - 20xy* + 2y». 

24. 21^2 -83a?y- 27a: +22y'+99y and 12a:2_35-j^_g>P 

-33y«+2?y, 

25. 3a'-12a'-a^6+10a5-2&2 and 6a'- 17^25 + 8a62-&». 

26. ISa^-lSa^x+eaa^-eai^ and 60a'-75flw: + 15a:". 

27. 21d:'-26^'+8iP and 6a:2-^-2. 

28. 6a:*+29a«a:2 + 9a* and 3a^-l5ax^-k-a^x-5aK 

29. a:^+a:*2/'+a:V + y*ft"da:*— y*. 

30. 2a^-^l0x^+Ux+eaxida^ + ai^'\-7x+Zd, 

31. 45a'a:+3aV-9<w:'+6a:* and 18a2a:-8a:^. 

132. It is sometimes easier to find the H.C.F. by reversing 
the order in which the expressions are given. 

ThiistofindtheH.o.F.of21a:2+384.+5andl29ar* + 221a:+10 
the easier course is to reverse the expressions so that they 
stand thus, 6 + 38;i:+21a:» and 10 + 221ii:+129;c' and then to 
proceed by the ordmary process. The h. o. p. is 3^ + 6. Other 
examples are 

1. 187^ -84^ + 31a: -^6 and 253^- 14a:* + 29a:- 12, 

2. 37l2/'+262/8_50y+3 ^nd 4692^ + 752/*- 1032/ -21, 
of which the h.o.p. are respectively 11a?— 3 and 7y+3. 

133. If the highest common factor of three expressions 
a,b,€ho required, find first the h. c. f. of a and b. If d be the 
H.O.F. of a and b, then the B.O.F. of d and c will be the h.c.f. 
of a, b, c, 

134. Ex. To find the H.o.p. of 

a:' + 7a:*— a:— 7, a^'+Sa:^— a:— 5, anda;2-2a:+l. 

The H.C.F. of a^+W-x-*! and x^+5x^-x-5 will be 
found to be a:'— 1, 

The H.6.P. of a:*-! and a:2-2a; + l will be found to be 
;p— 1. 

Hence a:- 1 is the h.c.f. of the three expressions. 
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Examples.— XXXVIII. 

Find the Highest Common Factor of 

1. ^ + 5;r+6, irH 7^ + 10, and a?3 + 12j7 + 20. 

2. iB3+4a?2-5, ar»-3;i?+2, andiB3^.4-j4_3^+3 

3. 2;cHa?-l, iir' + 5;p + 4, andiB^+l. 

4. y'-y^-y+l, Sy^—^y-l, and y'^-p'+y—l, 

6. ^-4a;* + 9:F-10, a;' + 2.t?2-3J74-20, and 

a7' + 5d7^-9a7 f 35. 

6. ar»-7a:^+16;c-12, 3a;5-I4c2+16T, and 

5ar^-10;c2+7^-I4. 

7. 2/'-6y24.ii2^_15^ 2^-y^+3y+5, and 

2«/»--7y2+16y-15. 

Note* We use the term Highest Common Factor instead 
of Greatest Common Measure or Highest Common Divisor 
for the following reasons : 

(1) . We have used the word ^^ Measure'^ in Art. 33 in a 
different sense, that is, to denote the number of times any 
quantity contains the unit of measurement. 

(2) Divisor does not necessarily imply a quantity which 
is contained in another an exact number of times. Thus in 
performing the operation of dividing 333 by 13, we call 13 
divisor, but we do not mean that 333 contains 13 an exact 
number of times. 



IX. FRACTIONS. 

IZt. A QUANTITY a is Called an Exact Divisoe of a quan- 
tity h, when h contains a an exact number of times. 

A quantity a is called a Mfltiplb of a quantity "b, when a 
contains h an exact number of times. 
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136. Hitherto we have treated of quantities which contain 
the unit of measurement in each case an exact number of 
times. 

We have now to treat of quantities tchich contain some 
exact divisor qfa primary unit an exact number of times. 

137. We must first explain what we mean by a primary 
unit. 

We said in Art. 33 that to measure any quantity we take a 
known standard or unit of the same kind. Our choice as to 
the quantity to be taken as the unit is at first unrestricted, but 
when once made we must adhere to it, or at least we must 
give distinct notice of any change which wo make with respect 
to it To such a unit we give the name of Primary Unit, 

138. Next, to explain what we mean by an exact divisor 
qfa primary unit. 

Keeping our Primary Unit as our main standard of mea- 
surement, we may conceive it to be divided into a number of 
parts of equal magnitude, any one of which we may take as a 
Subordinate Unit, 

Thus we may take a pound as the unit by which we mea- 
sure sums of money, and retaining this steadily as the primary 
onit, we may still conceive it to be subdivided into 20 equal 
IMirts. We call each of the subordinate units in this case a 
shilling, and we say that one of these equal subordinate units 
is one-twentieth part of the primary miit, that is, of a pound. 

These subordinate imits, then, are exact divisors qf the 
primary unit, 

139. Keeping the primary unit still clearly in view, 
we represent (me of the subordinate imits by the following 
notation. 

We agree to represent the words one-third, one-fifth, and 

one-twentieth by the symbols - , - , — , and we say that if 

the Primaiy Unit be divided into three equal parts, ;5.wiU 
represent one of these parts. 
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If we bavo to represent two of these subordinate units, wo 

2 3 

do 80 by the symbol ~ ; if three^ by the symbol - ; \l four, by 

4 
the symbol - , and so on. And, generally, if the Primary Unit 

«5 

be divided into h equal parts, we represent a of those parts by 
the symbol ^ , 

140. The symbol ^ we call the Fraction Symbol, or more 

briefly a Fbaction. The number hdcm the line is called the 
Denominatob, because it denominates the number of equal 
parts into whicb the Primary Unit is divided. The number 
aibo'oe the line is called the Numerator, because it enumerates 
how many of these equal parts, or Subordinate Units, are 
taken. 

141. The term nuiriber may be correctly applied to Frac- 
tions, since they are measured by units, but wo must be 
careful to observe the following distinction : 

An Integer or Whole Number is a multiple of the Primary 
Unit 

A Fractional Number is a multiple of the Subordinate 
Unit 

145. The Denominator of a fraction shews what multiple 
the Primary Unit is of the Subordinate Unit 

The Numerator of a fraction shews what multiple the 
Fraction is of the Subordinate Unit. 

143. The Numerator and Denominator of a Fraction are 
called the Terms of the fraction. 

144. Having thus explained the nature of Fractions, we 
next proceed to treat of the operations to which they are sub- 
jected in Algebra. 

145. Dep. If the quantity x be divided into 5 equal parts, 
and a of those parts be taken, the result is said to be the 

fraction =- of a?. 



If X be the unit, this is called the fraction t . 
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146. If the unit be dirided into b equal parts, 
=- YnOl represent one of the parts. 

■r two 

O 



.^., three 



3 

b 

And generally, 

g will represent a of the parts. 

147. Next let us sappose that each of the b parts is fttb- 
divided into e equal parts: then the unit has been divided 
into be equal parts, and 

^ will represent one of the subdividons. 
2 , 

Fc *^^ 

And generally, 

a 

be ^ 

148. To shew that ~=?. 

be b 

Let the unit be divided into b equal parts. 

Then t will represent a of these parts (1). 

Next let each of the b parts be subdivided into c equal 
parts. 

Then the primary unit has been divided into be equal parts, 

€Uj 

and J- will represent ac cf these svUbdivisions (2). 

Now one of the parts in (1) is equal to c of the subdivisions 
in (2), 

•*. a parts are equal to oc subdivisions ; 

a ^ac 
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Cor. We draw from this proof two inferences : 

I. If the numerator and denominator of a fraction be 
multiplied by the same number, the value of the frac- 
tion is not altered. 

II. If the numerator and denominator of a fraction be 
divided by the same number, the yalue of the fraction 
is iiot altered. 

149. To make the important Theorem established in the 

preceding Article more clear, we shall give the following proof 

4 16 
that r =o7\ > ^7 taking a straight line as the unit of length. 



I I I I I I I I I I I I I I I M I I 

A E D F B C 

Let the line AC he divided into 5 equal parts. 
Then, if B be the point of division nearest to C, 

ABis I of ^a (1). 

Next, let each of the parts be subdivided into 4 equal parts. 

Then AC contains 20 of these subdivisions, 
and AB 16 

.\ABis^oiAa (2). - 

Comparing (1) and (2), we conclude that 

4^16 
6~20' 

150. From the Theorem established in Art. 148 we derive 
the following rule for reducing a Fraction to its lowest terms. 

Find the highest common factor cf the numeraior and 
denominator and divide both by it. The resiUting fraction 
toill be one equivalent to the original fraction expressed in the 
simplest terms. 
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151. When the numerator and denominator each consist 
of asiiigle term the h.o.p. may be determined by inspection, 
or we maj inroceed as in the following Example : 

To reduce the fraction ^ to its lowest terms, 

IQg^&V _ 2 X 5 X aaal ibcccc 
12a«6V ~ 2y.Qxaamcc ' 

YTe may then remove factors common to the numerator and 

denominator, and we shall have remaining — — j~ ; 

.*. the required result will be — , - . 

152. Two cases are especially to be noticed. 

(1) If every one of the factors of the numerator be re- 
moved, the number 1 (beiug always a factor of every algebraical 
expression} will still remain to form a nimierator. 

Za'c Zaac 1 



Tims 



I2a^c^ 3 X 4 X aaacG ^ac 



(2) If every one of the factors of the denominator be re- 
moved^ the result will be a whole number. 

Thus o 2 = — 5 =4a(?. 

Za^c 3 X aoG 

This is, in fact, a case of exact divisiou, such as wo have 
eo^lained in Art. 74. 



Examples.- XXXIX. 

lleduco to equivalent fractions ia their simplest terms ih% 
following fractions : 

^* 12a»' ' 3iSx'i' ^' 24a3&2- 

*• 45aiY^' 21a86V ^' Zabc' 

Biay'z J5£*^3 8^V 

B.JU ^ 
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10. 



13. 



16. 



19. 



20. 



21. 



22. 



23. 



210m^y^V 

8dr'-182r* • 
lO^r-lOy 



11. 



14. 



17. 



a' 



4ajp-\-2aT^ 
Saaf^-2x'' 

I2abf^-6ab 
Sb'c-2c 

24. 



12. 



lim^x 



ay-¥^ 

dbc + hey ' 

Idb^aP—lal^y'^ 



15. 



18. 



4x^—8icy + 4y^' 
nx+by 

edb + 8cd 
27a^¥a-4Sc'<jPa' 

2az—2az^' 



25. 



26. 



27. 



28. 



5^ + 45<fa;^ 
10a^+20a&-f l06» 

4^-8j?y+4y* 

48(i??-y)« • 

3m^+5w:c' 



3my + 6«:r?/ " 



153. Wo shall now give a set of Examples^ some of which 
may be worked by Resolution into Factors. In others the 
II.O.F. of the Numerator and Denominator must be found by 
the usual process. As an example of the latter sort let us 
take the following : 

To reduce the fraction -^r-^ — tt-^ — ^rrr— r-^ to its lowest 



2a;3_9^«_33^ + 2i 



terms. 



Proceeding by the usual rule for finding the h.o.p. of tlie 
numerator and denominator we find it to be a?— 7. 

Now if we divide a;'-4a;*— 19^— 14 by iF-7, the result 
is .'^8 + 3^4. 2, and if we divide 2;^"- 9^ -380? + 21 by ar-7, 
the result is 2a;2 ^ 5^ _ 3^ 

•b' + 3*1? + 2 
Hence the fraction ^ _ is equivalent to the pro- 
posed fraction and is in its lowest terms. 



1. 



a^4-7 ^ + 10 
//'■f 5a-*-6 ' 



Examples. — XL. 
A'2-9.r+20 



2. 



;i?*--7a?+12* 



3. 



;c2-10a;+2i' 
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6. 



7. 



8. 



9. 



10. 



11. 



12. 



13. 



d^~18^+45y* 

jg»-5^+llar-15 
a^'-^c'+SiC + S 

3a^-16a;8+21a? ' 

jg»-7ar'+16a?-12 
3^-14ar» + 16^ • 

a34.4a'-5 
a?*-3a+2 ' 
&»+452_55 



iC^ + iC+1 

14. 
15. 
16. 



6. 



a;« + 2a;V + 3y* 



21. 



3a:'+2;g-l 

a^+^'-^-l' 



22. 



17. 

18. 

19. 
20. 



a^ + 2a« + 2a+l' 

3aa? '~13aa?4-14(g 
"7^-17^^+607 • 

14:g'~34^+12 
9a^-39flw? + 42a* 

15-24a + 3a» + fca** 

a^-3a^+Sa-2 
a»-4a2+6a-4' 

a?'-3a:' + 4^-2 



23. 



25. 
26. 
27. 
28. 
29. 
30. 

31. 
32. 



a'+a-12' 

24^ (^+y-^^)''^(^-yY+(^-zy+(y-zy 

a^ + y^+sy^ 
air*-aj'-9^+13a?-5 



it8-a?2-2a? + 2 ' 



74^-19^ + 17^-6 

16a;*-53a?^ + 45^+6 
8a?*-30ic3 + 31a;*-12 

4a;'-12<y;g+9a^ 
a»*-27a3 • 

6a:^-23^* + 16^-3 
6^-17iB' + ll;«:-2* 

a?»-6:g^+ll^-6 
«»-2a:2-a7 + 2 • 

m'+m*+m-3 
»i»'+3w*+6w + 3* 

a«-y-25c-(^ 
a8+2a6+d«-o^ • 



33. 



34. 



35. 



36. 



37. 



33. 



39. 



40. 



15a^ + a5-2y 
9a2+3a&~262' 

^-7^ + 10 
2a;*-a?-6 ' 

a?^+3a?^+4^+12 
;c' + 4^+4^ + 3 * 

^-;g2-2a; + 2 
2a?*-;»-l • 

;g8-.2a;g~15;g + 36 
3a;«-4a7-15 * 

3a?° + ^-g^ + 21 . 
6a;* +2907^ +260? -21' 

or^-jg'— 4o!^— o?+l 
4^_3^-8a?-l • 

o»-7g'+16a^l2 
3a»-14a*+Ua* 
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154. The fraction t is said to be a proper fraction, 
>rhcn a is less than &. 

The fraction t is said to be an improper fraction, when 
a is greater than &. 

155. A whole number x may be written as a fractional 

OB 

number by writing 1 beneath it as a denominator, thus - • 



156, To prove that t of 3 = rj • 

Divide unity into hd parts. 

« 

= r of &c of these parts (Art. 147) 

= r; of 5c of these parts (Art. 148) 
=ac of these parts (Art. 147). 

But ' r-i=(ic of these parts ; 

This is an important Theorem, for from it is derived the 
Rule for what is called Multiplication of Fractions. "VVe 

extend' the meaning of the sign x and define v ^ ;7 (which 

according to our definition in Art. 36 has no meaning) to mean 

i- of -3, and we conclude that v: x j= j^, which in words 
h d^ d hd^ 

gfves us this rule. "Take the product of the numerators to 
form the numerator of the resulting fraction, and the product 
of the denominators to form the denominator.*' 

• 

The same rule holds good for the multiplication of three 
or more fractions. 
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157. To shew that f:'^Zj= j^* 



1 A C 

The quotient, x^ of t divided by ^ is sach a quantity that x 
mnlciplied by the divisor ^ will give as a result the dividend ? • 





XC 

'' .d~ 


a 
h' 




. d 

'■ c 


- xc 


d . 
= - of 
c 


a 
b' 


• 


xcd 
• cd " 


ad 

'he' 






.•. X 


ad 
"he' 





Hence we obtain a rule for what is called Division of 
F&ACnoN& 

--, a c ad 

a c _a d 
b' d'h^'c' 

Hence we reduce the process of diyision to that of multi- 
plication by inverting the divisor. 

158. The following are examples of the Multiplication and 
Division of Fractions. 

2x „ 2x Sa eax 2x 
3a' 3a' 1 3a' a 

- 3.r - 3x 3a Sx 1 3a? x 
2, :rr-5-3a = r:v -f — = -,- X — = — . = 



2h 2h I 26 3a Qah 2ah' 

3 1^ 3c ^ 3x4xagc 2a 
9c=*'^2a"2x9xac''7 3c' 

4 140^ . *Ix lAa^ 9y _ 9 X 14 X x'*y 2x 
27^* • 9y""27y'^7a:~7x27x;Fy''^3y' 

2i 96 6c __ 2a X 96 X 5c _3 
36 ^ lOc "^ 4a " 36 xlOc"xTa ■" 4' 
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d?^-4ig x^ + lx _ x{x—A) x{x-\-1) 
^' a^+la^^ x-4 "x^ix+l)"^ a-4t 

__ x{x-'4)x{x-\-*7) 
"" x'{x + 1){x-4) - • 

7 ^^"^ . 4(a2-a&) ^ a^-^b* q^^db 

_ (a+b)(a-b) a{a+b) 
(a+&)(a+&) ^ 4a{a-b) 

_ (a+b){a-b)a(a+b) _ i 
{a-i-b) {a+b)4a {a-b) ~ 4:' 



Examples. — XLI. 

Simplify the following expressions : 

1 ?? ?? 9 ?? ?5 ^ 4x^ Sx 

4y''9p' ^' 46'' 3a' '^' ^y'""^' 

Sa^b^ I5xy * 9xYz 10MH ^ 2a 46 Sc 

Aba^y ^ 24a86« * ^' lOa^t^c ^ l^xy^z ' ^' 66 "^ 3c ^ 6a * 

3>r*y 5^ Uxz 1a%* 20^* 4ac 

' ' ^xz^ ^ 6xy^ 20xy^ ' 5c'd^ ^ 42a^ ^ 365 * 

8jt?3g3 ^ 2;?^ ^ 90^^ • ^"- x4wV ^ I5p^ ^ 4khi ' 



Examples. — XLII. 
Reduce to simple fractions in their lowest terms: 
a-b a^-b* x ^+x-2 a^--13^-i-42 

x'^+4x 4^-124? ^ ;g*-lla?+30 x*-Sx 

x^-Sx^Qx'+l'Zx' *"• x^-ex + 9 ^^^^' 

ar'^ + 3a?+2 ;g*-7a?:H2 a; 2-4 _^j-25 

if2— 6a? + 6 aj'+o? * * x^ + 5x x''^-\-:ix' 

^ a^-Aa + S fl*-9a+20 a^~7 a 
a''-6a + 4 ^ a-'-10a + 21 ^ a^-5a' 

62-76+6 6«+106+24 68-86« 
^^2+36-4^ 6''- 146 + 48^ 62+66 ' 
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Examples. — XLIII. 
Simplify the following expressions : 

nx 2jE?— 2 ^-1 6a? 

.7 ^.o Q 1 .la' ' 



7 "^*' ^ ^p«-3a?+2 • a?-l' d?2-17;» + 30 • «-16' 

158. We are now able to justify the use of the Fraction 
Symbol as one of the Division Symbols in Art. 73» that is, 

we can shew that r is & proper representation of the quotient 

resultii^ from the diyision of a by h. 

For let X be this quotient. 

llien, by the definition of a quotient, Art 72, 

5x07=: a. 

But» from the nature effractions, 

6xg=a; 

o 
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159. Here we may state an important Theorem, which we 
shall require in the next chapter. 

If ad=b€, to shew that v = j. 

o a 

Since <id=hc, 

ad _bc 
bd~'bd' 
. a _c 
"fd' 



X. THE LOWEST COMMON MULTIPLE. 

160. An expression is a Commojt Multiple of two or 
more other expressions when the former is exactly divisible by 
each of the latter. 

Thus 24^ is a common multiple of 6, 8a^ and 12^. 

161. The Lowest Common Multiple of two or more 
expressions is the expression of lowest dimensions which is 
exactly divisible by each of them. 

Thus 1807* is the Lowest Conmion Multiple of 6;r*, ^x^ 
and Zof, 

The words Lowest Common Multiple are abbreviated 
into L.O.M. 

162. Two numbers are said to be prime to each other 
which have no common factor but unity. 

Thus 2 and 3 are prime to each other. 

163. If a and h be prince to each other the fraction j 

is in its lowest terms. 

ft I* 
Hence if a and h bo prime to each other, and t=-j, awd 

if m be the h. o. p. of c and dy 

a= — and 5= . 
m m 
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164. In finding the Lowest Common Multiple of two or 
more expressions, each consisting of a single term, we may 
proceed as in Arithmetic, thus : 

1. To find the l. c. m. of 4alr and 18«ar', 



2 

a 

X 



4€^x, \Sax^ 
2a\x, 9a.r3 



2a^x, 9j:* 



2a\ 9x* 
L.c. M. = 2 xaxajx2a^x 9j^=ZGa^JC^, 

2. To fiud the L.O.M. of ab, ac, he, 

a 

h 

c 

"1, I, 1 
L.c.M.=a X h xc=abc, 

3. To fiud the l.o.m. of l2a^Cy H&c^ and 36a2^, 



ab, 


ac, 


he 


h 


Cy 


he 


1, 


c, 


c 



2 


\2a\ 


Uhc^, SSab^ 


6 


Ga\ 


Ihc", 18a6* 


a 


a% 


1hc\ 3afta 


h 


ac, 


7bc^, 3i»» 


c 


aCj 


7c\ 36 




Cfy 


7c, 36 



L.c.M. = 2 x6xaxhxcxax7cx 36 = 252a'6V. 



Examples. — XLIV. 



Find the l.o.m. of 

1. 4a^x and 6aV. 

2. Sj^y and I2xy^. 
a 40^6 and 8a^. 
4. aa, a^x and a^a^, 
6. 2ax, Aax"' and a^. 



6. ab, a^c, and 6'c*. 

7. a'or, a'y and a^V. 

S. 61a2a;2, Z4aa^ and a^. 

9. 6p*5', 103^ and 2i^pqr, 
10. ISo^, 72«y3 and 12;P2^, 



90 
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165. The method of fiudiDg the L.C.M., given in the pro- 
ceding article, may be extended to the case of compound 
expressions, when one or more of their factors can be readily 
determined. Thus we may take the following Examples. 

1. To find the L.O.M. ofa-a, a^-a^, and a^+cuv, 



a— a 


a—x^ c^—x\ c^-^ax 


a+x 


1, a+a?, a^+oa? 




1, 1, a 



2. To find the l. c. m. of a?^— 1, a?* - 1, and 4:^* - i^c*, 



a^-X 



;»*-!, ;c*- 1,4^-4^ 



1, «*+!, 447* 

L.0.M. = («»-l)(a?*+l)4a?*=(a?*-l)4i;* = 4a?5-4^^. 

166. The student who is familiar with the methods of 
resolying simple expressions into factors, especially those given 
in Art. 125, may obtain the L.aM. of such expressions by a 
process which may be best explained by the following ex- 
amples. 

Ex. 1. To find the l. o. m. kAc^-oi? and a? — a?. 

a^—a:^={a—x){a+x\ 
a^—x^={<i—x)[a^+(ix+a^). 

Now the L.O.M. must contain in itself each of the factors in 
each of these products, and no others. 

.". L.C.M. is {a-'x){a-^x){a^'\-ax+ai?\ 

the factor a—x occurring once in each product and therefore 
once only in the l.o.m. 

Ex. 2. To find the l.o.m. of 

a2-62^ a2_2a&+52, and a»+2a5 + &«. 

a«-6«=(a + 6)(a-&), 
a^-2ah^¥={a-'b){a-h\ 
a« + 2a5+i>2=(a+5)(a+&); 

/, hsC,u,\a{a-¥h){a'-'b){a-h){fl + h\ 
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the factor a—h occuring twice in one of the products, anda+ & 
occurring twice in another of the products, and therefore each 
of these factors must occur twice in the l.c.m. 



Examples. — XLV. 

Find the l.o.m. of the following expressions : 

1. ^anddw? + ^. 10. ic^-l, a;^ + l and ^-1. 

2. ^-1 andir''-^. II. ic^^^^ ^_1 andaj^+1. 

3. a'-&2 and a^-\-ab. 12. iC^-1, x^-x and a^-l. 

4. 2a?-l and 4a;2-l. 13. 2a + l, 4a'-l and 8a' + l. 
6. a + 5 and ^3 + J'. 14. x+y and 2a?2 + 2;i?y. 

6. 07+1,07-1 and ;r2_i^ X5. (a + 5)2 and a* -6*. 

7. o:+l, or^-landor^ + or+l. 16. a + 5, a-6 and o'-ft^ 

8. o? + l, .'i?2+landor' + l. 17. 4(1 + 0?), 4(1- 0?) and 2(1-0^2). 

9. x-lyO^-l ando;3_i^ 18. 07-I, or^+oj+l andoj^^j^ 

19. {a-'b){a—c) and {a-c)(h-c). 

20. (o? + l)(o? + 2), (o7 + 2)(o? + 3)and(o? + l)(o7 + 3;. 

21. o^-y2, (o? + 2/)2 and {x-y)^, 

22. (a+3)(a + l), (a + 3)(a-l)anda2-l. 

23. o;2 {x - y), 0: (072 -^ y2) jj^nd 07 + y. 

24. (07+ 1) (07 + 3), (o7 + 2) (o7 + 3) (07 + 4) and (07 + 1) (07 + 2). 

25. 07»-2/^ 3(07-2/? and 12 {a^+y^), 

26. 6(072 + 07y), S{xy-y^) and 10 {x^-y^, 

167. The chief use of the rule for finding the l.o.m. is for 
the reduction of fractions to common denominators, and in the 
simple examples, which wo shall have to put before the stu- 
dent in a subsequent chapter, the rules which we have already 
given will be found generally sufficient. But as we may have 
to find the l.o.m. of two or more expressions in which the 
elementary factors cannot be determined by inspection, we must 
now proceed to discuss a Rule for finding the L.C.M. of two 
expressions which is applicable to every case. 
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168. The rule for finding the L.C.M. of two expressions a 
and & is this. 

Find d the highest common factor of a and 5. 

Then the l.o.m. of a and & = -, x &, 

h 
or, =->xrt. 

In words, the l. c. m. of two expressions is found by the 
following process : 

Divide one of the expressions by the h.c.p. and midtiply 
the quotient by the other expression. The result is the l. c. m. 

HheproqfoS this rule we shall now give. 

169. To find the l.c.m. of two algebraical expressions. 
Let a and b be the two algebraical expressions. 

Let d be their h.c.p., 
X the required l.c.m. 

Now since ;r is a multiple of a and &, we may say that 

a = ma, x=nb; 
.'. ma=nb; 
. m b 



.. (Art. 159). 

n a ^ ' 



Now since x is the Ic/vcest common multiple of a and b^ 
m and n can have no common factor ; 

.*. the fraction — must be in its lowest terms : 

n 

,\ m--^ and w = -j (Art. 163). 

Hence, since x = vna^ 

b 

x=-jxa, 

a 

Also, since x=nb, 

a J 

X— ,X6>. 

d 
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170. Ex. Find the L.C.M. of ;»»-" 13^+42 and ;c>-19^ + 84. 
First we find the h.o.f. of the two expressions to be ic— 7. 

Then l. c. m. = "^ — \ *- . 

« 

Now each of the factors composing the numerator is di- 
visible by ic— 7. 

Divide ic'— 13a? + 4'2 by ^-7, and the quotient is a?— 6. 

Hence L.c.M. = (a?-6) (a;'»-19;r+84)=a;'-26a?» + 198a?-504. 

Examples.— XLVI. 
Find the l.c.m. of the following expressions : 

1. ;»2 + 5a? + 6 andic2 + 6^ + 8. 

2. a2-a-20 and a2 4.^-12. 

3. a;^+3^+2andic2+4;i.4.3, 

4. a72 + lla? + 30 andar^+12;r + 35. 

5. a^-9a?-22 and a?*- 13a? + 22. 

6. 2a?'+3a? + l and;i;*-;r-2. 

7. ii?'+^2^+^ + y2 anj^_y4^ 

8. ;c2_8a?+15andiB' + 2;p-15. 

9. 21;c»-26a? + 8 and ns^-^x^-llx^Vl, 

10. a^-¥xh^-¥xy^+y^2ixAa:^—a?y+xy^—7/, 

11. a' + 2a'6-a&2-263 and a^-2a^b-aJt>^+m. 

171. To find the l.cm. of three expressions, denoted by 
a, by Cf we find m the l.c.m. of a and 2), and then find Miho 
L.C.H. of m and (;. il/ is the l. o.m. of a, b, and c. 

The proof of this rule may be thus stated : 

Every common multiple of a and & is a multiple of m, 

and every multiple of m is a multiple of a and b, 

therefore eviery common multiple of m and c is a common 
multiple of a, b and c, 

and every common multiple of a, b and c is a common 
multiple of m and c, 

and therefore the I1.0.M. of m and c is the l.c.m. of a, h 
and c. 
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Examples. — XLVII. 

Find the l.c.m. of the following expressions : 

1. ;i^-3a?4-2, .T2-4iC+3 and a?2-6a?4-4. 

2. iB*+6a?+4, ^H4a?+3anda;24-7j:'+12. 

3. ^-9^+20, x^-Vlx-\-yd and a72-lla?+28. 

4. ^o^-x-% 21iB'-17:p + 2 and 14a?*4-5a?-l. 
6. ^-1, aj2+2a?-3 and 6a;2-a;-2. 

6, ;r3_27, a^-16^+36 and.'r3-3a;2-2iF+6. 



XL ON ADDITION AND SUBTRACTION OF 

FRACTIONS. 

172. Haytng established the Rules for finding the Lowest 
Common Multiple of given expressions, we may now proceed 
to treat of the method by which Fractions are combined by 
the processes of Addition and Subtractioi). 

173. Two Fractions may be replaced by two equivalent 
fractions with a Common Denominator by the following rule : 

Find the l.o.m. of the denominators of the given fractions. 

Divide the l.o.m. by the Denominator of each fraction. 

Multiply the first Numerator by the first Quotient. 

Multiply the second Numerator by the second Quotient. 

The two Products will be the Numerators of the equivalent 
fractions whose common denominator i^ the l.c.m. of the 
original denominators. 

The same rule holds for three, four or more fractions. 

174. Ex. (1) Reduce to equivalent fractions with the 
lowest common denominator, 

207+5 J 4^-7 
— - — and — : — • 
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Denominators 3, 4. 

Lowest Common Multiple 12. 

Quotients 4, 3. 

New Numerators 8j7 + 20, 1 2^? - 2 1 . 

T, . I .,, .. 8a; + 20 12a?- 21 
Equiyaleut Fractions — r^r — , — r;; — . 

Ex. (2) Reduce to equivalent fractions with the lowest 
common denominator, 

56 + 4g eg -2c 3<i-5& 
ah ^ ac ^ be ' 

Denominators ab, aCy be. 

Lowest Common Multiple abc. 

Quotients c, b, a. 

New Numerators 6bc + 4c^, Gab - 2bc, 3a^ - 5ab. 

«.,.,:, .. bbc+4(^ 6ab-2bc Za^-bdb 

Eqmvalent Fractions t — , r , r . 

^ abc ' abc ' abc 

EXAMPLES.--XLVIII. 

Reduce to eqniyalent fractions with the lowest common 
denominator : 

- 3ar - 4ar _ a-b , a^-ab 

^- T^^-^T- «• -^'^^^'~- 

2. Sfrlandi^. 7. ^ and » 



18 1+* !-«• 

3. ?^and2^. 8. -A^and^,. 
bar lOo: 1— y* 1 + y^ 

. 4a + 5b , 3a-4& ^ 6 ,6 

*• o^a and — - — , 9. :; and 



- 4a-6c - 3a-2c ,^ « , ^ 

oac I2a'c c c(b+x) 

11. 1 — ?T-7i — r and 



(a-6;(6-c) — (a-6)(a-c)* 
J2. -TT — i. , and ^ 



od (a-6) (a-c) ac (a-c) (&-c) * 
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173. To shew that? + 5 = ^45^. 

d hd 

Suppose tho unit to bo divided into hd equal parts. 
Then r^ will represent ad of these parts, 

and :r-j will represent he of these parts. 
^^^ f"S^' by Art. 148, 

:. C he 

Hence r + ^ will represent «<:?+ he of the parts. 

But , . ' will represent ad-V he of the parts. 

fru.v««r ^ . ^ ad+hc 
Therefore r + ^ = — r^— . 

By a similar process it may bo shown that 

a c ad— he 



176. Since 



h d" bd 
a e ad+he 



h d bd ' 
our Rule for Addition of Fractions will run thus : 

''Reduce the fractions to equivalent fractions having the 
Lowest Common Denominator. Then add the Numerators 
of the equivalent fractions and place the result as the Nu- 
merator of a fraction, whose Denominator is the Common 
Denoilhinator of the equivalent fractions. 

The fraction will be equal to the sum of the original frac- 
tions." 

The beginner should, however, generally take two fractions 
at a time, and then combine a third with the resulting frac- 
tion, as will be shewn in subsequent Examples. 

., . a c ad— he 
Also, 8mce j-^=-j^, 

the Bole for Subtracting one fraction from another Tvill be, 
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"Reduce the fractions to equivalent fractions having the 
Lowest Common Denominator. Then subtract the JSTumerator 
of the second of the equivalent fractions from the Numerator 
of the first of the equivalent fractions, and place the result 
as the Numerator of a fraction, whose Denominator is the 
Common Denominator of the equivalent fractions. This frac- 
tion will be equal to the difference of the original fractions." 

These rules we shall illustrate by examples of various de^ 
grees of difficulty. 

Note, When a negative sign precedes a fraction, it is best 
to place the numerator of that fraction in a bracket^ before 
combining it with the numerators of other fractions. 

177. Ex. (1) To simplify 

7 ■*■ 14 21 "*" 42 ' 

Lowest Common Multiple of denominators is 42. 

Multiplying the numerators by 6, 3, 2, 1 respectively, 

24a;- 18y 9a?+21y 10a?-4y 9a?+2y 
^42 "^ 42 42 '*'~"42 

_ 24a?-18y4-9a?+21y~(10a?-4y) + 9a?+2y 
■" 42 

_ 24a?-18y + 9a? + 21y-10a?4-4y+9a?+2y 
~ 42 

32a? +9y 
"■ 42 • 

Ex. (2) To smiphfy -^^ ■^^^' 

Lowest Common Multiple of denominators is 105ar. 
Multiplying the numerators by 35, 21, 15a?, respectively, 

70a? +35 84a? +42 16a? 

+ 



105a? 105a? 105a7 

_ 70a?+35-(84a?+42) + 15a? 
105a? 

70a?+35-84a?-42 + i5ay _ /g~T 
° 105a? "" 105a? ' 

a A. 
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ElLAHPLES. — ^XLIX. 

4jf4-7 3jf~4 3g-4& 2a-hJfC 13a-4c 

^' T^'^'TT'- ^' ~7 3 ■*""""T2~ 

4;p-*3y 3x+*7y 5;g-2y . 9a?-*-2y 
^' "~7~'^T4 21~"^"'"42~"- 

• 3;g-2y 5^-7 y 8;p4-2y 
5a? 10a? 25 • 

K 4^~V , 3a?-8y 5-2y 
^- 3aj» ■*■ ea?j "^ 12 "• 

4a«4-5&« 3a + 2& 7-2a 
^- 26» ■*■ 56 ■*■ 9 • 

^ 4a?4-6 3ar-7 9 
7. — :; ^-— + 



3 5^ 12ii?2' 

5a +25 4c~3& 6db-7bc 
^' 3(J " 2a ■*■ 14ac ' 

2a-f5g 4ac— 3c* 5ag-2c^ 
^' a*<J "*■«(?» o»c2 • 

3a?y~4 5y^ + 7 6a^-ll 
^"* a?2ya a?y» a7«y ' 

a-& Aa-Sb 3a -7& 
^^* ^& ■*■«*&« ■*■ ^ 6«c* • 

J78. Ex. To simplify 

a-b a+& 
a+6 a— 6' 

X<.C.u. of denominators is 0^-5^. 

Multiplying the numerators by a-& and a+& respectively, 
170 get 

q*~2a& + &« a« + 2a&4-y 
aF-b^ a*-b^ 

a«-2a&+6*+a' + 2a& + 6' 



aa-6« 
2 ag+2&« 
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EZAMPLSS.-'L. 



,, _J_._1_.. 2. A.-- L. a -L+ > 



7. --— + . 8. + 



x^y x-y' x-y («-y)'' 

q _2_ 3a 1 1 

^* a?+a ■*■(:&+«)«• ^"* 2a(a+«') 2a(a-«)' 

179. Ex. (1) To simplify 

_3_ _5 6 

1+y 1-y 1+y*' 
Taking the first two fractions 

3 ^ 5 



1+y i-y 

3~3y g+gy 
■^l-ys"*" l-ya 

_8 + 2y. 

■"i-y*' 

we can now combine with this result the Mrd of the original 
fractions, and we have 

__3_ _g 6_ 

1+y 1-y 1+y' 

_ 8 + 2y e 
8 + 2y+8y»+2y» g-6y* 



1-y* 1-y* 

8+2y + 8y'+2y»-6+6y' 
1-y* 

2y*+14y*+2y+2 
1-y* 
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Ex. (2) To simplify 

2 2 2 

(a-&) (6-c)'*"(a-&)(c-a)'*'(&-c)(<T-a)' 

L.O.M. of first two denominators being (a-&){&-c)(c— a), 
2c— 2a 2&-2<; 2 

+ 7 iTTT TT r + 



(a-6)(&-c)(c-a)"(a-&)(6-c)(c-a)^(&-c)(c-a) 
25-2a 2 

L.C;M. of the two denominators being (a— 6)(&— c)(c-a) 
25-2a+2a-2& 



(a— &)(6— c)(c— a) (a-6)(&-c)(c-a) 



=0. 



Examples. — LI. 

1 1 . 2a ^1 1 25 45» 

1. I r r h :: r. • 4. 






X sr^ X - a?+3 a?--4 a?+5 

a?-l a? — 2 a?— 3 

a?— 2 a?— 3 x-^* i 

6 _g_ 4<» gg^ 

' a?-a {jc^df" (pc—d^* 

9. ' ' ^ 



10. 



a?-l a?+2 (ii?+l)(ii?+2)' 
1 3 



(x+l){x-h2) {x + l)ix + 2)(x + 3y 



12. ^ ^ 



{a'¥c){a+d) (a+c)(a+«)' 

13. a-& &-g e-a 

(b+6){c-\-a) (c+a)(a + 6) "*■(«+&)(&+<;)• 
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14. r + 



x—h x—a {x—a){x—b)' 
x-\-y 2x xh/—a^ 



y x+y y{x^-y^' 

ifi a+& h+c c+a 

^' if>-c){C'-a) ■*■ {c-a) (a-b) {a-b) (p-c) ' 

X 2xy 



17. 



a^+xy+y^ a^—y^' 



18 2 ^ 2 ^ 2 (a-5)2+(&-c)«+(c-a)« 
a-& &-C c— a (a— &)(&-c)(c-a) 

19. — i^ r + 



20. 



6 a + b a'b-h^' 
1 1 



(w + l)(w + 2) (w + l)(w + 2)(w+3) (ti + l)(w + 3)* 

a^-bc b'^-ac c^—ab 

^ ' {a-hb){a + c)'^{b+a){b + cy {c+b)ic + a)' 

180. Since T""^* and -;^,-=a, Art. 77, 

y- -&■• 

From this we learn that we may change the sign of the 
denominator of a fraction if we also change the sign of the 
numerator. 

Hence if the numerator or denominator, or both, be ex- 
pressions with more than one term, we may change the sign of 
every term in the denominator if we also change the sign of 
every term in the numerator. 

For jz^-i:(^z:j) 

_ —a+b ^ 
"" —c+d' 

or, writing the terms of the new fraction so that the positive 
terms may stand first, 

^ b-a 
d-c' 
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181. Ex. To simrmff — ^ . 

Changing the signs of the numerator and denominator of 
the second fraction, 

ae{a+x) "Sajp-ho^ 
a—x a—x 

_ ax+x^—{—5aX'ha^ _ aa^'ha^-\-5ax—a^ 6ax 
~" a—x a—x "a—x' 

182. Again, since -a&= the product of —a and &, 

and a&= the product of +a and b, 

the sign of a product will be changed by changing the signs of 
one of the factors composing the product. 

Hence (a— h) {h — c) will give a set of terms, 

and (&— a)(6— c) will give i?ie same set of terms with 
different signs. 

This may bo seen by actual multiplication : 
{a—b){b—c)=ab-ac—b^+bc, 
{b-a){b-c)=» -ab+ac+b^-bc. 

Consequently if we have a fraction 

1 

(a-6)(6-c)' 

and we change the factor a-b into 6 -a, we shall in effect 
change the sign of every term of the expression which would 
result from the multiplication of (a — b) into (b — c). 

Now we may change the signs of the denominator if we 
also change the signs of the numerator (Art. 180) ; 

. 1 -1 

•• {a-b)(p-c)~ {b-aXb-c)' 

If we change the signs of two factors in a denominator, the 
sign of the numerator will remain unaltered, thus 

1 ^ 1 

{a-b){b-c) {b-a){c-by 
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183. Ex. Simplify 

\ + \ \ 

(a-&)(&~(;) (&-a)(a-c) {c-d){c-hy 

First change the signs of the factor (&— a) in the second 
fraction, changing also the sign of the numerator ; and change 
the signs of the factor {c-a) in the third fraction, changing 
also the sign of the numerator, 

the result is 



(«-&)(&-(;) (a-&)(a-c) (a-c)(c-&)' 

Next, change the signs of the factor (fi—h) in the tbird, 
changing also the sign of the numerator, 

the result is ■; i^TT x + ; tj-, r — 7 TTT r. 

(a-&)(6-c) {a-h){a-e) {a-^fi){b-c) 
L.O.M. of the three denominators is (a'^^)(&— c)(a— c), 



■" (a-6)(6-c)(a-c) (a-6)(a-^)(6-c) (a-6)(a-c)(6-c) 
- {a-h){b-c){a-c) ^i^-b)(p-c){a-c) * 



Examples.— LI r. 

x-y y-x 1—x 2-\'X x^—4 

3. _^-^ + -/' . 4. :JL,-.^^+ * 



a? + l 1-a? a?2-l* • 6y+6 2y-2 3-3y2* 

• (w-2)(w-3) (m-l)(,3-m) (w-l)(w-2)' 
1 1 ^ a»+6^ 2a&2 2a«& 

8. _1 -^_1_+ ^ 



4(l+ic) 4{x-l) ^{I'hx^y 



(«-y)(y-^) (y-«J»)(^-^) (4f-^)(;2r-y)* 

,.v 1 1.1 

10. —7 iw N + rTT— iN-Ti — rx + 



a{a'-b){a—c) b{b-a)(b-6) c{e-a){c-b)* 
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184. Ex. To simplify 

1 1 



ii?-^-ll;r+30 ^-12^+35' 

Here the denominators may be expressed in factors, and 
we have 

L_ + __i 

(;r-5)(a;-6) (a?-6)(a?-.7)* 

The L. 0. M. of the denominators is (ic- 6) (a? - 6) [x - 7), and 
we have 

a?— 7 a?-6 

(^-5)(j7-6)(^-7) (^-5)(^-6)(^-7) 

2a?~13 

■"(a?~5}(^-6)(a7--7)' 



Examples. — LIIL 



^' ;i^+9ir+20'*"iU»+12;i?+35* 
2. -^3-^H. ^ 



3. ^-,I_^+ ^ 



;»8 + 7^-44 ii^-2a?-143' 

2;p 



4 I _^ 

„ m 2m 2mn 

6. — + 



l+oj 1-x 2 

6. :r- r— > + 



l+x-hx'^ 1-x+a^ l+a^+a!** 
»7 5 _2 7jr 7a: 



3(1-0?) l+a? 30^5+3 Sx'-Z' 



8(07-1) 4(3-:r)"^ 8(0;- 6) (l-o?)(or-3)(o?-5r 
a. l-o; + o?'-or»+- . 

1+0? 



XII. ON FRACTIONAL EQUATIONS. 

185. We shall explain in this Chapter the method of 
solving, first, equations in which fractional terms occur, and 
secondly, Problems leading to such equations. 

186. An equation inyolving fractional terms may be 
reduced to an equivalent equation without fractions hy nnU- 
tiplying every term of the equation by the Lowest Common 
Multiple of the denominators qf the fractional terms. 

This process is in accordance with the principle laid down 
in Ax. iiL page 58, for if both sides of an equation be multi- 
plied by the same expression, the resulting products will^ by 
that Axiom, be equal to each other. 

187. The following examples will illustrate the process of 
clearing an Equation of Fractions. 

Ex. (1) 1 + 1=8. 

The L.O.M. of the denominators is 6. 
Multiplying both sides by 6, we get 

ex 6x ,^ 

or, 3a?+^ = 48, 

or, 4^=48; 

Ex. (2) | + ^=ar-2. 

The L.O.M. of the denominators is 14. 

Multiplying both sides by 14, we get 

14^^14^+14 ^. -_ 
-5- +- — = =14j?-28, 
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or, 


7^+2a7+2=14;c-28, 


or, 


7ic + 2a?- 141?= -28-2, 


or. 


-5df=-30. 



Changing the signs of both sides, we get 

6^=30; 
/. a?=6. 

188. The process may be shortened from the following 
considerations. If we have to multiply a fraction by a multiple 
of its denominator, we may first divide the multiplier by the 
denominator, and then multiply ths numerator by the quotient. 
The result will be a whole number. 

Thus, - X 12 =a? X 4 = 4;!?, 

-^x66 = (:p-l)x8 = &r-8. 

Ex.(l) f + 1 + 1 = 39. 

. The L.O.M. of the denominators being 12, if we multiply the 
numerators of the fractions by 6, 4 and 3 respectively, and the 
other side of the equation by 12, we get 

6j7+4ii?+3a?=468, 
or, 13;c-468; 

.'. 07=36. 

-^^^ S 2a;^3a;"-12- 

The L.O.M. of the denominators is 12o?. Hence, if we mul- 
tiply the numerators by 12, 6, 4 and a respectively, we get 

96-90 + 28=17:p, 
or, 34 = 170?, 

or, 17ii?=34; 

.'. a? =2. 
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Examples. — LIV. 

!• rt^^S* *• "T'^^^* •'• IT "'" e ^^ S» 

Z 4 00 

A ^ ^_Q K Q« ^^ Q ft ^^ 176 -4;g 

4. 4-7-3. 5. 36--- = 8. 6, ^ = _^— . 

», 2^ ^ 7a? « ,^ ^+2 ^-1 iP-2 

9. ^ + 5 = ^+2. 19. *±i + ^ = ?i^4.3. 

4 6 4 .7 o- 

,^ ^x ^ ^x ^ ^^ Vl-^x .29-11^ . 2«;»4-14 

^*'- T-^=io-8- 2"- -^=-3— +-ir- 

n. f-8 = 74-g. 21. ?^=0. 

,« ^ ^ «^ ^ «« 3:c + 4 4^—51 ^ 

12. --4=24^-. 22. -^+-^ = 0. 

13. 66-^=48-^. 23. ^-3 = --l. 

4 8 XX 

j^ 3^^180-5^^29. 24. H±£_5 = «. 

4 6 XX 

_ 3:1? __ x-^ ^^1 1 1 .^ 

1^- T"^^ = ~2"- 25. 4^+10^^20^ = ^^' 

^^- 2^3^ 4 = l2- 2^- 24^-^-2- =33a;-432 

3 3^1_325 

4 0? d? 100* 

00 ol . 18-^ , 1 1 3-2:?? 2 
2^-'2'*-T-=^9^^3^-Tir-*"5- 

ii? ii? 6^ 2 

2»- 3-^4-T-12-l3*-««- 

<ift 7^"^^ lo 3^_3a?+13 17./? 
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189. It must next be observed that in clearing an equa- 
tion of fractions, whenever a fraction is preceded by a negative 
sign, we must place the result obtained by multiplying that 
numerator in a hrackety after the removal of the denominator. 

For example, we ought to proceed thus. 

Multiply by 70, the l.c.m. of the denominators, and we get 
14^+28=35^-70-(10:i?-10), 
or 14;i?+ 28 = 354?- 70-100? + 10, 
from which we shall find x=B. 

T7v fc>\ J^7-2jy 4a?+2 

Multiplying by \6x, the l.o.m. of the denominators, we get 

51-6^-(20a?+10)=16ii?, 

or 51-6;c-20:p-10 = 16^, 

from which we shall find x^\. 

Note, It is from want of attention to this way of treating 
fractions preceded by a negative sign that beginners make so 
many mistakes in the solution of equations. 



Examples. — LV. 



, ^ x+2 ^_ . 5x 6x 9 Z-x 

1. 5^-^-=71. 4.---=---^. 

3. Sz2?+2=^_«4;:5. 6. ^=.^-?i-^. 



5£+3_S--4£ X 31 9-5:g 

^'8 3'^2'"'2 6* 

8. --^ 6~-Tr- ^^' ^'^ 8~"3- 

^' 3"" V " 6"- "• 7 ~ 4 3 
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— — ^^^^— ^^■» ■ ■ ii. ■■■■■ ■ — ■■-II !■ — ^— — 

,_ X x-l ^ ,^ x-^V x-^ aj + 30 

13. £±? = ^2_^ ^g ?^-?-±3^3^_21. 

6 2 7 75 

,. iC4-9 3J7-6 ^ 2a? ,^ 2a; + 7 9;i;-8 ic-ll 

14. — — =3 — Z-. 17. 



18. 
19. 
20. 



4 577 11 2 

7;g-31 8 + 15:g 7^-8 
4 26 - 22 * 

8;g-15 lla?-l 7^+2 
3 7 " 13 • 

7;g + 9 3j? + l_ 9;g-13 249-9x 
8 7 "" 4 14 • 



m ^ . iA X X , X \0-x ^„3 

21. -+10.,= - + -+-— ^+93-. 

1 

190. Literal equations are those in which known quantities 
are represented by letters, usually the first in the alphabet. 
The following are examples. 

Ex. (1) To solve the equation 

ax+bc=bx+aCf 

that is, ax^hx=ac—hc, 

or, {a-b)x={a'-b)Cy 

therefore, x=c, 

Ex. (2) To solve the equation 

a^x+bx—c=b^x + cx—d, 
that is, a^x+bx-l^x—cx=e-df 

or, {a'^ + b-'l>^-c)x=c-d, 

c—d 



therefore, x- 



a^+b-b^-c' 



Examples.— LYI. 

1. ax+bx=c. 4. dm-^ fix =10-^ ax, 

2. 2a— CO? —3c- 6507. 6. dbc—d^x—ax^d?'h, 

3» hc+ax-d^a^b-fx. 6, ^acx-ebcd^lZcdx-^-gbe^ 
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7. J^+Zackx+^k=kx+Zabk—k'^—ackx. 

8. '-(ic^ + 'tPc+abcx=ahc-{-cmX''a(?x+l^c-mc, 

9. (a+a?+&) {a+'b-x)={a'¥x) {b^x)-ab. 

10. (a-x) {a+x)=2a'^+2ax-a!^. 

11. (a2+-r)2=.'c«+4a^+a*. 

12. (a^-x) (a^-hx)=a^ + 2ax-x^ 

13. +a= . 17. — ^ -^rnqx-h — •• 

c c px * p 

14. ax — = -. 18. --&=:3-^. 

2 2 a a 

,^ ^ 4ax-'2b ,rt ^-a a -a? 2:i? a 
15.6a 3—=... 19. -jj — = T-x- 

16. «.,_5^±1=£M=2). 20. 1_^^^E^, 
XX c ox ex 

ab-^x b^-x x—b ab—x 



22. 



V" a^b " a^ 6' 

3ax—2b ax— a ax 2 
~3& 2& "^ 6 3' 



23. am-&-T- + - = 0. 

(a+ft) a(a+&) a+& & (a+6) 

aa? ew? ^^ fl^& , ,1 

25. j:^==^+a+^ = 0. 27. — =&c+c?+- . 

26. -^--^^ -=ac + '-j-. 28. <;=a+ .' ^ \ 

dx d da+x 

29. (a+x){b+x)-a(p+c)=^+x\ 

_^ «rc0 (a+b)^.x , _, 

30. -J — ^ ^ &a?=<w-35a?. 

d a 



191. In the examples already given the l.o.m. of the 
denominators can generally be determined by inspection. 
When compound expressions appear in the denominators, it 
is sometimes desirable to collect the fractions into two, one 
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on each side of the equation. When this has been done, we 
can clear the equation of fractions by multiplying the nu- 
merator on the l^t by the denominator on the right, and the 
numerator on the right by the denominator on the l^, and 
making the products equal. 

n, c 
For, if I = J , it is evident that flk/= he. 



Ex. 



Ax A- 6 13a?- 6 2a?-3 
10 1x+4t "* 6 ' 

4^ + 5 2^— 3 _ 13j?-6 
10 6 "* lx + 4: ' 

4^-«-5-(4a?--6) _ 13a?-6 , 
10 " 7a?+4 ' 

11 13a?-6 
•'• lo" 7a?+4 ' 

ll(7a?+4) = 10(13a?-6); 
104 



whence we find *= -« 



Examples. — ^LVII. 

, 3:r+7 34?+6 .2 5 ^ 

1. 1 r«-: :;. 6v ^ — = : — ;r-=0. 



4;i? + 5 


4a?+3' 


07 + 6 


X 




2a?-»-6 


~2x- 


6- 


2a? + 7 


4x- 


■1 


a? + 2 


2a?- 


r 


6^-1 


5aj- 


3 


2a?+3 


2a?- 


rs* 


1 


+ 2 





2. ^^.=;r^,. 7. 



3« . rt — e\ -m • 0» 



l-6a? l-2a? 
1.1 3 



a;-l a?+l af'-l' 

4g+3 8a?+19 7a?-29 
9 " 18 &i?-12* 

^ a 0^-6x 2 

6. ^:_^ + ^_=o. 10. 2±t2 + 2^^5. 

3a?-2 4a?-3 a?-l a?+2 

11. l(a?+3)-i(ll-a?)=|(a?-4)-l{a?-3). 

(a? + l)(2a?+2) _3 a?+l_ ^ 

*^ («-3)Ca?+6) ^""' **• x+l «-.l"l-a?«* 



,^ (2a? + 3)» .1 _ ,r 2 ^ 8 



45 



2a?+X 3« •*'^*'. **" 1-a? 1+a? !-«"• 
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16. -JL+ 3^_i4= ^ 



^-8 2a?-16 24 3aj-24* 

17. » o . . ^=aj2 + 2;i?-4. 

2^ + 2:c'-9a?2+12 

„-. , /„1 2\ 1 Zx-U-6x) 
20. 5-*(32--j = 2* ^j ^. 

192. Equations into which Decimal Fractions enter do not 
present any serious difficulty, as may be seen from the follow- 
ing Examples. 

Ex. (1) To solve the equation 

•6^= '030? + 1-41. 

' Turning the decimals into the form of Vulgar Fractions, 
we get 

5^ 3£ 141 

Io*'ioo'*'ioo* 

Then multiplying both sides by 100, we get 

60^=3j; + 141; 
therefore 47^=141; 

therefore ic=3. 

: Ex. (2) 1-2^- '^^J '^^ ='4^+ 8-9. 

First clear t?ie fraction of decimals by multiplying its 
numerator and denominator by 100, and we get 

therefore 12;g 18a;- 5 _ -to 89. 

therefore ^^ 60 ~Io + 10' 

therefore 60;v— l&e+fi>=20;tr-f 44S; 

therefore 22a; = 440 ; 

therefore «^=20. 
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Examples.— L VI 1 1. 

1. -S;!? -2 = -25.1: + •2;!?- 1. 

2. 3*26;c-51 + a?--76:P = 3 9 + *5^. 
a -125:2?+ -Ola? = 13 --2^ + -4. 

4. •3;i? + l-305a? + -6:i?=22-95--195x 
6. -20?- -01:2? + '005:1? =11 '7. 

6. 2-4:1?- '^^^.7 '^^ -='8^ + 8-9. 

o 

7. 2-4:p- 10-75 = -25:2?. 8. -5:2? + 2 -75^= '40?- 11. 

4*05 
9. ^4-3-875 = 4-025. 
9a? 

10. 2-5;.-2±?(i-2) = -5-«-^. 

11. ^-L2^4l-l^::l^. 12. :lf*-?ri1f=l993. 

2^40? (i '2 

2-3:2? 5a? 2>r~3 .g-2 7 
^'^^ "T5~'^l"25"" 9 "T-8 '*'^y 

24*08 1 

14. — ^ + - . -04 (^ + -9) = 241-2. 

-- .- -45a? --75 1-2 -30? --6 

15. 60?+— g = - ;^. 

16. .5-3l5^-?i:L§£=-375a?. 

a?-2 8 

,», ,^ •13oa?--225 -36 -090?- "IS 

17. -150?+ =_-_,^p_. 

193. 7b shew that a nnvple equation can only haw one 
root. 

Let a?=a be the equation, a form to which all equations of 
the first degree may be reduced. 

Now suppose a and fi to be two roots of the equation. 
Then, by Art. 109, 

and fi=<h 

therefore a=i3; 

in other words the two supposed roots are identical* 

S.A. ^ 
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194. "We shall now give a series of Easy Problems result- 
ing for the most part in fractional equations. 

Take the following as an example of the form in which 
such problems should be set out by a beginner. 

"Find a number such that the sum of its third and fourth 
parts shall be equal to 7." , 

Suppose X to represent the number. 

Then ^ will represent the third part of the number, 

o 

and - will represent the fourth part of the number. 
4 

Hence -: + - will represent the sum of the two parts. 
3 4 

But 7 will represent the sum of the two parts. 
Therefore f + 7 = 7. 

6 4 

Hence 4a7 + 3;c=84, 

that is, 7^=84, 

that is, a? =12, 

and therefore the number sought is 12. 



Examples. — ^LIX. 

1. What is the number of which the half, the fourth, and 
the fifth parts added together give as a result 95 ? 

2. What is the number of which the twelfth, twentieth, 
and fortieth parts added together give as a result 38 ? 

3. What is the number of which the fourth part exceeds 
the fifth part by 4 ? 
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4. What is the number of which the twenty-fifth part 
'exceeds the thirty-fifth part by 8 ? 

5. Divide 60 into two such parts that a seventh part of 
one may be equal to an eighth part of the other. 

.6. Divide 50 into two such parts that one-fourth of one 
part being added to five-sixths of the other part the sum may 
be 40. 

7. Divide 100 into two such parts that if a third part of 
the one be subtracted from a fourth part of the other the 
remainder may be 11. 

8. What is the number which is greater than the sum of 
its third, tenth and twelfth parts by 58 ? 

9. When I have taken away from 33 the fourth, fifth and 
tenth parts of a certain number, the remainder is zero. What 
is the number % 

10. AVhat is the number of which the fourth, fifth and 
sixth parts added together exceed the half of the number 
by 112 1 

11. If to the sum of the half, the third, the fourth and the 
twelfth parts of a certain number I add 30, the sum is twice as 
large as the original number. Find the number. 

12. The difference between two numbers is 8, and the 
quotient resulting from the division of the greater by the less 
is 3. What are the numbers ? 

13. The seventh part of a man's property is equal to his 
whole property diminished by ^£1626. What is his property ? 

14. The difference between two numbers is 604, and the 
quotient resulting from the division of the greater by the less 
is 15. What are the numbers ? 

16. The sum of two numbers is 5760, and their difference 
is equal to one-third of the greater. What are the numbers ? 

16. To a certain number I add its half, and the result is 
as much above 60 as the number itself is below ^^, Find the 
number. 
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• 17. The difference between two numbers is 20, and one- 
seventh of the one is equal to one-third of the other. What 
are the numbers ? 

18. The sum of two numbers is 31207. On dividing one 
by the other the quotient is found to be 15 and the remainder 
1335. What are the numbers ? 

19. The ages of two brothers amount to 27 years. On 
dividing the age of the elder by that of the younger the quo- 
tient is 3^. What is the age of each ? 

20. Divide 237 into two such parts that one is four-fifths 
of the other. 

21. Divide ;£1800 between A and -B, so that -5*8 share may 
be two-sevenths of -4's share. 

22. Divide 46 into two such parts that the sum of the 
quotients obtained by dividing one part by 7 and the other by 
Z may be equal to 10. 

23. Divide the number a into two such parts that the sum 
of the quotients obtained by dividing one part by m and the 
other by n may be equal to 6. 

24. The sum of two numbers is a, and their difference is 5. 
Find the numbers. 

25. On multiplying a certain number by 4 and dividing 
the product by 3, 1 obtain 24. What is the number ] 

26. Divide ;fi864 between -4, B and (7, so that A gets -r 

of what B gets, and C's share is equal to the sum of the shares 
of A and B. 

27. A man leaves the half of his property to his wife, a 
sixth part to each of his two children, a twelfth part to his 
brother, and the rest, amounting to £600, to charitable uses. 
What was the amount of his property % 

?8. Find two numbers, of which the sum is 70, such that 
the first divided by the second gives 2 as a quotient and 1 as 
a remainder. 

2d. Find two numbers of which the difference is 25, such 
that the second divided by the first gives 4 as a quotient and 
4 as a remainder. 
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30. Divide the number 208 into two parts such that the 
sum of the fourth of the greater and the third of the less is 
less by 4 than four times the difference between the two 
parts. 

31. There are thirteen days between division of term and 
the end of the first two-thirds of the term. How many days 
are there in the term ? 

32. Out of a cask of wine of which a fifth part had leaked 
away 10 gallons were drawn, and then the cask was two-thirds 
full How much did it hold ? 

33. The sum of the ages of a father and son is half what it 
will be in 25 years : the difference is one-third what the sum 
will be in 20 years. Find the respective ages. 

34. A mother is 70 years old, her daughter is exactly half 
that age. How many years have passed since the mother was 
3} times the age of the daughter ] 

35. A is 72 and B is two-thirds of that age. How long is 
it since A was 5 times as old as ^ ? 

Note I. If a man can do a piece of work in x houra, the 
part of the work which ho can do in one hour will be repre- 
sented by - . 
•^ X 

Thus if A can reap a field in 12 hours he will reap in one 
hour — of the field. 

Ex. A can do a piece of work in 5 days, and B can do it 
in 12 days. How long will A and B working together take to 
do the work 1 

Let X represent the number of days A and B will take. 
Then - will represent the part of the work they do daily. 

Now - represents the part A does daily, 

and — represents the part B does daily. 
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Hence ^ + t^ ^^ represent the part A and B do daily. 





Consequently 


1 
5 


1 

+ 12 


_ 1 
~ x' 






Hence 






\2x-\-6x- 


= 60, 


or 








Ilx= 
,\ x = 


= 60; 

60 
"17- 



9 
That is, they will do the work in 3 pr days. 

36. A can do a piece of work in 2 days. JS can do it in 
3 days. In what time will they do it if they work together 1 

37. A can do a piece of work in 50 days, B in 60 days, 
and G in 75 days. In what time will they do iti, all working 
together ? 

38. A and B together finish a work in 12 days ; A and G 
in 15 days ; B and G in 20 days. In what time will they 
finish it, all working together ? 

39. A and B can do a piece of work in 4 hours ; A and G 

3 1 

in 3 ^ hours ; B and (7 in 5 - hours. In what time can A do 

it alone ? 

40. A can do a piece of work in 2 ~ days, -B in 3 ^ days 

2 u 

3 

and C7 in 3 ^ days. In what time will they do it all working 
together ? 

41. A does T of a piece of work in 10 days. He then calls 

m B and they finish the work in 3 days. How long would B 
take to do one-third of the work by himself ? 

Note II. If a tap can fill a vessel in x hours, the part of 
the vessel filled by it in one hour will be represented by - . 

X 

Ex. Three taps running separately will fill a vessel in 20, 
30, and 40 minutes respectively. In what time will they fill it 
when they all run at the same time ? 
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Let X represent the number of minutes they will take. 

Then - will represent the part of the vessel filled in 
1 minute. 

Now — represents the part filled by the first tap in 1 minute, 

second 



1 






30 






1 






40 






Hence 


1 1 1 


_ 1 




20 "''30'^ 40 


a;' 


or, multiplying 


both sides by 120^, 






6a? + 4a? + 3a? = 


120, 


that is, 


13;i?= 


120; 
120 




.•. a?= 


13* 



third . » 



3 
Hence they will take 9 — minutes to fill the vessel. 

42. A vessel can be filled by two pipes, running separately, 
in 3 hours and 4 hours respectively. In what time will it be 
filled when both run at the same time ? 

43. A vessel may be filled by three different pipes : by the 

first in 1 - hours, by the second in 3 - hours, and by the third 

in 5 honrs. In what time will the vessel be filled when all 
three pipes are opened at once ? 

44. A bath is filled by a pipe in 40 minutes. It is emptied 
by a waste pipe in an hour. In what time will the bath be 
full if both pipes are opened at once ? 

45. If three pipes fill a vessel in a, &, c minutes running 
separately, in what time will the vessel be filled when all 
three are opened at once ? 



fio PROBLEMS IN FRACTIONAL EQUATIONS, 

1 

46. A vessel containing 755 - gallons can be filled by three 

pipes. The first lets in 12 gallons in 3 - minutes, the second 

15 - gallons in 2 - minutes, the third 17 gallons in 3 minutes : 

in what time will the yessel be filled by the three pipes all 
running together ? 

47. A vessel can be filled in 15 minutes by three pipes, 
one of which lets in 10 gallons more and the other 4 gallons 
less than the third each minute. The cistern holds 2400 gallons. 
How much comes through each pipe in a minute ? 

Note III. In questions involving distance travelled over in 
a certain time at a certain rate, it is to be observed that 

Distance -,. 
■ p ■ — =Time. 
Bate 

That is, if I travel 20 milea at the rate of 5 miles an hour, 

20 
number of hours I take = -— . 

5 

Ex. A and B set out, one from Newmarket and the other 
from Cambridge, at the same time. The distance between the 
towns is 13 miles. A walks 4 miles an hour and B 3 miles an 
hour. Where will they meet ? 

Let X represent their distance from Cambridge when they 
meet. 

Then 13— a? will represent tlieir distance from Newmarket 

Then ^-time in hours that B has been walking, 

«> 

\Z-x. . 
4-= ^ 



And since both have been walking the same time, 

fly 13-a? 

3 ~' 

or 4fl?=39-3iP, 

or 7^=39; 
. _39 
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4 
That is, they meet at a distance of 5 ^ miles from Gam- 
bridge. 

48. A person starts from Ely to walk to Cambridge (which 

4 
is distant 16 miles) at the rate of 4 - miles an hour, at the 

same time that another person leaves Cambridge for Ely 
walking at the rate of a mile in 18 minutes. Where will they 
meet? 

49. A person walked to the top of a mountain at the rate 
of 2 - miles an hour, and down the same way at the rate of 

3,3 miles an hour, and was out 5 hours. How far did he walk 
altogether ? 

50. A man walks a miles in h hours. Write down 

(1) The number of miles he will walk in c hours. 

(2) The niunber of hours he will be walking d miles. 

51. A steamer which started from a certain place is fol- 
lowed after 2 days by another steamer on the same line. The 
first goes 244 miles a day, and the second 286 miles a day. In 
how many days will the second overtake the first 1 

52. A messenger who goes 31 - miles in 5 hours is fol- 

It 

lowed after 8 hours by another who goes 22 - miles in 3 hours. 
When will the second overtake the first ? 

53. Two men set out to walk, one from Cambridge to 

London, the other from London to Cambridge, a distance of 

60 miles. The former walks at the rate of 4 miles, the latter 

3 

at the rate of 3 7 miles an hour. At what distance from Cam- 

4 

bridge will they meet ? 

54. A sets out and travels at the rate of 7 miles in 
5 hours. Eight hours afterwards B sets out from the same 
place, and travels along the same road at the rate of 5 miles 
in 3 hours. After what time will B overtake A ? 
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Note IV. In problems relating to clocks the chief point 
to be noticed is that the minute-hand moves 12 times as fast 
as the hour-hand. 

The following examples should be carefully studied. 

Find the time between 3 and 4 o'clock when the hands of 
a clock are 

(1) Opposite to each other. 

(2) At right angles to each other. 

(3) Coincident. 




r T/^S 




(1) Let ON represent the position of the minute-luuul 
in Fig. I. 

OD represents the position of the hour-hand in Fig. I. 

M marks the 12 o'clock point. 

T 3 o'clock 

The lines OMy OT represent the position of the hands at 
3 o'clock. 

Now suppose the time to be a; minutes past 3. 

Then the minute-hand has since 3 o*clock moved over the 
arc MDN. 

And the hour-hand has since 3 o'clock moved over tho 
arc TD, 

Hence arc MDN = twelve times arc TD, 
If then we represent MDN by x, 

•27 

we shall represent TD by — . 

Also we shall represent MT by 15, 

and DN by 30. 
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Now MDN= MT+ TD + DN, 

OB 

that is, ic = 1 5 + — + 30, 

or 12;i;=180 + a7 + 360, 

or ll;i? = 640; 

540 
.-. X- ^^ . 

Hence the time is 49 , , minutes past 3. 

(2) In Fig. II. the description given of the state of tlie 
clock in Fig. I. applies, except that DN will be represented 
by 15 instead of 30. 

Now suppose the time to be x minutes past 3. 

Then since 

MDN= MT+ TD + DN, 

ic=15 + — + 15, 

from which we get 

_360 

Q 

that is, the time is 32— minutes past 3. 

(3) In Fig. III. the hands are both in the position ON. 
Now suppose the time to be x minutes past 3. 

Then since 

MN=MT-h TN, 

or 12^=180 + ^, 

180 
or x= — , 
11 ' 

4 
that is, the time is 16 t-t minutes past 3. 

55. At what time are the hands of a watch opposite to 
each other, 

(1) Between 1 and 2, 

(2) Between 4 and 5, 

(3) Between 8 and 9 ? 
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56. At what time are the hands of a watch at light angles 
to each other, 

" (1) Between 2 and 3, 

(2) Between 4 and 5, 

(3) Between 7 and 8 ? 

67. At what time are the hands of a watch together, 

(1) Between 3 and 4, 

(2) Between 6 and 7, 

(3) Between 9 and 10 '/ 

68. A person buys a certain number of apples at the rate 
of five for twopence. He sells half of them at two a penny, 
and the remaining half at three a penny, and clears a penny 
by the transaction. How many does he buy ? 

69. A man gives away half a sovereign more than half as 
many sovereigns as he has : and again half a sovereign more 
than half the sovereigns then remaining to him, and now has 
nothing left. How much had he at first ] 

60. What must be the value of n in order that 



3w + 69a 



may be equal to — when a is - 1 

61. A body of troops retreating before the enemy, from 
which it is at a certain time 25 miles distant, marches 18 miles 
a day. The enemy pursues it at the rate of 23 miles a day, 
but is first a day later in starting, then after 2 days is forced 
to halt for one day to repair a bridge, and this they have to 
do again after two days more marching. After how many 
days from the begmning of the retreat will the retreating force 
be overtaken 1 

62. A person after paying an income-tax of sixpence in 
the pound gave away one-thirteenth of his remaining income, 
and had ^£640 left. What was his original income ? 

63. From a sum of money I take away £50 more than the 
half, then from the remainder £30 more than the fifth, then 
from the second remainder £20 more than the fourth part : 
and at last only £10 remains. What was the original sum ? 
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64. I bought a certain number of eggs at 2 a penny and 
the same number at 3 a penny. I sold them at 5 for twopence, 
and lost a penny. How many eggs did I buy ? 

65. A cistern, holding 1200 gallons, is filled by 3 pipes 
-4, J5, C in 24 minutes. The pipe A requires 30 minutes 
more than C to fill the cistern, and 10 gallons less run through 
C per minute than through A and B together. What time 
would each pipe take to fill the cistern by itself? 

66. A^B and G drink a barrel of beer in 24 day& A and 

4 
B drink = rds of what C does, and B drinks twice as much as 

o 

A, In what time would each separately drink the cask ? 

67. A and B shoot by turns at a target A puts 7 bullets 
out of 12 into the centre, and B puts in 9 out of 12. Between 
them they put in 32 bullets. How many shots did each fire ? 

68. A farmer sold at market 100 head of stock, horses, 
oxen and sheep, selling two oxen for every horse. He obtained 
on the sale £1, Is. a head. If he sold the horses, oxen and 
sheep at the respective prices £22, £\% 10*. and £\, 10*., how 
many horses, oxen and sheep respectively did he sell ? 

69. In a Euclid paper A gets 160 marks, and B just 
passes. A gets full marks for book-work, and twice as many 
marks for riders as B gets altogether. Also B, sending 
answers to all the questions, gets no marks for riders and half 

marks for book-work. Supposing it necessary to get -z of 

full marks in order to pass, find the number of marks which 
the paper carries. 

70. It is between 2 and 3 o^clock, but a person looking at 
the clock and mistaking the hour-hand for the minute-hand, 
fancies that the time of day is 65 minutes earlier than the 
reality. What was the true time ? . 

71. An army in a defeat loses one-sixth of its number in 
killed and wounded, and 4000 prisoners. It is reinforced by 
3000 men, but retreats, losing a fourth of its nimiber in doing 
so. There remain 18000 men. What was the original force ? 

72. The national debt of a country was increased by one- 
fourth in a time of war. During twenty years of peacQ ^VwnsJcl 
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followed £25,000,000 was paid off, and at the end of that time 
the interest was reduced from 4^ to 4 per cent. It was then 
found that the interest was the same in amount as before the 
war. What was the amount of the debt before the war ? 

73. An artesian well supplies a brewery. The consump- 
tion of water goes on each week-day from 3 a.m. to 6 p.m. at 
double the rate at which the water flows into the well. If 
the well contained 2250 gallons when the consumption began 
on Monday morning, and it was just emptied when the con- 
sumption ceased in the evening of the next Thursday but one, 
what is the rate of the influx of water into the well in gallons 
per hour 1 



XIV. ON MISCELLANEOUS FRACTIONS. 

195. In this Chapter we shall treat of ?arious matters con- 
nected with Fractions, so as to exhibit the mode of applying 
the elementary rules to the simplification of expressions of a 
more complicated kind than those which have hitherto been 
discussed. 

196. The attention of the student must first be directed 
to a point in which the notation of Algebra differs from that of 
Arithmetic, namely when a whole number and a fraction 
stand side by side with no sign between them, 

3 3 

Thus in Arithmetic 2 = stands for the sum of 2 and = . 

7 7 

But in Algebra x- stands for the product of a and ^ . 

So in Algebra 3 -^ stands for the product of 3 and 

« + 2> J.. . . „«+& 3a + 3& 
; that 18, 3 = — - — . 
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Examples. — LX. 



Simplify the followiDg fractions : 
1. a+;i>+3?. 3. ^^^+2 ^ 



X X x — y 

a'j-ax x-a a±h a^-h" 



197. A fraction of which the Numerator or Denominator 
is itself a fraction, is called a Complex Fbaction. 

y X 

X C II 

Thus - , -5 and ^ arc complex fractions. 
b n 

A Fraction whose terms are whole numbers is called a 
Simple F&action. 

All Complex Fractions may be reduced to Simple Fractions 
by the processes already described. We may take the foUow- 
mg Examples : 

.. h a ^m a n an 
^ ' m~ b ' n ~b m~~ hm ' 
n 



^^^ m p \b dj '\n q) 



ad -he . mq—np 

bd ' nq 
n q 

ad- bc nq __ nq(ad-bc) 
bd mq-np~ bd{mq-np)' 

(3) ^=(i+-)-(i+i)=a-^-)-^ 

X 



-_ ^+^ ^ x(l+x ) _ 
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4. 


1 1 

\-X 1+0? 

X 1 
\-X^ 1 + 0? 


Vl-0? 


l+o?j • (l-o?"^ 


1 
1+. 


.) 








1+0?- 


-1+0? o? + o?-+l- 

• 


X 










1- 


■x" ' l-x^ 












2o? 
l-o?« 


1-or' 2o? 
"^1+0?'^" 1+0?* • 








6. 


3 


3 


3 




3 




1, 5< 


1 .1 


3 J, 3(1-0?) 


'<: 


Av 




^^1-0? 


^' 1- 

1 


0?+3 l-o? + 3 
—X 


-x 




3 




3(4-0?) 12- 
4-o? + a-3o? 7- 


4x • 








4-o?+3 


-30? 





4-0? 



Examples. — LXI . 



Simplify the following expressions: 

4 OB^_y 

_ ^"^5 0? „ y ~x \-a?' 

7 o^ ^-V 1.1 

23 X 






2-o?+-« 1 + - 

iC^ X 



1 0? . 0? 

«-T2 — + 



7 ^ fi ^-^g jc~a Q 207 

1-4 "^ :i?2+ ^ 



a x^-a^ l+o?2 

10. ^+l--J-.. £zJ^^£±i^ 

1 + -- 11. . 

X x — y x+y 

x+y x-y 
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,„ 1 +« + .!!' 


2m -3 + — 
11 "^ 


X a? ■ 
+ 6 h 


27/1-1 ' 

m . 

1 11 
a6 ac be 


"11 


ab 



198. Any fraction may be split np into a number of frac- 
tions equal to tlie number of terms in its numerator. Thus 

a^-ha^-^x+l a^ x^ X \ 

Zi = -4+ ll+Z4 + -::7 

or X* x^ or X* 



Examples.— LXII. 

Split up into four fractions, each in its lowest tcmi8| the 

following fractions : 

> 

*• 2a* ' ^ 108 

„ a^+ciJt^d+abc^-^bcoP ^ 18/?*+12^*-36r'+72«» 

z. i— 1 . 0. 0^ 

abed Spqrs 

^-3a% + 3ary8-y» 103:»~253^-t-7&g-125 

^' ;rV loOO '•^ , 

199. The quotient obtained by diyiding the unit by any 
fraction of that unit is called The Rscipaooal of that frao 
lion. 

Thus - , tliat is, - , is the Redprocal of . , 
b 

200. We ha?e shewn in Art. 168, that the fraction symbol 
. is a proper representative of the Diyision of a by & In 

S.A. ^ 
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Chapter lY. we treated of cases of division in which the divisor 
is contained an exact number of times in the dividend. We 
now proceed to' treat of cases in which the divisor is not con- 
tained exactly in the dividend, and to shew the proper method 
of representing the Quotient in such cases. 

dnppose we have to divide 1 by 1— a. We may at once 
represent the result by the fraction ^ZT' ' -^"^ ^® ^^^ 

actually perform the operation of division in the following 
way'. 

\-a) 1 ^l+a+rt'+a' + ... 
1-a 



Q> 








a- 


-«' 






■ 


a« 








a^- 


-a^ 








a» 








o»- 


-a* 






a* 



The Quotient in this case is interminable. We may carry 
on the operation to any extent, but an exact and temunable 
Quotient we shall never find. It is clear however that the 
terms of the Quotient are formed by a*certain law, and such 
a succession of terms is called a Sebies. If, as in the case 
before us, the series may be indefinitely extended, it is called 
an Infinite Sebies. 

Jf we wish to express in a concise form the result of the 
operation, we may stop at any term of the quotient and write 
the result in the followin|f way. 

^ 1+ " 



1-a 1-a' 
^ -I4.a+ ^' 



1-a 1-a' 

1 a' 

= l + a+a'+ 



— — M. -J- w -r v» -r . , 

1-a 1-a' 

1 « , «* 

= l+a+a'+a3+ ---, 



1-a 1-a 
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always being careful to attach to that term of the quotient, at 
which we intend to stop, the remainder at that point of the 
division placed as the numerator of a fraction of which the 
divisor is the denominator. 



Examples.— LXIII. 

Carry on each of the following divisions to 5 terms in the 
quotient 

1. 2byl + a. 7. 1 by l+2^-2;r'. 

2. wbym + 2. 8. 1+^by 1— ;ir+a;* 

3. a-hhja + b. 9. l+&byl-2ft. 

4. a'+a:'by a'-a*. 10. a^-ft^byor+ft. 

5. ewrbya— .r. 11. a'byar— &. 

6. hhj a+x, 12, a^hy(a+xy. 

13. If the divisor be x-a, the quotient «2_2flu?, and the 
remainder 40*, what is the dividend 1 

M. If the divisor bem - 6, the quotient m? + 6w' + 16m +34, 
and the remainder 75, what is the dividend? 

201. If we are required to multiply such an expression as 

2 '^3'*'4 ^2 V 

we may multiply each term of the former by each term of the 
latter, and combine the' results by the ordinary methods of 
addition and 8u]^raction of fractions, thus 



X"' 


X 


1 






+ -i 


+ T 




2 


3 


4 




X 


1 






2 


3 






a? 


. ^' 


X 






+ -;r 


4- - 




4 


6 


8 






.^•2 


X 


1 




6 


9 


12 


0^ 




. ^ 


I 


4 


'"7-2" 


12 



^— *! 



4 
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Or we may first reduce the multiplicand and the multiplier 
to single fractions and proceed in the following way : 



/«« X 1\ (x 1\ 



- C^+'^^ + S 3^-2 _ l&g' + a7-6 
12 ^ 6 " 72 

""72 72 72 "'4'*' 72 12' 
This latter process will be found the simpler by a beginner. 



Examples. — ^LXIV. 
Multiply 

4. a?2-l+ \by;c2+i+ \. 



1. 


a^ , a? 1 , ^1 
3^2^5^y3^4- 




2. 








11 , 


1 



r — k 



* *t -/.iiiuiii 

3. ^ + ^ + ^ + ^l>y^--. 6. --- + -by- + ^ + .^. 
7. l + -^--,byl-- + ^,. 

^' ^;^^ X 3 ^^^ a? 2- 
10- 5:7+ -«+2byj3--3-2. 

202. If we have to d'mtf^ such an expression as 

0^ + 30?+^ 4-^ 

l)y /{. 4. - y ^e may proceed as in the division of whole numbers, 

carefully obsenring that the order of descending powers of x 
is 

^'^'^'xrx"' ar* 
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'Any isolated digits, as 1, 2, 3 ... will stand between x 
and . 

X 

Thus the expression 

13 5 

4 + ;ir' + -, + 3J7-+ 3 + 5jr+ ' , 
or sxr X 

aiTanged according to descending powers of x will stand thus, 

^ + 3;£^+5a:+4+- + -^ + :^. 

X a^ a^ 

The reason for this arrangement will be given in the Chap- 
ter on the Theory of Indices. 

Ex. x^^ )^' + 3a?+- + i(:i;'+2+-i 

x/ X or \ X* 

X^+ X 



2*+- 

X 

„ 2 

X 



X x^ 

\ I 

X a? 



Or we may proceed in the following way, which will be 
found simpler by the beginner. 



\ X x^f \ xj 



ai^ ' X 



or x^ a^ X' or 
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Examples.— LXV. 
Divide : 

1. x^ — 5by;»+-. 4. c^-Ts^yc-;^. 

or " X ad 

2. a^-ibya-J. 5. ^^2+gby^ + ^. 

3. >w*+-^by«i+-. 6. -7+ -^73+ iii by --- -T+ 5^. 



8. ^-4x*+1l!ti>-^^aP~x+21hy^-x+3. 

4 8 4 4 -6 

n «' . &' I. « . ^ ,/x 1 1 1 3.111 

¥ a^ ^ b a a^ ¥ c^ aoc ^ a be 

203. In dealings with expressions involving Decimal Frac- 
tions two methods may be adopted, as will be seen from the 
following example. 

Multiply •U'-*2y by •03a:+*4y. 

We may proceed thus, applying the Rules for Multiplication, 
Addition and Subtraction of Decimals. 

•l;»--2y 
•03;r + -4y 



•003a?2-006^ 

+ •04 J?y--08iy' 

•003 j;2 + -0342;^ - -QSy* 
Or thus, 

<,.-^,(.3,.«=(£-S)(,^.g) 

■ar-2y 3.r+40y 
"" 10 ^ 100 
_ 3a^+34j?y-80y« 

1000 
- •003;u' + -034.1^ - 'OSy\ 

The latter method will be found the simpler for a beginncr. 
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Examples.— LXVI. 
Multiply 

1. *la:-'3 by 'Sar+OT, 2. 'OS^c+T by •2a?-3, 

3, •3a?--2y by *4a? + -7y, 4. 4*3;i?+5-2y by 04:1? -'06^. 

5. Find the value of 

a^-l^+<?'\-Zdbc when rt = *03, 5=*1 and (;=-07. 

6. Find the value of 

a^-Zaa^+Za^x—a^ when ^='7 and a=*03. 

204. When any expression E is put in a form of which/ is 

E 
a factor then -j is the other factor. 

Thus a-¥h=a\^ — j 

r, r r t ab+oc+be 
So ao + a<? + oc=a5c. r 

=a&c.{- + ^ + -), 
and a.^-^2xt/+y'^a^. (^^^'^^^ 

Examples. — LXVII. 

1. Write in factors, one of which is aiX, the series 

aiX+ a^a^-\-a^ + a^fi^ + ... 

2. Write in factors, one of which is xj^Zy the expression 

xy-xz-\-yz. 

3. Write in factors, one of which is x\ the expression 

4. Write in factors, one of which is a+&, the expression 

(a + 2>)3 _<.(« + 6)2_^(a+5)+^. 
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205. We shall now give two examples of a process by 
which, when certain fractions are known to be equal, other re- 
lations between the quantities involved in them may be 
determined. 

This process will be found of great use in a later part of 
the subject, and the student is advised to pay particular atten- 
tion to it 

ft /• 
(1) If ^ = ^> shew that 







0+& c+d 
a-b" c—d' 




Let 








Then 




--X- 

.*. a = X&, 
and. c = \d. 




XT^— 


a+ 


b X& + 6 &(X + 1) 


Xfl 



a-b \b-b b{\-i) X-T 
A c-t-tf _ \d + d _ d ,\ + ]) _ X+1 

*^ c-rf"Xtf-c?-rf(x-i)"x-r 

Hence —-j- and -—, being each equal to r—r are equal 
to one another. 

(2) If — r=£ — = > shew that «i + n + r=0. 

^ ' a-b b-c c-a^ 

Let 



then 





a-b 


= X, 










n 
b'C 


= X, 










r 
c-a 


= X, 










m-' 


= Xa- 


-Xft, 








n = X&- 


-Xc, 








r = 


= \c- 


->a; 






.*. «i+n+r: 


■-^Ka-Kb 


+ A& 


-Xcl-X<j- 


-Xa= 


= 0. 
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Examples.-— LXVIII. 

ft j» 

1. If ,- = -J prove the following relations : 

^ V a + 6 6* + c^ ^ c^-d^ cd 

^ ^ a^-h^" c^-d^* ^^^ d'-\-ab + b^~c''+cd+d*' 

2. If — ; = -, — = , then « + m + ?i = 0. 

a—o o—c c—a 

3. If r = :>== :^, prove that t = -= 

4. If -V— = = , prove that a=b=c. 

b c a ' *^ 

6. If V = -r-T^ shew that f = t^t— ^p--rr • 
bi bi bi bi 26i+36a+4&, 

ft f i> 

6. If ^, ^, ^ be in descending order of magnitude, 

shew that , — -,— - is less than - and greater than ^,. 
o+d+j b J 

7. If — = — , shew that r — -;—-= = — -r?r^* 

Vi y% 7^1 + 9^1 7iP2+9ya 

8. If j = ^, shew that ^:j:^ = ^j3^. 

9- If £ = :> > shew that - — -vr = -^ . ., ,. 
b d' 3a + f)6 3<; + 6« 
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10. If T be a proper fraction, shew that , is greater 

' •¥ C 

than , , c being a positive quantity. 

11. If ^ be an improper fsuiimi, shew that r— ^ is less 
thsa T 9 c 'being a positive quantity. 

206. We shall now give a series of examples in the work- 
ing of which most of the processes connected with fractions 
will be introduced. 



Examples. — LX I X. 

2«6* (^ 
1. Find the value of 3a' + j^ when 



a=4, &=-, c^h 

^ o. rr Sar'+^-Sar+S ^. a'--39g-f7 

2. Simplify -^—2^-g- and ^.^4^.45. 

3. Simphfy^— --^^(^j^ + ^. 

4. Add together 

T-e-^i' 4—6'-8 ^°^4-^G+8' 

and subtract z*—a^ + -^ from the result 

^ ,^. J XI- 1 - rt'+5*-c*+2a& V 

5. Find the value of ^a_^«,^^26c ° 

a=4, 0=2, <;=l. 

5 7 ^' 

6. Multiply ^oj* + 3aj? - g a« by 2j7» - aa; - - . 

7. Shewtliat|f|'. = « + 25 + ^, 
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8. Simplify 5:::i^+iiL+^£l^. 

^ •' a? x—y ar—xiT 
9. Shew that r-» — r ^ = 12a? - 25 + 



5a;* + 9a;-2 a?+2' 



,A a--«-xMu ^-9^ + 7^' + 9a?-8 

10. Simphf^^^^^^^^^^^g. 

a^ 1 

11. Simplify rs^r + . 



1+^ 



l-.r 



12. Simplify o + 05 + &2/^^.rt2, + 2,2 ^J. 

1 3. Multiply together (l + })(^+ f^ " ' 

14. Add together ^, i-j-r, -^•, and shew that if 

° a + l ' &+1 ' c + 1 ' 

their sum be equal to 1, then dbc =a+& + c + 2. 

15. Divide — 1 o + - + — > by ay-o. 

, -T-C4 --=-a + --?-5 

16. Simplify , , and shew that it is equal 

c d ~ 

a c 

to -i — ^: ^— if 28=a + b+c. 

be 

17. Shew that K^ + i — + ^ '*** 



a-i-x a-i-x a^-f-oj* 



18. Simplify — r + — - - 2 -^ — ;-; . 

^ ^ a-b a + b a^+b'^ 

19. Simphfy = — -— + 



a + b 2a 2a{a-by 
20. Simplify -t — r-j^ rr-ri ^ TTTi* 
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21. Simplify ^ ^ ^ 



22. Amplify ^_^._^^.2^^^__. 

23. Simplify /-£^+l-^-l^^.^-^-*-^y 



27. Simplify 



(ag-l)(ag-l) 



28. Simplify ^ + ^---^^^-^, + ^^^-^^^-^5. 

29. Divide ^-^-.^-g by?-?. 

30. Simplify j-^—^^-^-^^^^ + ^-^j-^. 

31. Simplify (?±^±^1±^J^^ 

32 Take ^5j1^3^- from -i±?^^^ 

33. Simplify ( a 2 ~"-r"^J-^( ^)- 

».. s,„*^^-.)(,-?,-.)*^-')(??^-) 



35. Simplify 

a*-b* a + b 



\a^+fr* /\ a^+ab + b*J 
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36. Simplify 
1 



2(a;-l)=* 4(a;-l) 4(a?+l) (a?-l)«(a? f 1) * 
37. Prove that 

1^11 1 



dbx a{a—b){a!—a) b{b—a){x—b) xi^x—c^^x-hY 

38. If *=o+& + c+... to w terms, shew that 

8-a 8-b s—c /111 \ 

a b c \a b c J 

39. Multiply f-/U, — /—") Ijy ,^ ^^2"fl\ 2 2 ' 

, a-x , a'-ic^ 
1+——- l+-a — a 

40. Simplify — ^— • -7- , . ^ . 
1 ^~^ 1 « -^ 



a + ;p a' + ;i;2 

41. Divide ^+;^-3 Q-^') +4 (a?.|. 1) by ^+^. 

42. If *=a + & + c+... to n terms, shew that 

8— a 8—b 8—e 

+ + — + ... = n— 1. 

s s s 

43. Divide (— ^) by (-5^ + -#1") . 

44. SimpUfy lf±£2^ 

45. If : = -J— r , prove that , , , — ^-abcd, 

l-ab cd-l ' *^ 1111 

abed 

46. Simplify 

p*-4jt?'^ + 6i?2g«- 4/7^3 + g* ' ^'-3j?V"'-3/'^'"(2^' 

47. Reduce ^tt- • — t-tn + ttt-s — tv + 




3(ar«-.r+l) 2(^+1) 6(4?+ 1)* 
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48. Simplify 



^ , -1 ■ 1 yiaiyz-^rx^-zY 



z 



1 ^ X y 



49. Simplify ^-^ f-y ^^-^^' /^-y^', 



60, Smiplify . , , -r . 

i. + Jl_ ^ a+b-c 
be ca ab 



b 

a + 

61. SimpUfy !(««-&«). 

b 
a 



XV. SIMULTANEOUS EQUATIONS OF THE 

FIRST DEGREE. 

207. To determino several unknown quantities we must 
have as many independent equations as there are unknown 
quantities. 

Thus, if we had this equation given, 

x+j/=6, 
we could determine no definite values of x and pj for 



x=2) x-4) x=3\ 



or other values might be given to x and y, consistently with 
the equation. In fkct we can find as many pairs of values of 
X and ^ as we |>lease, which will satisfy the equation. 
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We must have a second equation independent of the first, 
and then we may find a pair of values of x and y which will 
satisfy both equations. 

Thus if besides the equation a? + y=6, we had another 
equation x—y=2, it is evident that the values of x and y 
which will satisfy both eqiiations are 



x=4\ 
y = 2p 



since 4 + 2 = 6, and 4—2 = 2. 

Also, of all the pairs of values of x and y which will satisfy 
one of the equations, there is but one pair which will satisfy 
the other equation. 

Wo proceed to shew how this pair of values may be found. 

208. Let the proposed equations be 

207 + 7^=34 
0x+9y=5l. 

Multiply the first equation by 5 and the second equation 
by 2, we then get 

10a?+35y=170 
10^+18y-102. 

The coefficients of x are thus made alike in both equations. 

If we now subtract each member of the second equation 
from the corresponding member of the first equation, we shall 
get (Ax. II. page ^8)' 

35y-18y=l70-:^02, 
or 17y=68; 

.-. y-=4. 

We have thus obtained the value of one of the unknown 
symbols. The value of the other may be found thus : 

Take one of the original equations, thus 

2x + 7y=3i, 

^ow, since y = 4, 7y == 28 ; 

.-. 2a*+28«34; 
/. «=3. . 

Hence the pair of values of ^ and y which satisfy the 
equations is 3 and 4. 
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Note. The process of thus obtaining: from two or more 
equations an equation from which one of the unknown quanti- 
ties has disappeared is called Elimination. 

209. We worked out the steps fully in the example given 
in the last article. We shall now work an example in the form 
in which the process is usually given. 

Ex. To solve the equations 

3a; + 7y=67 

Multiplying the first equation by 5 and the second by 3, 

15^ + 35y=335 
15a; + 12y=l74. 

Subtracting, 23y = 1 61 , 

and therefore y = 7. 

Now, since 3a? + 7y = 67, 

3;i?+49=67, 

•*. 3iJ7=18, 

.'. £C=6, 

Hence a? =6 and y=7 are the values required. 

210. In the examples given in the two preceding articles 
we made the coefiicients of x alike. Sometimes it is more con- 
venient to make the coefficients of j/ alike. Thus if we have to 
solve the equations 

29a? + 2y=64 
I3x+ y=29, 

we leave the first equation as it stands, and multiply the 
second equation by 2, thus 

29;c + 2y=64 
26a: + 2y=68. 

Subtracting, Sx » 6, 

and therefore a ^2. 

Now, since 13a?+y-29, 

26+y=20, 

Hence a =2 and y = 3 are the values required. 



OF THE FIRST DEGREE. US 



Examples. — LXX. 

1. 2j?+7y = 41 2. 6^ + 8y=101 3. 13a? + l7y=189 

3^ + 4y = 42. 9a; + 2y= 95. 24?+y= 21. 

4. 14i? + 9y=15G 5. ^+15y = 49 6. 15d?+19y=132 

7^+2y= 58. 3a; + 7y=7l. 35a?+17y = 226. 

7. 64?+ 4y=23G 8. 39ar+27y=105 9. .72;r+14y=.330 
3a? + 15y=573. 52a: + 29y=133. 63^+ 7y=573. 

211. We shall now give some examples in which negative 
signs occur attached to the coefficient of ^ in .one or both of 
the equations. 

Ex. To solce the equations : 

6a? + 352^= 177 
8a!-2lj/= 33, 

Multiply the first equation by 4 and the second by 3. 

24^ + 140y=70S . - 

24a?- 63y= 99. : 

Subtracting, 203.v = 609, 

and therefore y=3. 

The value of a? may then be found. 

Examples.— LXXI. 

1. 2ar+7y=62 2. 7a?- 9y=55 3. a?4-y=96 

3a?-6y = 16. 15a?-13y=109. a!-y=2. 

4. 4a?+ 9y = 79 6. a?+19y=97 6. 29a?-14y=175 

7a?-17y=40. 7^-53^=121. 87a?-66y=497. 

7. I7la?-213y=642 8. 43a?+ 2y=266 9. 6a?+9y=188 
114a?-326y=r.244. 12a?-17y=4. 13a?-2y=57. 

B.JU Vi 
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212. We have hitherto taken examples in which the 

coefficients of x aro both positive. Let us now take the fol« 

lowing equations : 

5x-*7y=e 

9y-2x=l0. 
Change all the signs qfthe second equation^ so that wo get 

5x—7t/ = (j 
^' 2a:-9y=-10. 

Multiplying by 2 and 5, 

10a?-14y=12 
10;(;-45y=-50. 

Subtracting, 

-14y+45y=12 + 50, 

or, Sly =62, 

or, y = 2. 

The value of x may then be found.' 

Examples. — ^LXXIL 

1. 4ar-7y = 22 2. 9.r-5y=52 3. 17^+3y-=57 

ly-Sx^l. 8y-3a?=8. 16y-3;C=23. 

4. 73/+3jr=78 5. &p-3y=4 6. 34? + 2y=39 
19y-7u?=136. 12y-7ii?=iO. 3y-2^ = 13. 

7. 6y~2a?=21 8. 9y-7a? = 13 9. 12a?+ 7y = 176 
13a:-4y=120. 15a?~7y = 9. 3y-19j? = 3. 

213. In the preceding examples the values of x and f/ 
have been positive. We shall now give some equations in 
which ;z; or y or both have negative values. 

Ex. To solve the equations : 

2a?-9y=ll 
3ii:-4y=7. 

Multiplying the equations by 3 and 2 respectively, wc get 

6a?-27y=33 
6j?*- 8y=14. 
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Subtracting, 

-19y=19, 

or, 19y=-19, 

or, y=-l. 

Now since 9y=— 9, 

■ 2a? - 9y will be equivalent to 2u? - ( - 9) or, 2a? + 9^ 

Hence, from the first equation, 

2ar+9 = ll, 



Examples.— LXX I II. 

1. 2ar4-3y=8 2. 5a?-2y=51 3. 3a?-5y=51 

3d?+7y=7. 19a?-3y=^180. 2j?+7y=3. 

4. 7y-3a?=139 5. 4^+ 9y=10G 6. 2a?-7y=8 
2d? + 5y = 91. 8a?+17y=198. 4y-9u? = 19. 

7. 17a?+12y = 59 8. 8a? + 3y=3 9. 69y-17a?=103 

19a?- 4y=163. 12a?+9y=3. 14a?-13y=-41. 

214. Wo shall now take the case of Fractional Equations 
involving two unknown quantities. 

Ex. To solve the equations, 

o 

07 - 2 

3y=9-— . 

First) clearing the equations of fractions, we get 

10a?-2^+3=2O 
9y=27-a?+2, 

from which we obtain, 

10a?-y=17 
«+9y=29, 

and hence we may find a=2,y=^ 
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Examples. — LX XIV. 



1. f + | = 7 2. 10;p+| = 210 3. ^ + 7y=251 

^ + 1=8. 10y-f=290. ^ + 7j?=299. 

4. *+y + 5-10 6. 7^+^^=413 6. !i±l''= 10-^ 
£:=^+7 = 9i. 39;r=14y-1609. -^-^- = ^+1. 

7. ^- V^-5 10. ^ + 8y = 31 
4y_*tl« = 3. ?^±^V 10.^=182. 

8. f+8=^-12 11. ?^^ + 3^=2y-6 
4 22 7 

5 3 4 

3<g-6y q 2^4y ^ a?-2 10~a? y-10 

^' 2 "*" 6 ~ 6 3 4 

x-ly X , y 2y + 4 4:g+y+]3 

® r~"2'^3* 3 " 8 • 

13. 5^ + 3;r = 4y-2 
5J? + Cy 3a?-2y 

^*- -2 2-="— 3- 

2ar + y _ 9^-7 _ 3yf 9 _ 4a?+5 y 

2 8 "" 4 16 ' 

4ar + 6f/ 
16. —^=x-y 

3 *^ 2' 
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Subtracting, 



215. We have now to explain the method of solving 
LUercU Equations involving two unknown quantities* 

Ex. To solve the eqv^itlons, 

px+qy—r. 

Multiplying the first equation by p and the second by a, 
we get 

apx-{-hpy=cp 

apx-^-aqy^ar, 

bpy-aqy=cp-ar, 
or, {hp''aq)y=cp-ar', 

cp—ar 

•'• y=ir • 

op-aq 

Wo might then find x by substituting this value of y in one 
of the original equations, but usually the safest course is to 
begin afresh and make the coeflScients of y alike in the original 
equations, multiplying tlie first by q and the second by by 
which gives 

oqx+bqy=cq ... 

hpx+bqp=hr» 

Subtracting, aqx — bpx —cq— br, 

or, {aq~-bp)x='Cq-bi'\ 
_cq—br 

. * X ; — . 

aq—bp 



1. mx + ny=e^ 
px+qy=f, 

4, ex = dy 
7. ax-^by=e 



Examples. — LXXV. 

2. ax+by=^c 
dx-ei/=/,' 

6. mx—ny=r 
m'ic+n'y^r', 

8. abx+cdy=2 
d-h 



3. ax—by-m 
CX+ ey=n, 

6. x + y=a 
x-y=-b. 



9. V— = 



€ue-cy= 



bd 



b+y Za+x 
ax-h2by=d. 
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10. 6(?4?+25-<:y=0 11. (&+c)(a? + c-&)4-a(j^+a)=2a« 

^ he c (p-c)x a* 

12. 3^+gy= ' y,^2 

216. We now proceed to the solution of a particular class 
of Himnltaneous Equations in which the unknown symbols 
appear as the denominators of fractions, of which the following 
are examples. 

Ex. (1) To tolve tJie equations, 

a b 
x y 

in n J 
X y 

Multiplying the first by m and the second by a, we g^ct 

am htn 
— + — —rm 
X y 

am an , 

= ad, 

X y 



Subtracting, — + — ^cm-ad, 

y y 

hm+an , 

or, =cm'-ad, 

y 

or, hm + an={cm-ad)yy 

hm + an 



.*. y= 



cm— ad' 



Then the value of x may be found by substituting this value 
of y in one of the original equations, or by making the terms 
containing y alike, as in the example given in Art. 215. 
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Ex. (2; To solce the equations : 

2 __5 _ £ 
X ay"" 27 

1 1^11 
Ax'^y 72* 

Multiplying the second equation by 8, we get 

2_ 6 ^ 4 
X 3y 27 





2 . 8_11 
X y "" 9 ' 


Subtracting, 


5^_8 _ 4 

Sy y "■ 27 


Changing signs, 


5 8 11 4 
3y'^y~ 9 27' 




5 + 24 3:^-4 



11 



^^» 3y 27 ' 

whence we find y = 9, 

and then the value of x may be found by substituting 9 for y 
in one of the original equations. 

Examples.— LXXVL 



1. l + ?=io 

X y 




2. 


1 ^2 

- + - =a 




3. 


- + -=<? 


S?=20. 
X y 






3 4- 

-4- - = ft. 






- +- =a. 

i» y 


a b 

4. - + -=m 

X y 




6. 






6. 


3a? 6y ' 


a h 
— -n, 
X y 






^ y 






6ar lOy • 


7. ^ + 

ax 


3 


--5 


8. 


W4? 


n 


5 

IIX 


2 

by^ 


3. 




n 

- + 

X 




w'+n*. 
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217. There are two other methods of solving Simultaneous 
Equations of which we have hitherto made uo mention, because 
they are not generally so convenient and simple as the method 
which we have explamcd. They are 

I. The method of Substitution. 

If we have to solve the equations 

;B+3y= 7 
2« + 4|^=12 

we may find the value of ^i? in terms of y from the first equa- 
tion, thus 

a?=7-3y, 

and Siibstitute this value for x in the second equation, thus 

2(7-32/) + 4y=12, 

from which we find 

y=l. 

We may then find the value of x from one of the original 
equations. 

II. The method of Comparison. 
If we have to solve the equations 

6ar + 2y = 16 
7a?-3y= 5 

we may find the values of a? in terms of y from each equa- 
tion,, thus 

«•= — ^-^, from the first equation, 
a- — ~ , from the second equation. 

Hence, equating these values of ^, we get 

16-2y _54-3y 
~5 7 ' 

an equation involving only one unknown symbol, from which 
we obtain 

and then the value of x may be found from one of the original 
equations. 
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218. If there be three unknown symbols, their values may 
be found from three independent equations. 

For from two of the equations a thirds which involves only 
tvDO of the unknown symbols, may be found. 

And from the remaining equation and one of the others 
a fourth^ containing only the same two unknown symbols, may 
be found. 

So from these two equations which involve only two un- 
known symbols, the value of these symbols may be found, and 
by substituting these values in one of the original equations 
the value of the third unknown symbol may be found. 

Ex. 507- 62^ + 42; = 15 

7a? + 4y-3^=19 

2x+ 2/ + 6;2r=46. 

Multiplying the first by 7 and the second by 5, we get 

35a?-42y + 28^=105 

35o?+20y-15^ = 95. 

Subtracting, 

-62y + 43^=10 (1). 

Again, multiplying the first of the original equations by 2 
and the third by 5, we get 

10a?-12y + 8^=30, 
10o? + 5y+30-ar = 230. 

Subtracting, -17y-22^= -200 (2). 

Then, from (1) and (2) we have 

62y-43^=-10 
17y + 22^ = 200, 
from which wo can find y=4 and xr=6. 

Then substituting these values for y and z in the first equa- 
tion we find the value of ;j? to be 3. 

Examples.— LXXVII. 

1. 5a? + 7y- 22r=13 3. 6a?-3y+2;y=21 
air + 3y+ ;2r=17 So?- y-34r= 3 

;c-4y + 10^=23. 2a? + 3y+2;2r=39. 

2. 5d? + 3y-6^=4 4. ^x-^y+^z- 6 
3u7- y + 2;2r=8 2a?+3y- z=20 

a;''2y+2z = 2. 7o?-4y+3^=36, 
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5. x\- y+ z- 6 8. 4a:-3y+ z= 9 
6a?+ 4y + Zz=22 9j?+ y-6z=16 

154?+10y + 62r = 53. a?-4y + 3^= 2. 

6. 8a? + 4y-34r=6 9. I2x + 5y-4z=29 

.r+3y- ;:? = 7 13a?-2y+62r=68 

44? -6y + 4^=8. 174?- y— z=l5, 

7. x+ y+ z = 30 ]0. y-4?+j2?=- 6 
84? + 4^ + 24' = 60 2r-y-4?=-25 

274? + 9y + 34r=64. x^y-\-z=Z&, 



XVI. PROBLEMS RESULTING IN SIMUL- 
TANEOUS EQUATIONS. 

219. In the Solution of Problems in which we represent 
two of the numbers sought by unknown symbols, usually x and 
y, we must obtain two independent equations from the condi- 
tions of the question, and then we may obtain the values of 
the two unknown symbols by one of the processes described in 
Chapter XV. 

Ex. If one of two numbers be multiplied by 3 and the 
other by 4, the sum of the products is 43, and if the former be 
multiplied by 7 and the latter by 3, the difference between the 
results is 14. Find the numbers. 

Let 4? and y represent the numbers. 

Then 34? + 4y = 43, 

and 74?-.^y=14. 

From these equations we have 

2l4? + 28y = 301, 
2l4?- 9y = 42, 
Subtractmg, 37^^ = 259. 

Therefore 3/ = 7, 

and then the value of 4? may be found to be 5. 
Hence the numbers arc 5 and 7. 
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Examples— LXXVIII. 

1. The sum of two numbers is 28 and their di£ference is 4, 
find the numbers. 

2. The sum of two numbers is 256 and their difference is 
10, find the numbers. 

3. The sum of two numbers is 13*5 and their di£ferenco is 
1, find the numbers. 

4. Find two numbers such that the sum of 7 times the 
greater and 6 times the less may be 332, and the product of 
their difference into 51 may be 408. 

5. Seven years ago the age of a father was four times that 
of his son, and seven years hence the age of the father will be 
double that of the son. Find their ages. 

6. Find three numbers such that the sum of the first and 
second shall be 70, of the first and third 80, and of the second 
and third 90. 

7. Three persons A^ B and C make a joint contribution 
which in the whole amounts to £400. Of this sum B contri- 
butes twice as much as A and £20 more ; and C as much as A 
and B together. What sum did each contribute ] 

8. If A gives -S 10 shillings, B willhave three times as 
nmch money as ^. If ^ gives A ten shillings, A will have 
twice as much money as B, What has each ? 

9. The sum of £760 is divided between A, B, C. The 
shares of A and B together exceed the share of C by £240, 
and the shares of ^ and C together exceed the share of ^ by 
£360. What is the share of each ] 

10. The sura of two numbers divided by 2, gives as a quo- 
tient 24, and the difference between them divided by 2, gives 
as a quotient 17. What are the numbers ? 

11. Find two numbers such that when the greater is 
divided by the less the quotient is 4 and the remainder 3, and 
when the sum of the two numbers is increased by 38 and the 
result divided by the greater of the two numbers the quo- 
tient is 2 and the remainder 2. 

12. Divide the number 144 into three such parts, that 
when the first is divided by the second the quotient is 3 and 
the remainder 2, and when the third is divided by the sum 
of the other two parts, the quotient is 2 and the remainder 6. 
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13. A and B buy a horse for £120. A can pay for it if ^ 
will advance half the money he has in his pocket B can pay 
for it if ^ will advance two-thirds of the money he has in his 
pocket. How much has each ? 

14. "How old are you]" said a son to his father. The 
father replied, "Twelve years hence you will be as old as I was 
twelve years a^o, and I shall be three times as old as you were 
twelve years ago.!* . Find the age of each. 

15. Required two numbers such that three times the 
greater exceeds twice the less by 10, and twice the greater 
together with three times the less is 24. 

1 6. The sum of the ages of a father and son is half what it 
will be in 25 years. The difference is one-third what the sum 
will be in 20 years. Find their ages. 

17* If I divide the smaller of two numbers by the greater 
the quotient is *21 and the remainder '0057. If I divide the 
greater number by the smaller, the quotient is 4 and the re- 
mainder '742. Find the numbers. 

18. The cost of 6 barrels of beer and 10 of porter is £h\ ; 
the cost of 3 barrels of beer and 7 of porter is £32. 2«. How 
much beer can be bought for £30 ? 

1 9. The cost of 7 lbs. of tea and 5 lbs. of cofifee is £1. 9*. 4rf. : 
the cost of 4 lbs. of tea and 9 lbs. of coffee is £1. 7«.: what is 
the cost of 1 lb. of each '\ 

20. The cost of 12 horses and 14 cows is £380: the cost of 
5 horses and 3 cows is £130 : what is the cost of a horse and a 
cow respectively ? 

21. The cost of 8 yards of silk and 19 yards of cloth is 
£18. 4tf. 2^.: the cost of 20 yards of silk and 16 yards of cloth, 
each of the same quality as the former, is £25. 16^. %d. How 
much does a yard of each cost ] 

22. Ten men and six women earn £18. 18«. in 6 days, and 
four men and eight women earn £6. 6^. in 3 days. AY hat are 
the earnings of a man and a woman daily ? 

23. A farmer bought 100 acres of land for £4220, part at 
£37 an acre and part at £45 an acre. How muny acres had 
he of each kind \ 
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Note I. A number consisting of two digits may be repre- 
senjbed algebraically by \^x + y, where x and y represent the 
bignificant digits. 

For consider such a number as 76. Here the significant 
digits are 7 and 6, of which the former has in consequence of 
its position a local value ten times as great as its natural 
value, and the number represented by 76 is equiyalont to ten 
times 7, increased by 6. 

So also a number of which x and ^ are the significant digits 
will be represented by ten times x, increased by y. 

If the digits composing a number lOx + y be inverted, the 
resulting number will be lOy+x. Thus if we invert the digits 
composing the number 76, we get 67, that is, ten times 6, in^ 
creased by 7. 

If a number be represented by lOx+y, the sum of the 
digits will be represented hy x+y. 

A number consisting of three digits may be represented 
algebraically by 

100a:+10y + ;?;. 

Ex. The sum of the digits composing a certa'n number is 
5, and if 9 be added to the number the digits will be inverted. 
Find the number. 

Let lOx+y represent the number. 
Then ;c+y will represent the number of tlie digits, 
and lOy + x will represent the number with the digits inverted. 
Then our equations will be 

x+y=5, 

10j? + y + 9 = 10y+a?, 

from which we may find x=2 and y = 3 ; 

.'. 23 is the number required. 

24. The sum of two digits composing a number is 8, and if 
36 be added to the number the digits will be inverted. Find 
the number. 

25. The sum of the two digits composing a number is 10, 
and if 54 be added to the number the digits will be inverted. 
What is the number? 
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26. The Bum of tho digits of a number less than 100 is 9, 
and if 9 be added to the number th£ digits will be inverted. 
What is tho number ? 

27. The sum of the two digits composing a number is 6, 
and if the number be divided by the sum of the digits the 
quotient is 4. AVhat is the number ? 

28. The sum of the two digits composing a number is 9, 
and if the numl>er be divided by the sum of the digits tho 
quotient is 5. \yhat is the number ? 

29. If I divide a certain number by the sum of the two 
digits of which it is composed the quotient is 7. If I invert 
tlie order of the digits and then divide the resulting number 
diminished by 12 by the difference of the digits of the original 
number the quotient is 9. What is the number ? 

30. If I divide a certain number by the sum of its two 
digits the quotient is 6 and the remamder 3. If I invert tho 
digits and divide tlic resulting number by the sum of the digits 
tlie quotient is 4 and the remainder 9. Find the number. 

31. If I divide a certain number by the sura of its two 
digits diminished by 2 the quotient is 5 and the remainder 1. 
If I invert the digits and divide the resulting number by the 
sum of the digits increased by 2 the quotient is 5 and the re- 
mainder 8. Find the number. 

32. Two digits which form a number change places on the 
addition of 9, and the suni of these two numbers is 33* Find 
the numbers. 

33. A number consisting of three digits, the absolute 
value of each digit being the same, is 37 times the square of 
any digit Find the number. 

34. Of the three digits composing a number the second is 
dtuble of the third : the sum of tbe first and third is 9 : the 
sum of all the digits is 17. Find the number. 

35. A number is composed of three digits. The sum of the 
digits is 21 : the sum of the first and second is greater than the 
third by 3; and if 198 be added to the number the digits will 
be inverted. Find the number. 
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Note II. A fraction of which the terms are unknown 
may be represented by - . 

Ex. A certain fraction becomes _ when 7 is added to its 

denominator, and 2 when 13 is added to its numerator. Find 
the fraction. * 

Let - represent the fraction. 
Then ^ ^ 



y+1 2' 

y 

are the equations; from which we may find a; =9 and y^\\» 

9 
That is, the fraction is tt . 

36. A certain fraction becomes 2 when 7 is added to its 
numerator, and 1 when 1 is subtracted from its denominator. 
What is the fraction ? 

37. Find such a fraction that when 1 is added to its nu- 
merator its value becomes - , and when 1 is added to the 

o 

denominator the value is - . 

4 

38. What fraction is that to the numerator of which if 1 

be added the value will be - : but if 1 be^dded to the de- 

2 "^ ., 

nominator, the value will be - ? 

o 

39. The numerator of a fraction is made equal to its de- 
nominator by the addition of 1, and is half of the denominator 
increased by 1. Find the fraction. 

40. A certain fraction becomes - when 3 is taken from 

4 

the numerator and the denominator, and it becomes x when 5 
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i« added to the numerator and the denominator. What ut tho 
fraction ? 

' 7 

41. A certain fraction becomes - when the denominator is 

20 
increased by 4, and - - when the numerator is diminished bj 

15: dotermino the fraction. 

42. AVhat fraction is that to the numerator of which if 1 
bo added it becomes ^ and to the denominator of which if 17 

bo added it becomes J» 

Note III. In quostions relating to money put out at sim- 
ple interest we are to observe that 

, . . Principal X Rate X Time 
Interest = ^ — j^^ , 

whore Rate means the number of pounds paid for the use of 
ill 00 for one year, and Time means tho number of years fol* 
which the money is lent. 

43. A man puts out £2000 in two investments. For the 
first he gets 5 per cent., for the second 4 per cent on the sum 
invested, and by the first investment he has an income of 
^*10 more than on tho second. Find how much he invests in 
each case. 

44. A sum of money, put out at simple interest, amounted 
in 10 months to £5250, and in 18 months to £5450. What 
was the sum and the rate of interest ? 

45. A sum of money, put out at simple interest, amounted 
in 6 years to £5200, and in 10 years to £6000. Find the sum 
uud tlie rate of interest. 

Note IV. When tea, spirits, wine, beer, and such com- 
modities are mixed^ it must be observed that 

quantity of ingredients = quantity of mixtui'O, 
cost of ingredients = cost of mixture. 

Ex. I mix wine which cost 10 shillings a gallon with 
another sort which cost 6 shillings a gallon, to make 100 gal- 
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Ions, whicli I may sell at 7 shillings a gallon without profit or 
loss. How much of each do I take ] 

Let X represent the number of gallons at 10 shillings a gallon, 

andy 6 

Then a?+y=100, 

and 10ji?+6y=700, 

are the two equations from which we may find the values of 
X and 2^ to be 25 and 75 respectively. 

46. A wine-merchanjk has two kinds of wine, the one costs 
36 pence a quart, the other 20 pence. How much of each must 
he put in a mixture of i^O quarts, so that the cost price of it 
may be 30 pence a quart \ 

47. A gnx^f mixes tea which cost him \s. 2d. per lb. with 
tea that cost him U, Qd, per lb. He has 30 lbs. of the mixture, 
and by selling it at the rate of U. 8d, per lb. he gained as 
much as 10 lbs. of the cheaper tea cost him. How many lbs. 
of each did he put in the mixture ] 

Note Y. If a man can row at the rate of w miles an hour 
in still water, and if he be rowing on a stream that runs at the 
rate of y miles an hour, then 

w+j/ will represent his rate dotcn the stream, 

w-y up 

48. A crew which can pull at the rate of twelve miles an 
hour down the stream, finds that it takes twice as long to 
oorae up a river as to go down. At what rate does the stream 
flow? 

49. A man sculls down a stream, which runs at the rate of 
4 miles an hour, for a certain distance in 1 hour and 40 minutes. 
In returning it takes him 4 hours and 15 minutes to arrive at 
a point 3 miles short of his starting place. Find the distance 
he pulled down the stream and the rate of his pulling. 



50. A dog pursues a hare. The hare gets a start of 50 of 
her own leaps. The hare makes six leaps while the dog makes 
5, and 7 of the dog's leaps are equal to 9 of the hare's. He 
many leaps will the hare take before she is caught ? 

S. A. W 
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51. A greyhound starts in pursuit of a bare* at the dis- 
tance of 50 of his own leaps from her. He makes 3 leaps 
while the hare makes 4, and he covers as much ground in two 
leaps as the hare does in three. How many leaps does each 
make before the hare is caught 1 

52. I lay out half-a-crown in apples and pears, buyhig IIm 
apples at 4 a penny and the pears at 5 a penny. I then sell ' 
hfdf the apples and a third of the pears for thirteen pence, 
which was the price at which I bought them. How many c^ 
each did I buy ? 

53. A company at a tavern found when they came to pay 
their reckoning that if there had been 3 more persons, each 
would have paid a shilling less, but had there been 2 less, 
each would have paid a shilling more. Find the number of 
the company and each man's share of the reckoning.' 

54. At a contested election there are two members to be 
returned and three candidates, A, B, and C. A obtains 1056 
votes, B, 987, (7, 933. Now 85 voted for B and C7, 744 for 
B only, 98 for C only. How many voted for A and C, for 
A and B, and for A only ? 

55. A farmer sold at market 100 head of stock, horses, 
oxen, and sheep, selling two oxen for every horse. He obtained' 
on the sale £2. Is. a head. If he sold the horses, oxen, and 
sheep at the respective prices £22, £\2. 10^., and £\, 10*., 
how many horses, oxen, and sheep respectively did hp sell ] 

56. A certain crew pull 9 strokes to 8 of a certain other 
crew, but 79 of the latter are equal to 90 of the former. 
Which is the faster crew ? 

Also, if the faster crew start at a distance equiyalent to 
four of their own strokes behind the other, how many stroke^ 
will they take before they bump them ? 

57. A person, sculling in a thick fog, meets one barge and 
overtakes another which is going at the same rate as thQ 
former ; shew that if a be the greatest distance to which he 
can see, and b, h' the distances that he sculls between the 
times of his first seeing and passing the barges, 

2_ 1 \ 
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58. ' Two trains, 92 feet long and 84 feet long respectiyoly, 
are moving with uniform velocities on parallel rails in opposite 
directions, and are observed to pass each other in one second 
and a half; but when they are moving in the same direction, 
their velocities being the same as before, the faster train is 
observed to pass the other in six seconds; find the rate in 
miles per hour at which each train moves. . 

59. The fore-wheel of a carriage makes six revolutions 
more than the hind-wheel in going 120 yards; but if tho 
circumference of each wheel were increased by 3 feet^ tho 
fore-wheel would make only four revolutions more than the 
hind-wheel in the same space. Find the circumference of 
each wheel 

60. A person rows from Cambridge to Ely (a distance of 
20 miles) and back again in 10 hours, and finds he can row 

2 miles against the stream in the same time that he rows 

3 miles with it. Find the rate of the stream, and the time of 
his going and returning. 

61. A number consists of 6 digits, of which the last to the 
left-hand is 1. If this number is altered. by removiiig the 
1 and putting it in the units place, the new number is three 
times as great as the original- one. Find the number, . 



XVII. ON SQUARE ROOT. ' 

^20. In Art 97 we defined the Square Booty and explained 
the method of taking the square root of expressions consisting 
of a single term. 

The square root of a positive quantity may be, as we exr 
plained in Art 97, either positive or negative. ^ 

Thus the square root of 4a' is 2a or —2a, and this ambi- 
guity is expressed thus, ; 

s/4a*=±2a. 

In our examples in this chapter we shall in all cases regard 
the square root of a single term as a positive quantity. 



164 ON SQUARE ROOT, 

tt I 

221. The square roet of a product may be found by taking 
the Bquare root of each factor, and multipljbg the roots, so 
taken, together. 

Thug JS^=ab, 

222. The ai|uare root of a fraction may be found by taking 
the square root of the numerator and the square root of 
the denominator^ jWdd making them th^e nmnerator and de- 
nominator of a nev fraction, thus 



/4a« 25 

-J 



25^ _ 6xy^ 

1^ " Iz^ 



Examples.— -LXXI^ 
Find the Square Root of ^ach of the foUovii^ expressions: 
1. 4^V. 2. %\a%\ 3. mm?W^ 

4. 64a*6'V^ 6. *3l2&^a*l^aP. 6. I69a'^c'2. 

'• 166^ • ^* 4^* *• I2\a^'^' 

in ^I^ ?2j*' 

^"' 28 V 324&2* 

223. We may now proceed to investigate a Rule for the 
extraction of the square root of a couipound Algebraical ex- 
pression. 

We know that the square of a + & is a^ + 2a& + 1^^ and there- 
fore «+& is the square root of 0^+ 2a6+ H 

If we can devise an operation by which we can derive 
a-¥h from a^+2a&+&^, we shall be able to give a rule for the 
extraction of the square root. 

Now the first term of the root is the square root of the first 
term of the square, i.e. a is the square root of a\ 

Hence our rule begins : 

** Arrange the terms in the order of magnitude cf the 
indices qf one of the quantities involved, then take the square 
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rooi qfth6fir$i term and set dovm fhe result ota the fir A tertrt 
of tJie root: subtract its square from the given expression^ 
and btnng doton the remainder i^ thus 

• a2 



ITow this f(9ii]faiDder may be represented thus &(2a+&): 
hence if we divide 2ab-\-l^ by 2a+&we shall obtain +&9the 
second term of the root. 

Hence our rule proceeds-: 

" D&iMe the first term of the root and set doton the result 
as the first term of a divisor:" thus our process up to this 
point will stand thus : 



d^ 



2a 



Idb-^-}^ 



Now if we divide 2db by 2a the resuft is 0, aUd hence we 
obtain the second term of the root, and if we add this to 2a 
we obtain the full divisor 2a+ &. 

Hence ouf rule proceeds thus: 

" Divide thefirA term of the remainder hy this first term 
of the divisor, and add the result to the first term of the root 
and also to the first term cf the divisor:^ thus our process 
up to this point will stand thus : 

o2-r2a&-i'6'(a+& 



a2 



2a+b 



2ad-fl>» 



If now we multiply 2a +5 by ft' we oMain 2a& + 6', which 
we subtract from the first remainder. 

Hence our rule proceeds thus: 

"Multiply the divisor by the second term qf the root and 
subtract the result from the first remainder:" thus our pro^ 
cess will stand thus : 



f66 
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o2+2a6 + &2(a + & 



a^ 



2a + & 






If there is now no remainder, the root has been found. 

: If there be a remainder, consider the two terms of the root 
already found as one and proceed as before. 

224. The following examples worked out will make the 
process more clear. 

(1) o«-2a6 + &2(a-6 



a^ 



2a-6 



-2a6 + 6^ 
-2a6 + &« 



Here the second term of the root, and consequently the 
second term of the divisor, will have a negative sign prefixed, 

because ^^ = — 6. . 



2^ 



(2) 



9p2+24pfl' + 16g2 (3^+4^' 



6p + 4g 



247?g + 16^2 
24/7^+16^2 



(3) 



25aj2-60^+36 (5^-6 
25:b2 



10^-6 



-60a: + 36 
-60a? + 36 



Next take a case in which the root contains three terms. 



a'+2a& + 52_2ac-26c+c2(a+5-<j 



cC' 



2a+& 



2<i+26-(J 



2ab + b^-2ac-2bc+c^ 
2a5 + &> 



-2«<;-26c+<^ 
-2ac-2ft<j + c3 
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"When we obtained the second remainder^ we took the 

double of a-\-h, considered as a single term, and set down the 
f'esult as the first part of the second divisor. We then divided 
the first term of the remainder, — 2a^, by. the first term of 
the new divisor, 2a, and set down the result, —Cy attached to 
the part of the root already found and also to the new divisor, 
and then multiplied the completed divisor by —c. 

Similarly we may proceed when the root contains 4, 6 or 
more terms. 

ExAMPLEa— LXXX. 

Extract the Square Root of the following expressions : 

1. 4a2 + i2a& + 96'*. 6. ;c*-6a?3+19a;»-30a?+25. 

2. 16Jfc-«-24/j*/3 + 9/6 7 9a?* + 12jp3+i0;i;2 + 4^ + l. 

3. a2j2 + 16205 + 6561. 8. 4r*-12r3 + 13r«-6r+l. 

4. 2^-382/^ + 361. 9. 4w* + 4n3-7w'-4« + 4. 
6. 90252^2- 102O&C + 2S9. 10. \-^x-¥\Zx^-l2a^+4tx\ 

11. a>'-4a75+10^*-12;r' + 9j?2. 

12. 42/*-122r';:; + 252/22r2-242/^»+16^. 

13. a'» + 4a5+4&2+9c»+6ac + 12&c. 

14. a«+2o«6 + 3a*5»+4a358+3a26* + 2a&« + 6«. 

15. ;»'-4^+6^+8a^ + 4a? + l. 

16. 4^ + 8aa?3 + 4a2;c2^.i652^2^.1g^52^^.l654^ 

17. 9-24;r + 68a^-116a;3+129a?*-140^ + 100a?<'. 

18. 16a* - 40a8&.+ 25a*6« -80a&2^+645 V + 64a^&a?. 

19. 9a< - 24a3i93 - 30a*« + 16a27?« + 4QapH + 25/«. 

20. Ay*a^'-l2y^x^+ny^ai^'-\2ya^-¥4:af^. 

21. 25a?V-30.Zj3y3 + 29;cV-12;r2^ + 42^. 

22. 16a?*-24ic'2^+25a^2/'-12^' + 4y*. 

23. 9a2-l2a& + 24ac-16&c + 4&2+i6c2. 

24. a?* + 9j;2+25-6a?3+10ii:2_3o^. 

25. 26a^-20jcy-\-4y^-¥9z^-\1yz+Z0xz, 

26. 4a^(a;»-y) + 2^(2/-2) + 2/«(4a:«+l). 
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225. Wbon any fractional terms are in the expression of 
which we have to find the Square Root we may proceed as in 
the Examples just given, taking care to treat the fractional 
terms in accordance with the rules relating to fractionab 

ft \€L 

Thus to find the square root of ^- - «+ rr . 



0^ — x-\ \X 

9 81 \ 9 



^ 



^x- 



8 16 

— - x-¥ — 

9 81 

8 1« 

-9^^8r 



Since 



8_^ 8^2^8 1_4 
991 9^2 9 



Q If) 

Or we might reduce ^c"— -a;+— toa single fraction, which 

9 Ol 

,,, 81aj»-72a?4-16 
would be ^T , 

and then take the square root of each of the terms of tho 
fraction, with the following result : 

— b — y which is the same as a;-- . 

9 9 



Examples.— LXXXI. 



1. 4a«+ Yg— a^&». 



\r or 



2 -?-2 + '* 
a» 9' 



6. .a^-2ic3+2a^^-a?+y 

4 



3. «*-2+-,. 



6. ;i?*+2a:'-iP+:i. 

4 



7. 4a'-12a&+ai^ + 9&«-^ + ^. 
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8. a?« + 8^+24 + i| + ^. 

or x^ 

16 9 w 

,^ 1 4 9 4 . 6 12 

ar \r ^ ^ ^^ y* 

4aj» ;2r« 9y« 6y 12;r2^ 

z^ ar z^ X sr 

,^ 4wi' 9n' ^ 16w . 24n 

14. —¥- + —5 + 4 + . 

* • 9 16 25 "^ 4 6 "^ 15 3 "* 10 4 5 ' 

16. 49:j?*-28jp3-l7:i?» + 6a?+?. 

4 

17. 9ar*-3aa;' + 6&^+^-a5a;«4'52a:*. 

4 

la 9a?*-2;i^-iPaj»+2a?4-9. 

9 
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226. The Cxtbe Boot of any expression is that expressiixi 
whose cube or third power gives the proposed expreisioar 

Thus a is the cube root of c?, 
3& is the cube root of 272i'. 

The cube root of a negative expression will be negatiYi^ for 
since 

(-a)3=-ax -«x -a=-«^, 
the cube root of —a^ is - a. 
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So also 

— 3j? is the cube root of —27^, 

and - 4a26 is the cube root of — 64a*6'. 

The symbol ij is used to denote the operation of extracUng 
the cube root. 

Examples. — LXXXIL 

Find the cube roots of the following expressions : 
1. 8a». 2. ^la^. 3. -125i»«ii». 

4. -216a^2^. is. 343&"cl^ 6. -lOOOo^W* 

7. - 17287»«^w'*. 6. 1331a»6^8^ 

227. We now proceed to investigate a Rule for finding the 
Cube Boot of a Compound Algebraical Expression. 

We know that the cube of <t 4 & is a' + 3a'& + 3a&2 + fts^ 
and therefore a + & is the cube root of a^+ 3a*6 + 3a6* + 1^, 

We observe that the first term of the root is the cube 
root of the first term of the cube. 

Hence our rule begins : 

^^ Arrange the terrm in the order cf magnitude of the in- 
dices of one of the quantities involved, then take the cube root 
qf the first term and set down the result as the first term of 
the root : subtract its cube from the given expression, and 
bring doton the remainder :^* thus 

a3 + 3a2& + 3ad«+&' {a 



Sa^b-^Sai^ + b^ 

Now this remainder may be represented thus, 

6(3a2+3a&+&2). 

hence if we divide 3a'&+3aft*+&3 by 3a'+3a& + 62 we shall 
obtain +&, the second term of the root. 

Hence our rule proceeds i 

^Multiply the square qfthe first term qf the root by 3, 
and set doton the residt as the first term qf a divisor:'* 
thus our process up to this point whl stand thus : 
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a' + 3a*&+3a5*+&* (a 



a^ 



3a2 



3a«6 + 3a6»+2/» 



Now if Wediyide 3a^ by 3a^ the result is 5, and sd we 
obtain the second term of the root, and if we add to 34* tho 
expression 3ad + ^ we x>btain the faU divisor 3a;' + Zdb -f h\ 

Hence our rule proceeds thus : 

" Divide ihejirst term of the remainder ty the /trsi (erm 
qfthe divisor and add the result to the first term qf the root. 
Then take three times tlie product qf the first and second 
terms of the root, and also the square of the second term, and 
add these results to t/ie first term qf Uie divisor,^' Thus our 
process up to this point will stand thus : 



a' + 3a26 + 3aft'+&3^«4.5 



a* 



Za^^-Zab + h* 



3a26 + 3a6« + 6» 



If we now multiply the divisor by 5, we obtain 

3a»6+3a&«+&», 

which we subtract from the first remainder. 

Hence our rule proceeds thus : 

^Mtdtiply the divisor ly the second term of the root and 
subtract tJie restdtfrom the first remainder:** thus our pro- 
cess will stand thus : 

<^+3a2&+3a6«+5'\a+& 
a» 

3^+3aft+J* 



3a2&+3aft^+fts 
3a*6+3a6«+6» 



If there is now no remainder, the root has been found. 

If there be a remainderi consider the two terms of the root 
already found as one, and proce^ as beforei 

228. The following Examples may render the process mor^ 
clear: .. . -. . . ... 
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Ex. (1) a5-12a«+48a-64(,a-4 

3a«-12a+16 



a» 



-l2o«+48a-64 
-12o«+48«-64 



Here obBerve that the second term of the dirisor is formed 
ilios : 

3 times the product of a and — 4=3xax-4=— 12a. 
Ex. (2) ««-6ar'+15a?*-2ac' + 16j:2_gj.4.i ^aj«-2«+l 



8«*-6.«*+4«s 
3;r*-12a^ 



-6^ + 16a!*-20a»+16«*-6a?+l 
-&c' + 12^-a»» 



3a?*- 12^ + 15^ - 6j7 + 1 
3ar*-12a?»+15j;S-6:i?+l 



Hero the formation of the first divisor is similar to that in 
the preceding Examples. 

The formation of the second divisor may be explamed thus : 

Regarding d^-2^ as one term 

3(a;>-24r)2=3(;j?*-4a;» + 4a:2)=3^_12a:' + 12^ 
3x(a;"-2a?)xl = 3;i^-6;i? 
1« = 1^ 

and adding these results we obtain as the second divisor 

3a?* - 12a.'' + IS** - 6a? + 1. 

EXAMPLE&— LXXXIII. 

Find the Cube Root of each of the following expressions : 

1. a«-3a«&+3aS'-R 2. 8a» + 12^2+ 6a +1. 

3. a3+24a«&+192a5«+612J'. 

4. a'+3a"5+3a&2+&8^3^i^^.g^5^ + 35»^+3^+32^^.^3 

6. a?'-3a?V+3a?y'-i^ + 3a;*:f-6ajy4r+3y2;8f+3a?«'-3y^"+j2:3^ 
6. 27««-64a?'+63a?*-44a;»+21a?«-6a?+l. 
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7. l-Srt+ea'-Ta^ + ea^-Sa' + a*. 

9. «^-12a« + 54a*-112a' + 108a2-48a+8. 

10. 8m*-36m^+66m*-63m'+33m*-9m + l. 

11. a;8 + 6^ + 12a?y*+8y'-ai;'^-12j72^2r-12y% + 3^-^3 

12. 8i»' - 36/?i'» + 64mn' - 27»' - 12m%" + 36m«r ~ 27 wV 

+ 6wr'-9wr2-r'. 

13. w»+3»i«-5+ ~ -^. 

229. ^^^ fourth root of an expression is found by taking 
the square root of the square root of the expression. 

Thus 4/l6«^&* = N/4a'2^ = 2a«&. 

The %ixth root of an expression is found by talking the cub^ 
root of the square root of the expression. 

Thus SJ^Wn^ = ^8a«6' = 2a2&. 



Examples.— LXXXIV, 

Find the fourth roots of 

1. 16a*- 96a'a? + 216aV- 216aa?' + 81.r*. 

2. l + 24a«+16a*-8a-32af. 

3. 625 + 2000a?+2400;B« -1-1280^ + 256^1^^ 

Find the sixth roots of 

4. a«-6a»6 + 15a*&«-20a»ft«+16aV-6a»«+6«. 

5. ir«+6;B'+16i»*+20d:»4-16a?'+6^+l, 

«. a»'-12m* + 60i»*«-16O)ij»4-240wi'-192in + 64. 



XIX. QUADRATIC EQUATIONS. 

' 230. A QvADEATio Equation, or an equation of two di- 
mensions, is one into which the square of an unknown symbol 
enters, loithout or tcith the first ^wer of the symboL 

Thus ... 0^=16 

and aj2+6jr=27 

are Quadratic Equations, 

231. A PuBE Quadratic Equation is one into which the 
square of an unknown symbol enters, the first power of tlvo 
symbol not appearing. 

Thus, ^z;* » 16 is a pure Quadratic Equation. 

232. An Adfi^Oted Quadratic Equation is one into which 
the square of an unknown symbol enters, and also the first 
power of the symbol. 

Thus, a?* + 6a? ?= 27 is an adfecled Quadratic EquaMon. . 



Pure Quadratic Equations, 

233. When the terms of an equation invqlve the square 
of the unknown symbol onlpy the value of this square is either 
given or can be found by the processes described in Chapter 
xvn. If we then extract the square root of each side of the 
equation, the value of the unknown symbol will be determined. 

234. The following are examples of the solution of Pure 
Quadratic Equations, 
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Ex. (1) a;2=16. 

Takii^ the square root of each side 



We prefix the sign ^ to the number on the right-hand side 
of the equation, for the reason given in Art. 220. 

Every pure quadratic equajbion will therefore have two 
roots, equal in magnitudei but with different signs, 

Ex. (2) 4a?» + 6=22. 

Here 4^:^=22-6, 

or 4a;* =16, 
or a?^ = 4 ; 

That is, the values of x which satisfy the equation are 2 
and —% 

_ ,^. 128 __ 216 

Here 128(5:B«-6)=216(3a;2-4), 

or 640a;«- 768 = 648a;* -864, 
or ar2=12 ; 

.-. a?==t^/i2. 

Examples. — LXXXV. 

I. a^=CA, 2. a;2 = a*&«. 3. a;«- 10000 = 0. 

4. a?'-3 = 46. 5. 6a;"-9 = 2;r» + 24. 6. 3flra;2=i92flf»j4i. 

7. — 5 — = — T— . 11. 7rur + n=q, 

o 4 

8. (500 +0?) (500 -ar) = 233359. 12. a!^'-aa: + b = aa!{a!-'l). 

9. «lii=3;r. 13. '' " 



a? 2x^ + 3 4;i?«-6* 

1 42 35 

10. 5 ^ ^- 180? + 65 = (.30? - 3)'..- U. -^^^ = ^-^\ 
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Adfected Qtiadratie Equationt, 

835. Adfected Quadratic Equations are solved by adding 
a certain term to both sides of the equation jso as to make the 
left-hand side a perfect square. 

Having arranged the equation so that the first term on the 
left-hand side is the square of the unknown symbol, and the 
second term the one 'Containing the first power of the unknown 
quantity, C^he known symbols being on the right of the equa- 
^on) we add to both sides qf the eqtuUion the square of hcdf 
the co^B^fdent qf the second term. The left-hand side of the 
liquation then becomes a perfect square. If we then take the 
^square root of both sides of the equation, we shall obtain ttoo 
jsimple equations, from which the values of the unknown sym- 
bol may be determined. 

236. The process in the solution of Adfected Quadratic 
Equations will be learnt by the examples which we shall give 
in this chapter, but before we proceed to them, it is desirable 
that the student should be satisfied as to the way in which an 
expression of the form 

Is made a perfect square. 

Our rule, as given in the preceding Articb, is this : add the 
square of half the coefficient of the second term, that is, the 

sqiuire of - , that is, — • We have to shew then that 

a?-¥ax-^~ 

4 

is a perfect square, whatevw a may be. 

This we may do by actually performing the operation of 
extracting the square root oi a^-¥ax+-, and obtaining the 
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- 237. Let us examine this process by the aid of numerical 
coefficients. 

Take one or two examples from the perfect squares given 
in page 48. 

"We there have 

a^+ 18a? + 81 which is the square of a?+ 9, 

a:2 + 34a? + 289 a?+l7. 

a?" 8ir+ 16 a?- 4, 

a:2-364? + 324 a?-18. 

In all these cases the third term is the square qf half the 
coefficient ofx. 



For 



81 
289 



- «-(f)'. 

-<■')•-(¥)■ 



-IaW ^ 



16 = (4) 




324 



(.e)-(f)'. 



238. Now put the question in this shape. What must we 
add to ;z;^+ o^ to make it a perfect square ? 

Suppose h to represent the quantity to be added. 

- • Then ;r2+ flwr+ & is a perfect square. 

Now if we perform the operation of extracting the square 
root of ic* +aa? + &, our process is 

aj3 . 



2 



4 



6. A. 



VI. 
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Hence in order that s^-^-ax-vh may be a perfect square wo 
must have 

That is, 5 is equivalent to the square of half the coeffi* 
dent ofx. 

239. Before completing the square we must be careful 

(1) That the square of the unknown symbol hoi no coeffi- 
cient bitt unity, 

(2) That the square of the unknown symbol Aa# a positive 
sign. 

These points will be more fully considered in Arts. 245 and 
246. 

240. We shall first take the case in which the coefficient 
of the second term is an even number and its sign positive* 

Ex, 0^+6x^40. 

Here we make the left-hand side of the equation a perfect 
square by the following process. 

Take the coefficient of the second term, that is, 6. 
Take the half of this coefficient, that is, 3. 
Square the result, which gives 9. 
Add 9 to both sides of the equation, and we get 

«2+6a?+9=49. 

Kow taking the square root of both sides, we get 

fl?+3=*7. 
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Hence we have two simple equations, 

a?+3=+7 (1), 

and «+3= -7 (2), 

■ • 

From these we find the values of Xy thus : 
from (1) a?=7— 3, that is, d?=4, 

from (2) a?= — 7— 3, that is, a?= —10. 

Thus the roots of the equation are 4 and - 10, 

Examples. — LXXXVL 

1. ««+64?=72. 2. «f'+12a?=64 3. «'+14ay=15. 
4. a^+46a?=96. 6. «»+128d?-393. B. «*+8«-66==.0. 
7. «*+18;i?- 243=0. a «"+16il?- 420=0. 

241. We next take the case in which the coefficient of the 
second term is an even number and its sign negative, 

Ex. a^-Sas^d. 

The term to be added to both sides is (8+2}^, that is, (4)>| 
that is, 16. 

Completing the square 

««-a»+16-26. 

Taking the square root of both sides 

a?-4=*5. 

This gives two simple equations, 

^^4=4^6... ......(1), 

fl?-4=-6 (2), 

From(l) «f=5 + 4, .\ a=9; 

from (2) «=— 6+4-, .*. fl?=-l. : 

Thus the roots of the equation are 9 and -L 
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ExAi£PLB&— LXXXVIL 

1. a:"-6a?=7. 2. a^-4ip=6. 3. «»-2(Vp=21. 

4. aj3-2^=63. 6. aj»-12a?+32=0. 6. aj»- 14a? +45=0. 
7. aj"-"234a?+13688=^0. 8. (a? -3) (a? -2) =3 (64?+ 14). 
9. ^(ii?-17)-a?(2a?+6) + l20=0. 

10. (a?-6)«+(a?-7)'=a?(a?-8)+46. 

242. We now take the case in which the coefficient of the 
second term is an odd number. 

Ex. (1) . a?'-7a?=8. . 

The term ^ be addod to both sides is . 

Completing the'square 

^^-7a: +— =8 + — , 

4 4 

2 ». . 49 81 
or, «'-7a?+-r «-T-. 

4 4 

Taking the square root of both sides 

7 ^9 ■ -■ 

2 2. 

This gives two simple equations, 

7 9 
*-2=+2 (1>' 

7 9' ,^^ " 

*-2=-2 (2). 

From(l) flJ^g'^g' ^^'^="2' •'•^=^5 
from (2) ^=-2'^|, or, «=^, A «=-l. 
Thus the roots of the equation are 8 and - 1. 
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Ex. (2) a?«-a?=42. 

The coefficient of ihe second term is 1. 
The term to be added to lK>th sides is 

4 4 - 

or, ar!-a?+j = — 5 

. 1-.U.13 
••^"2"" ¥- 

Hence the roots of the equation are 7 and — 6. 



Examples.— LXXXVIII. 

1. a?'+7^=30. 2. ;B»-lla?-12. 3. a?»+9j?=43j» 

4 

4. aj3- 13^1? =140. 6. a?'+a?=a~. 6. . a?^-« = 72. 

lb 

7. ;c2+ 37^1. =3690. 8, a?" =66 + jr. 

9. a?(6-;c) + 2a?(/r-7)-10(a?-6)=0. 

10. (5a?-21)(7a?-33)-(l7a?+15)(2a?-3)=.i4a 

243. Our next case is that in which the coefficient of the 

second term is a fraction qf which the numerator is an ecen 

number* -^ . .. ■ 

4 
Ex. a^--^=21. 

The term to be added to both sides is 

. (!-)•= (H)'=Q'-(i)^ • 

, 4 . 4 629 
<?'i *'-6*+26 7-26' 
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2_ . 23 

21 
Hence the values of ^ are 6 and — -r-« 

o 



Examples.— LXXXIX 

, ^2 35 «.4 3'.28a?^l. 

1. ^"3^=-^. 2. ^+5^=-25- ^ ^-"F^r^- 

11 11 35 7 5 5 

7. ««-v^+^=^- S- «'-t^ = 45. 

3 3 7 

244. We now take the case in which the coeffident of the 
second term is a fraction mchote numerator it an odd number* 

X. ^ 7 136 

Ex. ^-3^=T- 



The term to be added to both sides is 

a-)-(M)"-a)'-i' 



. ^ 7 .49 136 ^49 
•• ^"3'^'*"36~"r'^36' 

^ o 7 ^49 1681 
3 36 36 ' 
7_ 41 

17 
Hence the values of a; are 8 and — - . 



EXAM^LBS.-^XG. 

1. «"--a?=a 2. «2--a?=98. 3. a^-h-^af=39. 

4. «8+t^=76. 5. a^-|a?=16. 6. a;«-^j+6==0. 
2 o ^ • 

1 ^ 23 3 

7. aj«-^a?-34=0. 8. aj«-ya?=^. 
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245. The square of the unknown symbol mmt not he pre- 
ceded by a negative sign. 

Hence, if we have to solve the equation 
we change the sign of every term, and we get 

Completing the square 

;r^-6a? + 9 = 9-9, 
or ^•2-607+9 = 0. 
Hence ^—3=0, 

or a?=3. 

Note. We are not to be surprised at finding only one 
value for x. The interpretation to be placed on such a result 
is, that the two roots of the equation are equal in value and 
alike in sign. 

246. The square of the unknown symbol must have no 
coefficient hut unity. 

Hence, if we have to solve the equation 

we must divide all the terms by 5, and we get 

'^"e "5' 

2 

From which we get a?= 1 and a?= — - . 

o 

247. In solving Quadratic Equations involving literal 
coefficients of the unknown symbol, the same roles will apply 
as in the cases of numerical coefSdents. 

Thus, to solve the equation 

2a a 

— ---2=0. 

a a 

Clearing the equation of fractions, we get 

2a'-a;*-2aa?=0; 
therefore -a^-2aa?=-2a', 

or a^+2flw?=2a*. 
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Completing the square 

whence x+a=^iJ3,a; 

therefore x=-a+^3.a,OTx=-a-j3.a, 

The following are Examples of Literal Quadratie 
Equationi, 

Examples.— XCI. 



1. a?'+2flw?=a'. 2. aj'-4aa?=7a'. 3. a?'+3ma?=^- 



4 • 



2 2 (a? + a/ (;i?-a) 

C. d?*+(a— l);c=a. 8. adx-acx'^=hcjf—dd. 

^ ' a-vo 

10. -rz +ra=0- 

r-^ 3^2^ 6a«+a6-2&2 ^^ 

11. aoor H = 5 — . 

1 2. (4a« - Ocef 8) a?« + (4aV + 4a6c?2) aj+{ad^+ bd^f = 0. 

248. If both sides of an equation can be divided by the 
unknown symbol, divide by it, and observe that is in that 
case one root of the equation. 

Thus in solving the equation 

aj3-2a^»=3ii?, 
we may divide by a, and reduce the equation to the form 

^-2a?=3, 
from which wo got 

a=3 or ic=-l. * 

Then the three roots of the original equation are 0, 3 and — 1. 

We shall now giye some Miscellaneous Examples of Quad- 
ratio Equations. 
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Examples. — XCII. 
1. a:2„7;i. + 2=slO. 2. «»-6a?+3 = 9. 3. a^-\\x-1=^^. 

4. a:*-13a?-6 = a 6. «*+7a?-18 = 0. 6. 4a?-i^^=22. 



7. a:«-9;i?+20 = 0. 8. 5d?-3 



a:-3 

a?~l 7^-6 
a?-3~ 2 



Ax a? — 3 
a ^-6a;-14=2. !<>• ^- 2^^5 = 2- 

11. -ifl^ — ^^#^=2. 12. «»-12 = llaT. 13. d5«-14=513;p. 

a; + 7 2;c + 3 

14. ^^-~a? + 7^=a 16. 3a?-^^ = 26. 16. 2a;»-18a?-40. 
2 3 o • •& 

17 4+3^ l^-^_ 7a?"14 : 3a^-24:ir-36 

>7- "To ^^"^^0^- 18. 3^-240? 36. 

3d?-5 6;g _1 „^ 7 2a?->5 3^-7 

^^- ""SF" 3a?-25"'3' 4 a? + 6 '^ 2«. •. 

21- -^-^^^ = ^ ^2. (a;~3?+4ar=44. 

23. ^±11=7_9±4^ 24 6.«. + *=2. 25. *»-l»=5. 

X or 2 9 

26. a^-a?=210. 27. — + ^=3. 28. ^-11=^. 

•17 + 1 X 3 .6 

29. -?- = | + ^"^ 30. 16;r»-7a?=46. 

^—1 2 a: 

31. -^— ^ = !. 32. -l^-?«=i?-15. 

a;-2 a? + 2 6 6-a? a? 

33. l?-lli;?f = i^ 34. * ' ^ 



a: ^^ 9 * a:+60 3a?-6* 



» * 



12 8 _ 32 X . 7-«_-l 

&-X 4-a: a?+2 7— « x 10 

37. ^+(a+&);i?+a& = 0. 38. a:*-(5-a)^-a5=0. 

39. i»2-2aar+a*-6«=a 40. a^-(a«-a3)^_^=0. 



t « 



41. a?*+;;r--v^=0. 42. ;i?«--gg— «? + lf=0. 



XX. ON SIMULTANEOUS EQUATIONS 
INVOLVING QUADRATICS. 

249. For the solation of Simxiltaneons Equations of a do- 
gree higher than the first no fixed rules can be laid down. We 
shall point out the methods of solution which may be adopted 
with adyantage in particular cases. 

250. If the simple power of one of the unknown symbols 
can be expressed in terms of the other symbol by means of one 
of the given equations, the Method of Substitution, explained 
in Art 217,.may be employed, thus: 

Ex« To solve the equations 

a+p=50 
ay=600. 
From the first equation 

fl7=60-y. 

Substitute this value for a in the second equation, and we 
get (60-y).y=600. 

This gives 60y-y*= 600. 

From which we find the values of ^ to be 30 and 20. 

And we may then find the corresponding values of ^ to be 
20 and 30. 

251. But it is better that the student should accustom 
himself to work such equations symmetricaUj/f thus : 

To solve the equations 

^+y=50 (I), 

iry=600 (2). 

From (1) «2^2«y+j(«=2500. 

From (2) 4a^ =2400. 
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SubtractiDg, «'-2ajy+f*=a00, 

Then from this equation and (1) we find 

a;=30 or 20 and ^=20 or 30. 

Examples.— XCIII. 

1. a?+y=40 2. a?+y=13 3. a?+y=29 

ay = 300. «y =56. xy= 100. 

4. ^-y=19 6. d?-y=45 6. «-y=99 

«y=66. ay =25 J. ay =100. 

252. To solve the equations 

«-y=12 (1), 

««+y«=74 (2). 

From (1) aj3-2ay+2^=144 (3). 

Subtract this from (2), then 

2ay=-70, 
.*. 4ay=-140. 

Add this to (3), then 

a?'+2ay+y'=4, 

Then from this equation and (1) wo get 

a?=7 or 6 and y=-6 or -7. 

Examples.— XCIV. 

1. a7-y=4 2. a?-y=10 3. «-y=14 
a:*+y»=40. a:»+y«=178. «»+2^=436. ' 

4. a?+y-8 6. a?+y=12 6. a?+y=49 
aj»+y»=32. aj»+y«=104. a?»+y«=1681. 
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253. To solye the equations 

.«»+y3=35 (1), 

fl?+y=5 (2). 

Divide (1) by (2), then we get 

«»-«y+y»=7 '. (3), 

From (2) ^+2;ry+y'=25 (4). 

Bubtracting (3) from (4), 

3iijy=18, 
/. 4^:^=24. 

Then frt>m this equation and (4) we get 

«»-2iijy+y«=l, 

and from this equation and (2) wo find 

«=3 or 2 and ^=2 or 3. 

EXAMPLBS.--XCV. 

1. aj»+y'=91 2. a:»+y»=341 3. ;B'+y»=ia08 
a?+y=7. fl?+y=ll. ^+y=12. 

4. j:»-y»=66 5. «»-y»=98 6. aj»-y» = 279 

a?-y=2. fl?-y=2. a:-y=3, 

25 i. To soIyo the equations 

s^re- (^)' 

ar^^y2-36 W 

From (1), by squaring it, we get 



i+A + 1^?? /3^ 



From this subtract (2), and we hay« 

^^12, 
^ 36 ' 
^^24 ' 
asy 36* 



• • 



INVOLVING QUADRATICS. 189 



Now sabtract tliis from (3), and we get 


12 11 
V ay"**y»'"36' 


•• X y 6' 


and from this equation and (1) we find 


* 

a=2 or 3 and y=3 or 2. 



Examples.- XCVI. 



' Of p 20 ^ ^ y 4 


oil,. 

3. - + - = 5. 

Of y 


11 41 . 1.1 5 


h^h'- 


4 1-1-^ 6 i l-2i 
^•^ y 12 ^-^ y^2 


6.1-1=3. 

4? y 


11 7 11 3 


1 J 01 


.t^""y2-i44- ^3 y2^»4- 


. i^-p=2^- 


i 

255. To solye the equations 


• 


a^^Sap=7 


■• (1), 


«y+4y»=18 


••• (2X 



If we add tiie eqimtiona we get 

aj»+4a^+4y*=25. 

TaUng the square root of each side, and taking only the 
positive root of the right-hand side into account^ 

' ' ' ' a+y^6; 

Substituting this value for /r in (2) we get 

(5-y)y+42/»=18, 

ah equation by which y may' be determined. 

' Note. In some examples we must iubtraet the second 
equation' from the first in order to get a perfect square; 
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256. To solve the equations 

^-y8-26 (1), 

^'+«y+y>=13 (2). 

Dividing (1) by (2) we get «-y=2 (3), 

squaring, **-2ay+y"=4 (4). 

Subtract this from (2), and we haye 

3:1^=9; 

.'. 4j^=12. 
Adding this to (4), we get «'+2d^+y"= 16 ; 

/. ^+y=*4. 
Then from this equation and (3) wo find 

4^=3 or — 1, and^=l or —3. 

257. To solve the equations 

«'+ y««65 (1), 

«y=28 (2). 

Multiplying (2) by 2, we have 

2j^=66/' 



^-2«y+y«= 9)' 



/. a?+y=dbll (A), 

a-p=A 3 (B). 

The equations A and B furnish /our pairs of simple 
equations, 

^+ysll, /r+y=ll, a;+y=-ll, a7+y--ll, 
^-^=3, a;— y=-3, fl;-y=3, a?-y=-3, 

from which we find the values of a; to be 7, 4^ —7 and —4, 
and the corresponding values of ^ to be 4, 7, —4 and — 7. 

258. ThO' artifice by which the solution of the equations 
given in this article is effected is applicable to cases in which 
the equations are homogeneotu and qfthe 9ame order. 
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To solve tho equations 

Suppose y=mx. 

Then x^ + mijfl= 15, from the first equation, 

and mx^ - mV= 2, from the second equation. 

Dividing one of these equations by the other, 

a^-^rnu^ _ 15 
ma^—m^a^" 2 * 

a^{\-^m) ^ 15 
a^{m—m^)~ 2 ' 

\+m 15 
«i— w*"" 2 • 

From this equation we can deteraadne the values of «• 

2 

One of these values is - , and putting this for m in the 

2 

equation a;*+m^'=15, we get a?"+^dr'=15. 

From which we find ^ = ife 3, 
and then we can find y from one of the original equations. 

259. The examples which we shall now give are intended 
as an exercise on the methods of solution explained in the 
four preceding articles. 

Examples.— XCVIL 
1. a?'-y»=37 2. «*+6«y=144 3. «5+«y=210 

4^+^y+y'=37. 6a?y+ 362^=432. y>+«y=231. 
4. «*+y>=68 6. j?3+y»=152 6. «*+y8=133 

a?y=16. a^-aFy-hf/^=l9. a^-xy+j^^id. 

7. d;*+J!y+y"=39 8. ^+a?y=66 9. fl^+a?y=45 

3y*-6J?y=25. jry-j^=5. d?y+y'=36. 

10. «»-d?y4-2^=7 11. «5~a;y=35 12. «*-y»=152 
30^ + 13^+ 82/*= 162. ^+y2_iQ, «'+a^+y'=76. 

13. af» + 2/"=2728 14. ^ + 9J?y=340 15. «a+y»=225 

dr-d?y+y2^124. 7j:y-y'»171. «y=108. 



XXI. ON PROBLEMS RESULTING IN QUADRATIC 

EQUATIONS. 

260. The method of stating problems resulting in Quad- 
ratic Equations does nOt require any general ezpianatiou. 

Some of the Examples which we shall give involve one 
unknown symbol, others involve ttoo, 

Ex. (I) What number is that whose square exceeds the 
number by 42? 

Let a represent the number. 
Then ^=d?+42, 

or, ^-a?=42; 

therefore a?'J-^+l=:15? . 

4 4. 

whence . ^""2"'^2'* 

And we find the values of 4? to be 7 or — 6. 

Ex. (2) The sum of two numbers is 14 and the sum of 
their squares is 100. Find the numbers. 

Let a and p represent the numbers. 
Then a?+y=14, 

and ««+y*=100. 

• iProceeding as in Art. 252 we find 

«=8orO, y=6or8. 
Hence the numbers €u:e 8 and 6r • .a 
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Examples.— XCVIII. 

1. What number is that whose half multiplied by its third 
part gives 864 ? 

2. What is the number of which the seventh and eighth 
parts being multiplied together and the product divided by 

2 

3 the quotient is 298 - 1 

o 

3. I take a certain number from 94. I then add the 
number to 94. 

I multiply the two results together and the result is 8512. 
What is the number ? 

4. What are the numbers whose product is 750 and the 
quotient of one by the other 3 - ? 

o 

5. The sum of the squares of two numbers is 13001 and 
the difference of the same squares is 1449. Find the numbers. 

6. The product of two numbers, one of which is as much 
above 21 as the other is below 21, is 377. Find the numbers. 

7. The half, the third, the fourth and the fifth parts of a 
certain number being multiplied together the product is 6750. 
Find the number. 

8. By what number must 11500 be divided, so that 
the quotient may be the same as the divisor, and the re- 
mainder 51 ? 

9. Find a number to which 20 being added, and from 
which 10 being subtracted, the square of the first result added 
to twice the square of the second result gives 17475. 

10. The sum of two numbers is 26 and the sum of their 
squares is 436* Find the numbers. 

11. The difference between two numbers is 17| and tho 
sum of their squares is 325. What are the numbers ? 

12. What two numbers are they whose product is 255 and 
the sum of whose squares is 514 1 

13. Divide 16 into two parts such that their product 
added to the sum of their squares may be 208. 

S. A. V^ 
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14. What number added to its square root gives as a 

result 1332 % 

3 

15. What number exceeds its square root by 48 - ? 

16. What number exceeds its square root by 2550 1 

17. The product of two numbers is 24, and their sum 
multiplied by their difference is 20. Find the numbers. 

18. What two numbers are those whose sum multiplied 
by tho greater i^ 204, ^^d whose difference multiplied by the 
less is 35 1 

19. What two numbers are those whoso difference is 5 
and their sum multiplied by the greater 228 ? 

20. Find three consecutive numbers whose product is 
equal to 3 times the middle number. 

21. The difference between the squares of two consecutive 
numbers is 15. Find the numbers. 

22. The sum of the squares of two consecutive numbers is 
481. Find the numbers. 

23. The sum of the squares of throe consecutive numbers 
is 365. Find the numbers. 

Note, If I buy x apples for y pence, 

— vnll represent the cost of an app}e m pence. 
If I buy X sheep for z pounds, 

- will represent the cost of a sheep in pounds. 

Ex. A boy bought a number of oranges for 16^. Had ho 
bought 4 more for the same money, he would have paid 
one-third of a penny less for each orange. How many did 
he buy % 

]jet X represent the number of oranges. 

16 

Then — vnll represent the cost of an orange in pence. 

TT 16 16 ,1 

X ^ + 4 3 

or 16 (3ar + 12) = 48^ + a?^ + 4.t, 
or a;* + 4^ = 192, 
from which we find the values of ^ to be 12 or - 16. 
Therefore he bought 12 oranges, 
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24. I buy a number of handkerchiefs for ^3. Had I 
bought 3 more for the same money, they would have cost one 
shUling each less. How many did I buy ? 

25. A dealer bought a number of calves for ^^80. Had lie 
bought 4 more for the same money, each calf would have cost 
^1 less. How many did he buy ? 

26. A man bought some pieces of cloth for ^33. 15;?., 
which he sold again for £% %s. the piece, and gaineid as much 
as one piece cost him. What did he give for each piece ? 

27. A merchant bought some pieces of silk for ;£180. 
Had he bought 3 pieces more, he would have paid £3 less for 
each piece. How many did he buy ? 



28. For a journey of 108 miles 6 hours less would have 
sufficed hq.d one gone 3 miles an hour faster. How many 
miles an hour did one go % 

29. A grazier bought as many sheep as cost him ^60. 
Out of these he kept 15, and selling the remainder for £54, 
gained 2 shillings a head by them. How many sheep did 
he buy ? 

30. A cistern can bo filled by two pipes running together 
in 2 hours, 65 minutes. The larger pipe by itself will fill it 
sooner than the smaller by 2 hours. What time will each 
pipe take separately to fill it ? 

31. The length of a rectangular field exceeds its breadth 
by one yard, and the area contains ten thousand and one 
hundred square yards. Find the length of the sides. 

32. A certain number consists of two digits. The left- 
hand digit is double of the right-hand digit, and if the digits 
be inverted the product of the number thus formed and thp 
original number is 2268. Find the number. 

33. A ladder, whose foot rests in a given position, just 
reaches a window on one side of a street, and when turned 
about its foot, just reaches a window on the other side. If the 
two positions of the ladder be at right angles to each other 
and the heights of the windows be 36 and 27 feet respectively 
find the width of the street and the length of the ladder. 
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34. Cloth, beiog wetted, shrinks np - in its length and 

o 

— in its width. If the snrface of a piece of cloth is di- 

3 

minished by 67 sqnare yards^ $|nd the length of the 4 sides 
4 

by 4^ yards, what was the length and width of the cloth ? 

35. A certain number, less than 50, consists of two digits 
whose difference is 4. If the digits be invorted, the difference 
between the squares of the number thus formed and of the 
original number is 3960. Find the number. 

36. A plantation in rows consists of 10000 trees. If there 
had been 20 less rows there would have been 25 more trees in 
a row. How many rows are there ? 

37. A colonel wished to form a solid square of his men. 
The first time he had 39 men over : the second time he in- 
creased the side of the square by one man, and then he found 
that he wanted 50 men to complete it. How many men were 
there in the regiment ? 



XXII. INDETERMINATE EQUATIONS. 

261. When the number of unknown symbols exceeds that 
of the independent equations the number of simultaneous 
values of the symbols will be indefinite. We propose to ex- 
plain in this Chapter how a certain number of these values 
may be found in the case of Simultaneous Equations involving 
two unknown quantities. 

Ex. To find the integral values of x and y which will 

satisfy the equation 

3« + 7y=10. 

Here 3«=10-7y; 

/. a?=3-2y+— "^ . 

1— v 

Now if ^ and y are integers, —~ must also be an integer. 

«> 
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Let — — ^=m, then l-y=3m; 

and fl?=3-2y+w=3— 2 + 6m+m=l + 7m; 

or the general solution of the equation in whole numbers is 

^=l + 7m and y=l--3m, 

where m may be 0, 1, 2 or any integer, positive or 

negative. 

If m=0, 0!= 1, y= 1 

if m=l, x= 8, y=-2: 

if «i = 2, ic=16, y=— 5; 

and so on; from which it appears that the oniy positive inte- 
gral values of x and y which satisfy the equation ai*e 1 and 1. 

262. It is next to be observed that it is desirable to 
divide both sides of the equation by the smaller of the two co- 
cfiScients of the unknown symbols. 

Ex. To find integral solutions of the equation 

7^+6y=31. * 

Here 5^^=31-7^^; 

. 1-2j? 

o 

1 —2jc 
Let — - — =«2, an integer. 

Then 1—2^= 5m, whence 2;i?=l--6m; 

Let = n, an integer. 

Then l—m=2n, whence 9»=l-2n. 
Hence a?=«— 2m=n-2 + 4n=6n— 2; 

y=6-;!?+m=:6-6»+2 + l-2n = 9-7». 
Now if M = 0, a?=-2, y= 9; 

if n = l, a?= 3, y= 2; 

if w = 2, a?= 8, y= -5; 

and so od. 
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263. In how many ways can a person pay a bill of £13 
with crowns and guineas 1 

Let X and y denote the number of crowns and guineas. 

ITien 6« + 212/ =260; 

/. 5;p=260-2l2/; 

ic = 62-4y-|. 

Let |-»w, an integer. 

Then y=5m, 

and a?=5^--4y-m=52-2l7W. 

If 7W=0, a? = 52, y- 0; 

wi = l, ;i?=31, y=. 6 
7W = 2, ic=10, y = 10 
atid hi^er values of m will give negatlm values of ^. 
Thus the number of ways is three. 

264. To find a number which when divided by 7 and 5 
will give remainders 2 and 3 respectively. 

Let X be the number. 

Then ^-^=an integer, suppose fn\ 

and — r— =an integer, suppose ri. 

Then a?=7m+2 and a?=5n + 3; 

.'. *Jm-h2 = 5n + 3; 

.'. 5w = 7w-l, wtence w=w + 
Let — - — =p, an integer. 



2m- 1 
5 



» + l 
Then 2m = 5/? + 1, whence m = 2jt? +^-jr— . 

Let '^^=3', an integer 

Tlien ^ = 2g'-i, 

m=2/? + g'=4g'-2 + 3'=5^-2, 
^ = 7m + 2 = 353'-12. 
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Hence if 


g=0, x= 


-12; 


if 


g=l, a?= 


23; 


if 


g=2, ^= 


68; 


and so on. 







EXAMPLES.'^XCIX. 

Find positive integral solutions of 

, 1. 64?+7y=29. 2. 7ir + 19y=92. 

3. 13^ + 19y=ll70. 4. 3^+6y = 26. 

6. 14ir-6y=7. 6. Il^+l5y=1031. 

7. lLr + 7y=308» 8. 4aj-19y=23. 
9. 20^-9y=683. 10. 3^+7^=483. 

11. 27^ + 4y=54. 12. 747 + 9y=663. 

13. Find two fractions with denominators 7 and 9 and 

their sum — . 
o3 

14. Find two fractions with denominators 11 and 13 and 
their difference 7— . 

14o 

15. In how many ways can a debt of ^1. 9^> be paid in 
florins and half-crowns ? 

16. In how many ways can £20 be paid in half-guineas 
and half-crowns % 

17. What number divided by 5 gives a remainder 2 and 
by 9 a remainder 3 ? 

18. In how many different ways may £11. 15«. be paid in 
guineas and crowns? 

19. In how many different ways may £4. \\9, 6d. be paid 
with half-guineas and half-crowns ? 

20. Shew that 323ir-527y = 1000 cannot be satisfied by 
integral values of a; and y. 
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21. A farmer buys oxen, sheep and hens. The whole 
number bought was 100, and the whole price £100. If the 
oxen cost £5, the sheep £1, and the hens l^r. each, how many 
of each had he? Of how many solutions does this Problem 
admit? 

22. A owes B 4«. lOe?.; if A has only sixpences in his 
pocket and B only fourpenny pieces, how can they best settle 
the matter? 

23. A person has £12. 4*. in half-crowns, florins and shil- 
lings, and the numbers of coins of each kind are respectively 
as 7} 5, 3. Find the number of coins of each kind. 

24. In how many ways can the sum of £5 be paid in 
exactly 50 coins, consisting of half-crowns, florins and four- 
penny pieces? 

25. A owes B a shilling. A has only sovereigns and B 
has only dollars worth 4«; 3^. each. How can A most easily 
payjB? 

26. Divide 25 into two parts such that one of them is 
divisible by 2 and the other by 3. 

27. In how many ways can I pay a debt of £2. 9*. with 
crowns and florins ? 

28. Divide 100 into two parts such that one is a multiple 
of 7 and the other of 11. 

29. The sum of two numbers is 100. The first divided by 
6 gives 2 as a remainder, and if wo divide the second by 7 the 
remainder is 4. Find the numbers. 

30. Find a number less than 400, which is a multiple of 7, 
and which when divided by 2, 3, 4, 5, 6, gives as a remainder 
in each case 1. 



XXIII. THE THEORY OF INDICES. 

265. The number placed over a symbol to express the 
power of the symbol is called the Index. 

Up to this point our indices have in all cases been Positive 
Whole I^ umbers. 

We have now to treat of Fractional and Negative indices ; 
and to put this part of the subject in a clearer light, we shall 
commence from the elementary principles laid down in Arts. 
45, 46. 

266. First, we must carefully observe the following 
results : 

For a'xa*=a.a.a.a.a=a', 

and {a^/=a^,a^=a,a,a,a,a.a=a\ 

These are examples of the Two Rules which govern all 
combinations of Indices. The general proof of these Rules wo 
shall now proceed to give. 

267. Dep. When m is a positive integer, 

a*" means a.a»a with a written m times as a factor. 

268. There are two rules for the combination of indices. 
Rule I. a'"xa"=a'"+». 

Rule IL (a'")"=a"^. 

26D. To prove Rule I. 

a"* = a.a.a torn factors, 

a* = a.a.a to n factors. 
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Therefore . 

cT ^Q*= {a, a, a to m factors) x {a, a. a to n factors) 

=a.a.a to (m + n) factors, 

=0^+", by the Definition. 

To prove Rule II. 

(a")" =a'^,a*^,ar to n factors, 

= (a . a . a to m factors) (a . a . a . . . to m factors) .. 

repeated n times, 

=a.a,a to mn factors, 

=a"*", by the Definition. 

270. We have deduced immediately from the Definition 
that when m and n are positive integers a*" x «"=«"•+". When 
m and n are not positive integers, the Definition has no mean- 
ing. We therefore extend the Definition by saying that a"* and 
a", whatever m and n may be, shall be such that a"* x a" =a"*"*"", 
and we shall now proceed to show what meanings we assign to 
a"*, in consequence of this definition, in the following cases. 

p 

271. Case I. To find the meaning ofa^,p and q being 

positive integers, 

pppp 
cfixa^^a^"^ », 

a? X o^ X a«^=a« « X a*=a« « « ; 
and by continuing this process, 

a''xa''x to 3' factors =a« ^ « 

But by the nature of the symbol !J 

tfa^x ^a^ X ioq factor«=a^ ; 

P E 

.*. a'^xa'^x to^factors= Ija^x J/o^x ...tog factors; 
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272. Case II. To find the meaning of a ', s being <i posi- 
tive number, whole or fractional. 

We must first find the meaning of a\ 

We have a'"xa'*=a"'+® 

.-. a^=I. 
Now a'y.a-'—a*^' 

=1; 

a' 

273. Thus the interpretation of a"* has been deduced from 
Rule I. it remains to be proved that this interpretation 
agrees with Rule II. This we shall do by shewing that Rule 
II. follows from Rule I., whatever m and n may be. 

274^ To sTieto that (a'^y*=a'^for aU valties qfm and w. 

(i) Let n be a positive integer ; then, whatever m may be, 
(a"»/=a"*.a"*. a"* to n factors 

(ii) Let w be a positive fraction and equal to - , j^ and q 
being positive integers ; then, whatever be the value of m^ 

2. ^ „ , —+ — +••• to jterma 

(a*"}* X (a*")^ X to ^ factors = (a"*)' « 

= {pry 

=a'*^ by (i). 
Buta« xa« x lo g factors = a « « 

p mp 

that is, {a^f = a^\ 
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(iii) Let »=—#,# being a positiye number, whole or frac- 
tional : then, whatever m may be. 



= -;^ , by (i) and (ii) of this Article ; 
that is, (flr)-=-^ 



ar^ 



275. We shall now give some examples of the mode in 
which the Theorems established in the preceding articles are 
applied to particular cases. We shall commence with exam- 
ples of the combination of the -indices of two single terms. 

276. Since oT >^af'=^ar**, 

1. afxaf^'''=af^'^~'*-3f. 

2. afy.x-af'^K 

4. a""". &""' X a"-"*. &"-" . c 

= 1.1. c 

277. Since {ar)*=.ar', 

1. (a.'»)»=aj«^8=a?«. 

2. (ar*)i=a:*^i=a?«. 

3. (a«')*=a^^i=a2'. 

278. Since afi=^lj^^ 

1. «t=^ 

2. ;rt=.yj«. 



THE THEORY OF INDICES, 205 



Note. When Examples are given of actual numbers raised 
to fractional powers, they may often be put in a form more fit 
for easy solution, thus : 

1. 144*=(144*)3=(v/l44)5=123=l728. 

2. 125^=(125^)2=(4/l25)2=6'=25. 

279. Since {x'^Y=af*^, 

1. {{x'^YY = {oT'''/ = ar^'K 

3. {(^^"*)"l' = (jC'^y = ^-'" V. 
1 



280. Since «""= 



x"" 



we may replace an expression raised to a negative power by 
the reciprocal (Art 199) of the expression raised to the same 
positive power ; thus 

1. a '=-. 2. a~2=-- a. a 3=--. 

a a2 ^i 



Examples. — C. 

1. Express with fractional indices : 

1. s/x'+l/x^' + is/x/. 3. iJ^-h{i/aY-ha^. 

2. U'J^+ijx^^+iJ'j^. 4. iJx^+iJ'^Y^+^^ay^. 

2. Express with negative indices so as to remove all powers 
from the denominators : 

1 i + ^+^ + i 3 J^ + _5a^ ^ 

' X x^ a^ a^* ' 4y^z^ *Jyz^ yz' 

2.^'+-^+-. 4. -^' , ^ I ^ , 

* y^ t/^ y^' ' 3-2?* 6.r'^* ic^y*' 

3. Express with n^ative indices so as to remove all 
powers from the numerators : 
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4. Express with root- symbols and positive indices : 
1. 2x^ + 2x^y^+x-^y-\ 3. ?l- + ^ + -^. 

281 . Since a?" -r- a?" = — i = a;*" . a?~" = ic*"~", 

a'' 

IBIBSK 5 1_ 

282. Ex. Multiply c^-a^^'+ar'- 1 5^ a''+ 1. 

«♦• + 1 



Examples. — CI. 
Multiply 

1. x'''+xry^+y^'' by x^P-xPy^-i- y'p, 

2. a*" + 3a*"y" + 9a'"y^ + 27^^^" by o*" - 3y". 

3. ii?*^-2aa?*'+4^3i2bya?**'+2a^*' + 4a*.' 
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4. a'^ + t^ + Cby a"*-6** + c**. 

6. a'"+6"-2c''by 2a"»-& + c2. 

6. a;'""""" - y"* by ^" + 2^""-". 

7. ^^'' - ^2/" + 2^" by ;z;^ + ^"^•* + y^". 

8. cif^^ - &p^ + <;P by a^^"^ + V^'f^ + c^ "^ 

9. Form the square of a?'' + ii:' + 1 . 
1 0. Form the square of ii^^ - o^ + 1 . 

283. Ex. Divide x^p-I by xp-1. 






XP-XP 

XP- 1 

xf-\ 

Examples. — OIL 
Divide 

1. a^'^-^^hj x'^—y'^. 3, x^''-y^''hy xr-yr. 

2. x^^'^y^^hyaT + y^, 4. a^'P + b^'^ by app+b^^, 
6. a:"-243by^-3. 

6. a*" + 4a^ar^» + 16^?^ by a^ + 2a«j;" + 4x^\ 

7. 9a:' + 3a?^' + 14iir'' + 2 by l + 5ar'+^X 

8. 146^'^c'" - 13&*"c^ - 66"" + 4&''"r"* by ft^"* + ^'"c;''" - Sd*"*!;*^. 

9. Fiud the square root of 

a** + Qa^ + 16a^"» + 20a3'" + 16a*" + Ca*" + 1. 

It). Find the square root of 
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Fractional Indices. 
284. Ex. Multiply a^-aM+&* hy a* + 6^. 

a -aM+oM 
a +& 



Examples.— cm, 

Multiply 

1. a?^-2;cHl bya;*-!. 

2. y^ + 2/^ + y* + l byy^-l. 

3. a^ - ;i;^. by c^ + a^A^ + 3^. 

4. a^ + &5 + c^_^^5i_aM-&M by a^ t- 6-' + c^, 

5. 5a?' + 2a: V + ^^V^ + 7y' by 2^:^ - 3^^, 

4 81 99 18 4 11 

6. m^ + rn^n^ + wi^n^ + wi^ w^ + n^ by rn^ - ti\ 

7. nfi-2d^m^'\-4d^ by w'+2c?^m* + 4<;?* 

8. 8a' + 4ah^ + 6a V + 9b^ by 2a* - 3&* . 

Form the square of each of tho following expressions : 

9. a?*+a* 10. x^-aK 11. /v^+yl 

12. a + h\ 13. a;' -2a? +3. 14. 2d?^ + 3a?^+ ^. 

15. a?*-y* + A 16. x^ + 2y^-zi. 
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285. Ex. Divide a- 6 ly ^a- ijb. 

Putting a\ for i/a, and 6* for ^6, we proceed thus : 



ah^-b 

Examples. — CIV. 
Divide 

1. x-yh^ x^-y\ 7. x-%\yhj a^-Z}^. 

2. a-6bya* + 6*. 8. 81a-16& by 3a^-2Z^*. 

3. x-yhj x^-y^. 9. a-^by«*+a^. 

4. a+6byai+&i 10. m-243 by wi*-3. 

5. x+y\>j x^-^-y"^, 11. ^+17a;^ + 70 by ;p^ + 7. 

6. m-wbym^-w^. 12. x^ + x^-l^hj o^-Z. 

13. 6*-3&^ + 36-&Hy6i-l. 

14. x+y+z-Zx^y^z^ hj x^+y^+z^, 

15. fl?-6a?'-46ir*-40by^* + 4. 

16. w + mini + w by wii—mW + wi. 

17. i?-4p5 + 6pi-.4pJ + lby/?*-2^^ + l. 

18. ai?+a?V-3y-4yM-a?M-;2fby2a?*+3y^+A 

4 81 •a 1.8 — 4 

19. a? + ^ by *^ - ;i?^y^ + x^y^ — a?^y^ + y^ ' 

S.A. \V 
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Negative Indices, 
28G. Ex. Multiply x'^ + x'^y"^ + x'^ y'^ + y^ by x"^ - y'\ 
x"^ + x-^y^ + x-^ y~2 + y-3 
x^]-y-^ 

x'^+x^^y'^+x-'^^y^+x'-^y-^ 
~x~^y~^—x~^y~*—x'-^y^—y-* 

x^^—y"* 



ElCAMPLES.— C7. 

Multiply 

1. a-^ + b-^ by a-*-5-\ 2. .a?-3 + 5-2 by fl?-«-&-« 

3. x^-hx-\-'x^^-hx-^hjx-x''\ 4, a;2-l+a?-2byaj2+i + -j.'3 

6. a"2+&-2 by a-^-b-^ 6. a-^-6"* + <;-^ by a-^ + d-^ + c"'. 

7. l+oJ-^+a'd"'' by l-a6-^+a«&-«. 

8. 0^^-2 + 2 + a-262 by a2&-2-2-a-26^ 

9. 4a?-8 + 3^-3 + 2aj-* + l by x-^-x'^ + l. 

10. |a?-2 4.3a.-i_? by 2^-»-a?-^-^. 

287. Ex. i>i>i<^« ;r2 + 1+ a?-2 &y a?- 1 + ;r-\ 

;l?2 — ^+1 



;r+ic"2 
x-l+x'^ 

l-x-^+x'^ 

Note. The order of the powers of a is 

a", a', a\ a\ a-\ a~", a-'.. 

A series which may bo written thus 
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Examples. — CVI. 
Divide 
1. i»2-a?-*by^+«-\ 2. a^-}r^\s^a-h'\ 

3. tw' + n~8 by m + 71" \ 4. t^-d-^^r^ c—dT^, 

6. a?V"^ +'2 + iP~ V ^y ^"^ + ^" V» 

6. a-*+a~?6-2+&4bya-2-a-^6-^+6-'. 

7. ^y' - ;c~ V - 3^^/-^ + 3a?- V ^y ^"^ - ^~ V. 

by^-a?-^4-3. 
9. a«6-3+flj-82,3|jy^-i4.^-ij 
10. a-»+6-3+c-'-3a-^6-»c-^ by a-H&~*+c-\ 
288. To shew that (a&)" = a". 6". 
(a&)» = a& . a5 . a5. . .to n factors 

r=:(a.a.a...to7i factors)x(5.&.& ...to n factors) 

We shall now give a series of Examples to introduce the 
various forms of combination of indices explained in this 
Chapter. 

Examples.— CVII. 

1. Divide fl?*-4^+4:»'y+4y2 by ;i?'+2j?M + 22/. 

2. Simplify {(a?=«)» . (aj^*}^«. 3. Simplify ^sF^.s^^'^. 



4. Simpbfy ^^_^-^_,- -^^^ 

a 
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5. Multiply I a?-2+ 3^-1-^ by 2a;-'-. a?-* -5. 

6. Simplify ^ '1^ » 7. Dividea;*'-y«-by a.- + y-. 

_ *^ 

8. Multiply (a*+6*)3 by a* -6*. 

9. DiTide a-6 by Ha- IJh. 10. Proye that {a^r={ar')\ 

11. If a"*"= (a"*)", find m in terms of w. 

12. Simplify ^+*+*. «;»+*-*. ;c«-*+*.aj*+'—. 

13. Simplify ^^y - ( J^p/"'- 14. Divide 4a- by ^. 

15. Simplify [{(a-")-»}']H-[{(a"')»}-^]. 

16. Multiply a" +6' -2c" by 2a'" -36. 

17. Multiply tir^"lr~^ by a"-'"6''-"c. 

la Shew that ^±(^??)^=(^*=^. 

a + 6 a* + 6* 

19. Multiply «i +«^ + 1 by iu* - a;^ 4- 1 

and their product by sfi-x^ + l, 

20. Multiply a"*-6a"»-*;r+ca'"-'a?^ by a"+6a"-*;r-ca''"'';r'. 

21. Divide ^^«-i)-y««>-« by a?J''«-«+y»'i'-«. 



1 1 



22. Simplify {{ary »"}*"+^ 

23. Multiply a^'''-\-a^^'yf^ofy'^-¥y^f hj af-f/^. 

24. Write down the values of 626* and 12-2. 
26. Multiply ar(«-i)»-y("-:i>» by a^-y"", 

26. Multiply x^ + Zx^-l by a;*-2a?"** 
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289. All numbers which we cannot exactly determine 
because they are not multiples of a Primary or Subordinate 
Unit are called Subds. 

290. We shall confine our attention to those Surds which 
originate in the Extraction of roots where the results cannot 
be exhibited as whole or fractional numbers. 

For example, if we perform the operation of extracting the 
square root of 2, we obtain 1*4142..., and though we may 
carry on the process to any required extent, we shall never bo 
able to stop at any particular point and to say that we have 
found the exact number which is equivalent to the Square 
Boot of 2. 

291. We can approximate to the real value of a surd by 
finding two numbers between which it lies, differing from each 
other by a fraction as small as we x)lcaso. 



Thus, since ^/2= 1-4142. 



14 15 1 

^2 lies between — and — , which differ by — ; 

also between — and — , which differ by — ; 

also between J^ and JJi| , which differ by j^ . 

And, generally, if we find the square root of 2 to n places 
of decimals, we shall find two numbers between which ^2 lies, 

differing from each other by the fraction — . 
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292. Next, we can always find a fraction difFering from the 
real yalue of a surd by less than any assigned quantity. 

For example, suppose it required to find a fraction differ- 
ing from ,^2 by less than — • 

Now 2(12)«, that is 288, lies between (16)" and (17)", 
.•. 2 lies between ( — j and T— j ; 

.'. ^2 lies between — and — ; 

If? 1 

.'. ,y2 differs from — by less than — • 

293. Surds, though they cannot be expressed by whole or 
fractional numbers, are nevertheless numbers of which we may 
form an approximate idea, and we may make three assertions 
respecting them. 

(1) Surds may be compared so far as asserting that one is 
greater or less than another. Thus JZ is clearly greater than 
ij% and {/9 is greater than i^S. 

(2) Surds may be multiples of other surds: thus 2i^2 is 
the double of ^J^, 

(3) Surds, when multiplied together, may produce as a re- 
sult a whole or fractional number: thus 

^2x^2 = 2, 

, V3 V3 73 3 

^^d ViW4W4^4- 

294. The symbols V^, ija, ija, IJa, in cases where the 
second, third, fourth and n^ roots respectively of a cannot be 
exhibited as whole or fractional numbers, will represent surds 
of the second, third, fourth and n* order. 

These symbols we may, in accordance with the principles 

laid down in Chapter xxin., replace by a*, a*, a*, a". 
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295. Sards of the same order are thoso for which the 
root-symbol or surd-index is the same. 

Thus ^a^ 3iy(3&), ^sl{mn\ r' are surds of the same order. 

Lilce surds are those in which the same root-symbol or 
surd-index appears over the same quantity. 

Thus 2^ a, 3ja, 4a » are like surds. 

296. A whole or fractional number may be expressed in 
the form of a surd, by raising the number to the power denoted 
by the order of the surd, and placing the result under the 
symbol of evolution that corresponds to the surd-index. 

Thus a=»Ja\ 






297. Surds of different orders may be transformed into 
surds of the same order by reducing the surd-indices to frac- 
tions with the same denominator. 

Thus we may transform ^x and ^y into surds of the same 
order, for 

and ,ily=y^=y^^^'ijy^, 

and thus both surds are transformed into surds of the twelfth 
order. 

Examples. — CTIII. 
Transform into surds of the same order: 
1. Jx and ijy, 2. i/4 and 4^2. 3. ^(18) and ^(50). 
4. V2and/C/2. 6. ^aand^^. 6. 4/(a + &) and^(a-5). 

298. If a whole or fractional number be multiplied into a 
surd, the product will be represented by placing the multiplier 
and the multiplicand side by side with no sign, or with a dot 
(.) between them. 

Thus the product of 3 and tj2 is represented by 3 /y2, 

of 4 and 5^2 by 20^2, 

of a and i^c hyajc. 
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299. Like surds may be combined by the ordinary pro- 
cesses of addition and subtraction, that is, by adding the 
coefficients of the surd and placing the result as a coefficient 
of the surd. 

Thus ,Ja-\- ,Ja-2^a, 

300. "We now proceed to prove a Theorem of great im- 
portance, which may be thus stated. 

I7i>e root of any expression is the same as the product qf 
the roots of t lie separate factors of the expression, that is 

. ^/(a&)=^/«. a/J, 

V(j>qr)=^^p,l^q.::jr. 

We have in fact to shew from the Theory of Indices that 

i 1 * 
(«&)»= a". &». 

Now {{abfY={dbY =ab, 

11 1 1 n n 

and {a* . I?" }"= (a- )" . (?*" )"= a» . 6" = a . & ; 

1 11 

.-. {(aJb/Y={a*,l^Yi 

.'. (aby=a''.h'', 

301. We can sometimes reduce an expression in the form 
of a surd to an equivalent expression with a whole or frac- 
tional number as one factor. 

Thus ^/(72) = ^/(36 x 2) = ^(36) . ^/2 = 6 ^/2, 
4/(128) = V(64 X 2) = y(64) . ^2 = 4 ^2, 
:^{a*x) = V«" '^/a!=a, tjx. 
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Examples.— CIX. 

Beduce to cquiyalent expressions with a whole or fractional 
number as one factor : 

1. V(24). 2. ^/(50). 3. ^/(4a»). 

4. V(125a*^»). 6. s/{S2y^. 6. V(lOOOa). 

7. V(720c»). 8. 7.V(396a?). 9. 18. ^(~aj»V 

10. a.^j. 11. V(a3 + 2a2a;4-tfaj2). 

12. V(a;»-2a;V+^y^). 13. is/(60a2-l00a&+6055). 

14. s/(e3dh/-'42c^y^ + 1f), 16. V(54a«2>2). 

16. y(160a?*2/'). 17. V(108m»n^o), 

18. y(1372a"&^0. 19. i?/(a:* + 3i»3y + 34;V + a^). 

20. i/ia^-Sa^b + Sa^-al^), 

302. An expression containing two factors, one a surd, the 
other a whole or fractional number, as 2fJ2, aijx^ may be 
transformed into a complete surd. 

Thus 3V2 = (3'')*.V2=V9.V2=V(18), 

a Va;=(a3)4 . «/a?= Xla\ l]x^ ^(aV). 

Examples. — CX, 
Reduce to complete surds : 
1. 4V3. 2. 3V7. 3. 5^9. 

8 /3 

4. 24/6. ^' ^\/7* ^- ^*J^' 

7. 4av(3^). 8. 2ew?^g). 
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303. Surds may be compared by transformiug them into 
surds of tbe same order. Thus if it be required to determine 
whether ^2 be greater or less than Ijz, we proceed thus: 

»/3 = 3*=3*=/5/32=V9. 
And since ;^9 is greater than ^8, 
^3 is greater than ^2. 

EXAMPLE8.--CXI. 

Arrange in order of magnitude the following surds : 

1. V3 and ^4. 6. 2V87 and 3V33. 

2. VIO and i/15. 7. 2^22, 3^7 and 4V2. 

3. 2^3 and 3v2. 8. 3^/19, 6^18 and 3V«2. 

4. ^1 and ^^(j-g). 9. 2^14, &ij2 and 3</3. 

6. 3V7 and 4V3. 10. ^V2, ^V3 and W4. 

16 4 

304. The following are examples in the application of the 
rules of Addition, Subtraction, Multiplication and Division to 
Surds of the same order. 

1. Fmd the sum of V18, V128 and V32. 

V(18)+ V(128) + V(32)=V(9 X 2)+V(64 X 2)4- V(16 X 2) 

= 3V2 + 8V2 + 4V2 
= 16 V2. 

2. From 3V(75) take 4v(12). 

3 V(76) - 4 V(12) = 3 V(25 x 3) - 4 v(4 x 3) 

= 3.6.^3-4. 2. y'3 
= 15V3-8V3 
= 7 V3. 
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3. Multiply V8 by V(12). 

V8xV(12)=V(8xl2) 

V -v =V(16x6) 

4. Divide V32 by V18. 

V(32) ^ V(16x 2)^4v2 4 
V(18) V(9x2) 3n/2"'3' 

Examples.— CXII. 
Simplify 

1. V(27) + 2^(48) + 3^/(108). 11. a/G x ^8. 

2. 3V(1000) + 4^(60)+12V(28S). 12. V(14)x ^/(20). 

3. a ^{a^x) + h Ji¥x) + c ^/(c^rf?). 13. V(50) x ^(200). 

r . 

4. 4^(128) + 4^(686) 4-^(1 6). 14. i/iZo'b) x ff{9ab^. 
6. 7 iy(54) + 34^(16) + 4/(432). 15. 4^(12a5) X ^/(Sa'^^^ 

6. Ay(96)- ^/(54). 16. V(12)-rV3. 

7. V(243)- >/(48). 17. n/(18)+s/(50). 

8. 12^/(72)- 3 ^/(128). 18. i/{a^b)-i-S/{ab^). 

9. 64/(16) -24^(64). 19. il{a^h)^il{ab^). 

10. 7 4^(81) -3 4/(1029). 20. V(^+a?'y) + N/(«+2a;V+4?^y^). 

305. We now proceed to treat of the Multiplication of 
Compound Surds, an operation which will be frequently re- 
quired in a later part of the sulyect. 

The Student must bear in mind the two following Rules : 

Rule I. y/axy/b- y/iflb\ 
Rvlell, 's/axy/a=sa, 

-which will be true for all values of a and b 
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Examples.— OXIII. 

Multiply 

1. yjx by sjy, 9. \jx by - \Jx, 

2. v/(a?-y)by\/y. 10. \/(a;-l)by -V(x-1)./ 

3. V(^+y)by V(a?+y). 11. 3v^by -4V*. 

4. v(^-y) by V(d?+y). 12. -2V«by-3V«. 
6. 6V^by 3V^. 13. V(a?-7) by -V^. 

6. 7V(a?+l)by8N/(^+l). 14. -2 V(^+7) by -3V;i?. 

7. 10N/a?by9V(a?-l). 16. -4V(a"-l) by -2V(a«-l). 

8. V(3a?) by V(4;p). 16. 2N/(a'-2«+3) by^-3V(«^-2a+3). 

306. The following Examples will illostrate the way of 
proceeding in foiming the products of Compound Surds. 

Ex. (1) Tomultiply V^+3by\/a?+2. 

V^ + 3 
Va? + 2 

x-\-^\Jx 
+2V^+6 



a?+5Va?+6 



Ex. (2) To multiply 4 Va?+3\/y by 4N/a?-3 Vy. 

4V^+3Vy 
4V^-3Vy 

*■ ■■—-Ml ■ 1^—^ 

X6a; + 12V(^) 
-12v(^)-9y 



16a?- 9y 



Ex. (3) To form the square of V(a? - 7) - \lx, 

s/ix-D-s/x 
V(^-7)-V^ 

a?- 7 —y/{x^-^*Ix) 
^\/{a^—*Ix)-hx 



2a?-7-2V(a?2-7a?) 
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Examples.— CXIV. 

Multiply 
1. \/iP + 7by V^+2, 2. V^c-Sby Va?+3. 

3. V(«+9) + 3by V(« + 9)-3. 

4. V(a-4)-7byV(a-4) + 7. 

5. 3V^-7by V;i?+4. » 

6. 2V(a?-6) + 4by3V(a?-6)-6. 

7. V(6+^)+Va?by V(6+a?)-V^, 

8. V(3ii; + 1)+V(2;i?-1) by V3;c- \/(ar-l). 

10. V(3+a?) + Va?by-v/(3+a7). 

11. V^+Vy+V^by Va:-Vy+V;2^. 

12. Va + y/(a—x) + six by Va - V(a — ^) + V«. 

Form the squares af the following expressions : 

13. 21+V(a?2-9). 17. ^2V^-3. 

14. V(^ + 3) + V(^ + 8). 18. V(a?+y)-V(^-y). 

15. ViP + V(^-4). 19. V^.V(^+l)-V(a?-l). ■; 

16. V(a? - 6) + ViP. 20. slipc + 1) +V^ . V(a? - 1). 

307. We may now extend the Theorem explained in 
Art. 101. "We there shewed how to resolve expressions of 
the form 

into factors, restricting our obserrations to the case kA perfect 
squares. 

The Theorem extends to the difference between any; two 
quantities. 

Thus 

a-b^is/a+s/h) (>/a-y/b). 

. .l-a?=(l-+V^)(l-Va?). .. ...!. 
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308. Hence we can always find a multiplier which will 
free from surds an expression of any of the /oz«r forms 

1. a+V& or 2. \/a + \/b, 
3. a-s/h or 4. Va-V&. 

For since the firH and third of these expressions giye 
as a product a^-h^ wliich is free from surds, and since the 
second and fourth give as a product a-h, which is free from 
surds, it follows that tlie required multiplier may be in all 
cases found. 

Ex. 1. To find the multiplier which will free from surds 
each of the following expressions : 

1. 5 + V3. 2. \/Q + \/6. 3. 2-V6. 4. V7-V2. 

The multipliers will be 
1. 5-\/3. 2. V6-V5. 3. 2+V6. 4. V7 + V2. 

The products will be 
1. 25-3. 2. 6-6. 3. 4-5. 4. 7-2. 

That is, 22, 1, -l,and6. 

Ex. 2. To reduce the fraction r—j- to an equivalent 

frtiction with a denominator free from surds. 

Multiply both terms of the frtustion by &+Vc, and it be- 
comes 

dbA-gy/c 
which is in the required form. 

Examples. — ^CXV. 

Express in factors : 

I, c-d, 2. c'-dL 3. e—cP. 

4. 1-y. 5. 1-3.^*. 6. 5w'-l. 

7. 4a»-3iP. 8. 9-8n. 9. lln"-16. 

10. p»-4r. 11. p-3(?l 12. 0^-5". 
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Redace the following fractions to equivalent fractions with 
denominators free from sards. 

13 ^- 14. ^/^ 15 ^ + ^^ 

If? —2 17 -^- 18 2"^^ 

^^- 2-72' ^' 2-v'3- ^^' 2TV2' 

,Q y/a + y/o! „.^ V(m2+l)-V(wiVl) 

20 ^^^^/^ 9q a + V(g'-l) 

''"• 1-y/x' ^^' a-V(a2-i)- 

2j^ V(<g + a?)+V(g-^) 2^ a+v(a'-a^) 
.* V(a+a?)-V(a— ^) ' a-y/ia^—x^y 

309. The squares of all numbers, negatiye as well as posi- 
tive, are positive. 

Since there is no assignable number the square of which 
would be a negative quantity, we conclude that an expression 
which appears under the form V(— a^ represents an impossible 
quantity. 

310. All impossible square roots may be reduced to one 
common form, thus 

V(-a«)=V{««x(-l)}=Va^v(-l)=«.V(-l) 

Where, since- a and y/x are possible numbers, the whole 
impossibility of the expressions is reduced to the appearance of 
>/(— 1) as a factor. 

311. Dep. By V( - 1) we understand an expression which 
when multiplied by itself produces —1. 

Therefore 

M-i)P=-i, 

M-i)}'={v(-i)}'.V(-i)=(-i).v(-i)=-v(-i), 
M-W={V(-i)}'.M-i)}*'(-i).(-i)=i, 

and M uD. 
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EZAHFLSS.— GXVL 

Multiply 

1. 4+V(-3)by4-V(-3). 

2. V3-2V(--2)by V3 + 2v(-2). 

3. 4V(-2)-2V2by|v(-2)-3V2. 

4. V(-2)+V(-3) + V(-4) by V(-2)-V(-3)-V(-4). 

6. 3v(-«)+V(-&)by4V(-a)-2V(-'&). 

6. a+V(-a)bya-V(-a). 

7. aV(-a)+&V(-&)byav(-«)-^V(-2>). 
a a+^V(-l)bya-^V(-l)- 

9. l-v(l-^)byl+V(l-e^). 
10. e'vc-y+g-pvi-i) by e'Vri)-a"''V(-i). 

312. We shall now give a few Miscellaneous Examples to 
illustrate the principles explained in this Chapter. 

Ej:amples.— CXVII. 

a. Simplify V|^-v|zv,. 

2. Prove that {1+V(-1)}"+{1-V(-1)P=0. 

4. Prove that {l+V(-l)}*-{l-\/(-l)}'=V(-16). 

5. Divide a;*+a*bya;*+V2«i»+a2. 

6. Divide m* + n* bj m* - V2mn + n*. 

7. Simplify \/(«'+2;uV+^^+V(a;'-2^+a^«). 

8- Simplify -|^--^±-^, and verify by putting 
a—9 and &k4. 
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9. Find the square of 0'^\-'^\cd). 

10. Find the square of aV* — -- . 

11. Simplify 



12. SunpUfy l^i+fl^ 

13. Simplify ^|-^^+J:if ) 

*^ "^ ;i?4-l ( ^x-\ x^sjxy 

14. Form the square of a/ ( j + 3 j - a/( ? - 3 ) . 

1 5. Foim the square of \l{x + a) — \/[x — a). 

16. Multiply -;y(a2«-"&'*"+^c-''')by :^'(«"<^'"~'c"-'^\ 

17. Raise to the 5*^ power — 1 - a V( - 1)« 

18. Simplify ^/(81)-4/(-612) + V(192). 

19. Smiphfy — ^ ^ ( ^ ) . 

20. Simplify j^{^(3^V-63iE>V + 441j92;c-1029/?2);'. ^ 

21. Smiplify 2(n-l)^(-2w*-6w3 + 6n-'-2w)' 

22. Simplify' 2 (n-l)V(63) + 1 V(112)-^^^^^ 

W{m(«-l)'c'}x3l-2y(g). 

23. What is the difiprence between 

V{17- V(33)} X V{17+ V(33)} 

and y{65+ V(129)} x y{65-V(129)} f 

8. A. \!> 
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313. We have now to treat of tlie method of finding Uie 
Square Root of a Binomial Surd, that is, of an expression of 
one of the following forms : 

where m stands for a whole or fractional number, and y/n for 
a surd of the second order. 

314. We have first to prove two Theorems. 

Theorem I. If \/a—m + \fn, m miist be zero. 
Squaring both sides, 

:. ^my/n^a-m^—n', 



.-. Vw= 



2m 



that is, Vw, a surd, is equal to a whole or fractional number^ 
which is impossible. 

Hence the assumed equality can never hold imless m=0, 
in which case yja=\/n, 

TflEOEBM II. If h+\/a=m-¥\/n, tJien must b=m, and 

Por, if not, let b=m+a!. 

Then ni + a!+y/a=m+\/n, 

or x-\-\Ja-\/n\ 

which, by Theorem I., is impossible unless a?=0, in which case 
b=m and y/a=y/n, 

316. To find the Square Root of a+^/b, 

! Assume V(^+V&)=V^+Vy. 

Then a+\/b=x+2\/{xy) + y; 

,\ x+y=a (1), 

2V(^)=V& (2), 

from which we have to find x and y. 
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Now from (1) ;r^ + ^xy + y^ = a^, 
and from (2) Aocy^'b\ 

Also, x+y=a. 

From these equatious we find 

^=£±V^) and y, «-Vf-^) . 

Similarly we may shew that 

316. The practical use of this method will be more clearly 
seen from the following example. 

Find the square root of 18 + 2v'(77). 

Assume \/{18 + 2 V(77)} = V^ + Vy. 

Then 18 + 2 V(77) =a? + 2 V(^y) + y ; 





/. x+y = lS 

2V(i»y)=2V(77)3 


Hence 


4;cy=308 J ' 




/. «'-2^ + y2=16; 




.'. i»-y=±4; 


also, 


X'\-y=\S* 


Hence 


x=\\ or 7, and ^=7 or 11. 



That is, the square root required is V(ll) ■l-\/7. 

15— a 
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Examples.— CXVIII. 
Find the square roots of the following Binomial Surds : 
1. 10 + 2V(21). 2. 16 + 2V(55). 3. 9-2V(14). 

4. 94-42V6. 6. 13-2V(30). 6. 38-12V(10). 

7. 14-4V6. 8. 103-12\/(11). 9. 75-12V(21). 

10. 87-12V(42). 11. 3|-V(10). 12. 67-12V(16). 

317. It is often easy to determine the square roots of 
expressions such as those given in the preceding set of 
Examples hy inspection. 

Take for instance the expression 18 + 2v'(77). 

What we want is to find two numbers whose sum is 18 
and whose product is 77: these are evidently 11 and 7. 

Then 18 + 2V(77)= 11 + 7 + 2 V(ll x 7) 

= {V(11)+V7}«. 

That is V(ll)+V7 is the square root of 18+2V(77). 

To effect this resolution by inspection it is necessary thai 
the coefficient c^f tJie surd should be 2, and this we can always 
ensure. 

For example, if the proposed expression be 4 + ^(16), we 
proceed thus: 

^,^/(15)^ 8 + 2V(15) ^ g + 3 + 2N/(5x3) 



( 



V2 / ' 



/. ^ /Q — is the square root of 4 + V(15). 

Again, to find the square root of 28— 10V3. 
28-10V3=28-2V(76) 

=:25 + 3-2V(26x3) 
= (6-V3)«; 
.*. 6-V3 is the square root required. 
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318. Amr equation may be cleared of a single surd, by 
transposing all the other terms to the contrary side of the 
equation, and then raising each side to the power correspond- 
ing to the order of the surd. 

The process will be explained by the following Examples. 

Ex. (1) ^/a?=4. 

Raising both sides to the second power, 

x=ie. 
Ex. (2) fjaf=3. 

Raising both sides to the third power, 

a? =27. 
Ex. (3) s/(a?2+7)-a?=l. 
Transposing the second term, 

^(a?2+7)=l + ^. 
Raising both sides to the second power, 

a?2+7 = l + 2a?+^, 

. . •€» ^ O. 

Examples.— CXIX. 

1. V^=7. 2. Va:=9. 3. a?i = 5. 

4. ya:=2. 5. a?*=3. 6. i/x=4. 

7. V(^+9) = 6. 8. V(^-7)=7. 9. v'(«-16)=8. 

10. (a?-9)4 = 12. 11. ^(4ii?-16) = 2. 12. 20-3^^ = 2. 
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13. y(2;c + 3) + 4 = 7. 17. v(4^ + 6J?-2) = 2a:+l. 

14. h-¥csjx=a. 18. V(9;c»-12d?-51) + 3 = 3^. 

15. V(j?''-9) + ^=9. 19. yJ{a?-ax+h)-a=x, 

16. V(^-ll)=^~l- 20. V(25ii?^-3wM: + n)-5a?=»». 

319. When ^too surds are inyolved in an equation, one 
at least may be made to disappear by disposing the terms in 
such a way that one of the surds stands by itself ou one side of 
the equation, and then raising each side to the power cor- 
responding to the order of the surd. If a surd be still left^ 
it can be made to stand by. itself, and removed by raising 
each side to a certain power. 

Ex. (1) V(^-16) + V^=8. 

Transposing the second term, we get 

V(^-16)=8-V^. 

Then, squaring both sides (Art 306), 

ic-16 = 64-16V^+^; 
therefore 16 V^ = 64 + 16, 

or 16V^=80, 
or y/x=5; 
.-. d7=25. 

Ex. (2) V(«-5) + V(«+7) = 6. 

Transposing the second term, 

V(«-6)=6-\/(j?+7). 

Squaring both sides, a?-6=36-12V(^+7)+^+7; 
therefore 12 V(«+7)=36+a?+ 7-^+6, 

or 12V(^+7)=48, 

or V(^+7)=4. 

Squaring both sides, ic+7=16; 
therefore a? =9. 
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Examples.— CXX. 

1. V(16 + ^)+V^=8. 6. l+V(3a? + l)=V(4a: + 4). 

2. V(^-16) = 8-V^. 7. l-V(l-3a?)=2V(l-«). 

3. V(^+15) + \/^ = 16. 8. a-yj{x-d)^\jx, 

4. V(jP-21)=Va7-l. 9. \Jx+sJ{x-m)^—\ 

6. Vi;«-l)=V(« + 4)-3. 10. V(^-l) + V(^-4)-3=0. 

320. When surds appear in the denominators of fractions 
in equations, the equations may be cleared of fractional 
terms by the process described in Art. 186, care being taken 
to follow the Laws of Combination of Surd Factors given in 
Art 305. 

Examples. — CXXI. 

1. Vx+V(*-9)=^^(|^). 3. V(^+7) + V*=;7(||7J. 

2. Va:+V(*-21)=?|. 4.V(^-15)+V*=^j?^. 

5. Va:+V(^-4) = ^^^. 

6. ^x+\/{Za-\-x)--yr-^—-.=0. 

^ \/{Za + x) 

y/{ax) + h _ h-a \/x-^l6 y/x-\-32 

x + b "h-^isixy ' Va? + 4 "v^ + 12* 

o /I . / \fn /^\ 4 + Vj? _. V^-8 V'd?-4 

321. The following are examples of Surd Equations re- 
sulting in quadratics. 

Ex. (1) 2^a?+-^=6. 

Clearing tlie equation of fractions, 20? + 2 = 5 yjx. 
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Squaring both sides, wo get 407^ + &r + 4 = 25j? ; 

whence wo find ir-4 or -. • 

4 

Ex. (2) V(^ + 9) = 2V^-3. 

Squaring both sides, a? + 9 = 4a? - 1 2 Vj? + 9 ; 
therefore 1 2 ^a? = 3;p, 

or ^yjx—x. 

Squaring both sides, 16^=0;^ 

Divide by a?, and we get \^^x. 

Hence the values of x which satisfy the equation are 16 
and (Art 248). 

Ex. (3) V(2a? + 1) + 2V^=- ^^ 



V(2;ir+1)' 
Clearing the equation of fractions, 

2a? + l + 2V(2.r* + ar) = 21; 
therefore 2v(2a:2+^)=20-2;i?, 

or \/i^x^-\'X)-\^-x, 

Squaring both sides, 2^ + a? = 1 00 - 20a? + x\ 
whence a? =4 or— 25. 

322. We shall now give a set of examples of Surd Equa- 
tions some of which are reducible to Simple and others to 
Quadratic Equations. 

Examples.— CXXII. 

1. 4a?-12V^ = 16. 4. V(6a?-ll) = V(249-2a;2). 

2. 43-14 V^=-.i?. 6. V(6-a?) = 2- V(2d7-1). 
3- 3v(7 + 2a?2) = 5v/(4^-3). 6. a?-2 V(4-3a?) + 12 = 0. 

7. V(2a?+7) + \/(3a?-18)=V(7a?+l). 

8. 2V(204-6a?)=20-V(3^-68). 
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33 

9. Va:-4=---— .. 14. ^/(:P + 4) + ^/(2a?-l) = 6. 

10. yJ^-^^^^ Jflii * 15- V(13ii?-1)-V(2ii?-1) = 5. 

11. v(^+6).V(^+12) = 12. 16. V(7:c+1)-V'(3^+1)=2. 

12. V(^ + 3) + V(^+8) = 6^/;r. 17. V(4+a?)+V^=3. 

13. V(25+a?)+V(25-a7)=8. 18. V^+ V(^+9976) = yl. 

. - v'(f-) Ve-')-v'(¥)- 

20. V(^-l) + 6=-77^^ 



21. V{(^-«)*+2a& + 6*}=a?-a+6. 

22. V{(^ + «)'+2a& + &«}=&-rt-a?. 

23. V(^ + 4)->/^=^(^ + 2)« 

.24. :;^Z^=^+J- 26. V(^ + 4) + V(-«? + 6) = 9. 

25. v'(4+a?)-v3 = V^. 27. Vj?+ V(^-4) = -7r tt 

28. a:'=21 + V(^-9). 

29. V(50 + a?)-V(50-ar)=2. 

30. V(2a? + 4)-^^| + 6) = l. 

6 



31. V(3 + a?) + N/;» = 



n/(3 + :i?)* 



32. -,^1-,.+ 1 ^ 



V(a7 + l) V(^-l) V(aj»-l)' 



XXVI. ON THE ROOTS OF EQUATIONS. 

323. We have already proved that a Simple Equation can 
have only one root (Art. 193) : we have now to prove that a 
Quadratic Equation can have only two roots. 

324. We must first call attention to the following fact : 
If mn=^Of either m=Q, or « = 0. 

Thus there is an ambiguity : but if we know that m cannot 
be equal to 0, then we know for certain tliat n^Of and if wo 
know that n cannot be equal to 0, then we know for certain 
that 971=0. 

Further, if Imn = 0, then eith^ l=0,orm=0,orn= 0, and 
so on for any number of factors. 

Ex. (1) Solve the equation (ii?-3)(ii?+4)=.0. 

Here we must have 

iC-3=0, or a: + 4=0, 
that is, a=Z, or a?= - 4. 

Ex. (2) (a? - 3a) (6a? - 2b) = 0. 
Here we must have 

d?-3a=0, or 5:»-2&=0, 

that is, 07= 3a, or a?=--- . 
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Examples.— CXXIII. 

1. (a?-2)(:»-5) = 0. 2. (a?-3)(.t: + 7) = 0. 3. (ii?+9)(j7 + 2) = 0. 
4. (ii?-6a)(ii?-6&) = 0. 6. (19a?- 227) (14a? + 83) = 0. 
6. (2a? +7) (3a?- 5) = 0. 7. (5a?-4m)(ea?-llw) = 0. 

8. (a?^+ 5aa? + Ga^) (a:*- 7aa? + 12a«) = 0. 

9. (a^-4)(a^-2aa?+a«) = 0. 

10. a?(a?'-5a?) = 0. 

11. (aca?-2a+&)(&ca?+3a-&) = 0. 

12. (ca? - ^ ((^ — e) = 0. 

325. The general form of a quadratic equation is 

aa?2+&a?+c=0L 

Hence a(a;'+-a?+- )=0. 

\ a a) 

Now a cannot =0, 

.'. a?2+-a? + -=0. 
a a 

h c 

Writing p for - and g for —, we may take the following 

as the type of a quadratic equation of which the coefficient of 
the first term is unity, 

aj'+/?a;+g=0. 

- 326. To shew that a quadratic equation has only ttoo roots. 
Let a^+px+q—O be the equation. 
Suppose it to have three different roots, a, b, c. 

Then a*-\-ap+q=0 (1), 

b^+bp+q=0 ..(2), 

c^ + cp + q=0 ..(3). 

Subtracting (2) from (1), 

a^-b^ + {a-b)p=Oy 
or, {a—b){a+b+p)=0. 
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Now a— 5 does not equal 0, sinco a and 5 are not alike, 

/. a+&+/? = (4). 

Again, subtracting (3) from (1), 

a"-c*+(a-c)/?=0, 

or, (a-c)(a + c+/?)=0. 

Now a— c does not equal 0, since a and c are not alike, 

/. a + c+i?=0 (6). 

Then subtracting (5) from (4), we get 

5— c=0, and therefore 5=c. 

Hence there are not more than two distinct roots. 

327. We now proceed to show the relations existing be- 
tween the Boots of a quadratic equation and the Coefficients 
of the terms of the equation. 

328. a^-k-px-^q-^ 

is the general form of a quadratic equation, in which the co- 
efficient of the first term is unity. 

Hence a?-¥px——q 

a^'\-px'\-^ =^—q, 

Now if a and /3 be the roots of the equation, 

^=-lV(?-0 ••••(^>- 

Adding (1) and (2), we get 

a+P=-p (3). 
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Multiplying (1) and (2), we get 

«'-?-M?-)*V(f-)-(?-«). 

or a^=^-^*+g, 

or afi-q, (4). 

From (3) we learn that the sum of the roots is equal to the 
coefficient qfthe second term with its sign changed. 

From (4) we learn that the product cf the roots is equal to 
the last term. 

329. The equation ai^+pdrr\-q=0 has its roots real and 
different, real and equal, or impossible according as p^ is 
>= or <4g. 

For the roots are 

-p + s/(p^-4q) 



-iVd-'). 



0' 2 



First, let jp' be greater than 4q, then V(p^- 4^) is a possible 
quantity, and the roots are different in value and both real. 

Next, let/?'=4g, then each of the roots is equal to the real 
quantity -^ . 

Lastly, let p^ be less than Aq^ then V(p'— 4g) is an impos- 
sible quantity and the roots are different and both impossible. 



EXAlklPLBS.— CXXIV. 

1. If the equations 

oaj"+5d?+c=0, and c^aP+b'x+€^=0, 

have respectively two roots, one of which is the reciprocal of 
the other, prove that 

{aa'-ccrf^((a/-'b<r){afb'-Vc). 
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2. If a, /3 be the roots of the equation a«*+&a?-i-c=0, 
prove that 



o- 



3. If a, /3 be the roots of the equation aa^-^-hx-^-c^^ 
prove that 

4. Prove that if the roots of the equation aa^-k-hx^c-^ 
be equal (u? + to? + c is a perfect square. 

5. If a, iS represent the two roots of the equation 

«'-(l + a)a?+-(l + a + a»)=0, 
shew that a«+^'=a. 



330. If a and /3 be the roots of the equation 3^ •\-px + g = 0, 
then s^ +px + g= (a?- a) (a?- /3). 

For since /?= -(a+/3) and q=aP, 

x'^+px+q=a^-'{a+p)x+ tip 
= {x-a){x-P). 

Hence we may form a quadratic equation of which the 
roots are given. 

Ex. (1) Form the equation whose roots are 4 and 5. 
Here x—a^x—4 and a?— /3=a?— 6; 

/. the equation is (a?— 4)(ii:— 6)=0; 
or, «3-9iC+20 = 0. 

Ex. (2) Form the equation whose roots are - and - 3. 
Here «-«=«-i and a>-p=x+3; 

/. the equation is (^-g)(^+3) = 0; 

or, (2ir-l)(a?+3) = 0; 

or, 2;c*+5a?-3 = 0. 
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Examples.— CXXV. 

Form the equations whose roots are 

1. 6 and (5. 2. 4 and - 5. 3.-2 and - 7. 

12 5 

4. 5 and -. 6. 7 and --. 6. ^3 and -V3. 

7. w + n and m—n. 8. -and^. 9. —-and-. 

a p pa 



331. Any expression containing a is said to be A Function 
of X. An expression containing any symbol ^ is said to be a 
positive inteffral /unction of oj when all the powers of a: con- 
tained in it have positive integral indices. 

3 1 
For example, 6a?^ + 2a?' + -^ + — ip2+3 is a positive inte- 
gral function of a?, but 6a?' + 3:B* + l and Saj^-ar-^+s^-J+l 

are not, because the first contains w^ of which the index is not 
integral, and the second contains^"' of which the index is not 
I>ositive. 

332. The Qxpression 5a^ + 4x^ + 2 is said to be the expres- 
sion corresponding to the equation 5a^-^ 4x^+2=^0, and the 
latter is the equation corresponding to the former. 

333. If a be a root of an equation, then ;&— a is a factor 
of the corresponding expression, provided the equation syid 
expression contain only positive integral jyowers of a. This 
principle is useful in resolving such an expression into factors. 
We have already proved it to be true in the case of a quadratic 
equation. The general proof of it is not suitable for the stage 
at which the learner is now supposed to be arrived, but we 
will illustrate it by some Examples. 
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Ex. (1) Resolve 20?^ - 6a? + 3 into factors. 

If we solve the equation ^x^—^x-^-^^^ we shall find that 

3 
its roots are 1 and ^ . 

Now divide l3^-^x-\-Z\ys x—X^y the quotient is 2jr-3. 
that is 2(^— r j; 

.*. the given expression = 2(;i?-l)ra:— • j. 

Ex. (2) Resolve 2aj' + a?2-llaj-10 into factors. 

By trial we find that this expression vanishes if we pu 
a?= — 1 ; that is, — 1 is a root of tlie equation 

2ic8 + ii:^-lla:-10 = 0. 
Divide the expression by a? + 1 : the quotient is ^Lx?—x— 10 ; 
.•. the expression = (2a;2 — a? - 1 0) (a? 4- 1 ) 

^^{x^-\-^{x^\\ 

X 

We must now resolve a?"- --6 into factors by solving Jhe 

X 

corresponding equation a;*— - — 6 = 0. 

6 
The roots of this equation are —2 and - ; 

.-. 2a:S + ;i?2-lla?-10 = 2(^+2)ra?-|j(iP+l) 

= (a? + 2)(2a?-5)(ii:+l). 

Examples.— CXXVI. 

Resolve into simple factors the following expressions: 
1. aj»-llaj*+36a:-36. 2. a^-ns^-^t-Ux-^. 

3. a;"- So;* -46a: -40. 4. ^a^-Y^OD^-^-x-X, 

5. 6;»8+ll:iJ*-9a?-14. 6. si?^-'if-\-i^-Zxyz. 

7. cf-V-i^-Zabc 8. So:" -a?"- 23a? +21. 

9. 2«»-64;*-l7a:+20. 10. 16a;»+41«* + 6a?-21. 
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334. If we can find one root of such an equation as 

2a;»4-a;«-Ilj7-10 = 0, 
we can find all the roots. 

One root of the equation is - 1 ; 

/. a?+l = 0, or 2;i;2_^_iQ=o. 
/. x= —1, or —2, or -. 

Similarly, if we can find one root of an equation inyolvingf 
the 4*'' power of x we can derive from it an equation involving 
the 3** and lower powers of a?, from which we may find the 
other roots. And if again we can find one root of this, the 
other two roots can be found from a quadratic equation. 

335. Any equation into which an unknown symbol or ex* 
pression enters in two terms only, having its index in one of 
the terms double of its index in the other, may be solved as a 
quadratic equation. 

Ex. Solve the equation ;»*— 6^ = 7. 

Regarding ai^ as the quantity to be obtained by the solution 
of the equation we get 

0^-6x^ + 9 = 16; 

therefore ;??' - 3 = =t 4 ; 

therefore x^=7, or x^=^—l. 

Hence x= ^7 or x=^ n/-!, 

and one value of ^'^ — 1 is — 1. 

336. In some cases by adding a certain quantity to both 
sides of an equation we can bring it into a form capable of 
solution, thus, to solve the equation 

x^'\-5x + 4 = 5>/{x^ + 5x+2S\ 
add 24 to each side. 

Then d^+5a? + 28 = 6V(^+6a?+28)+24; 
or, «2 + 6a?+28-6V(^ + 5a? + 28)=24, 

This is now in the form of a quadratic equation, the nn* 
known quantity being \/{x^ + 5a; + 28), and completing the squaro 
we have 

a A. \^ 
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4 4 
6 11 

whence V(a:*+5a?+28)=8 or -3; 

.% «'+6a?+28=64 or 9; 

from which we may find four values of a^ yiz. 4,— 9, and 

6 V(-51) 
""2 2 • . 

Examples.— CXXVII. 

Find roots of the following equations : 
1. a?*-12a^=13. 2. aj«+14i?' + 24^0. 

3. «8 + 22a?* + 21 = 0. 4. ar^ + 3;B*=4. 

r ^« 5 ". 25 ^ 9 A 6 

7. a?~* + 3a?-*=^. 8. a?-*"-a?""=20. 

9. :iJ*-2a: + 6(a?2-2;»+5)^ = ll. 

10. a?2-a? + 5V^2.c»-5;(?+6) = ?^i^. 

11. ;i?«-2V(3a;'-2«a? + 4)+4=^r:c + |+iy 

12. a^ + 2V(^2_^ + ^s) = ^a^2df. 

337. Every equation has as many roots as it has dimen- 
sions, and no more. This we have proved in the case of 
simple and quadratic equations (Arts. 193, 323). The general 
proof is not suited to this work, but we may illustrate it by the 
following Examples. 

Ex. (1) To solve the equation ^p' - 1 = 0* 

One root is dearly 1. 

Dividing by a? - 1, we obtain ^c^ - ;» + 1 - 0, of which the roots 

arc - — ^ and —^ — , 
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— 1 + 47 — 3 — 1— 47— 3 
Hence the three roots are 1, ^ and -^ • 

Ex. (2) To solve the equation a?* - 1 = 0. 
Two of the roots are evidently + 1 and — 1. 

Hence, dividing by {x—\) (ii: + 1), that is by a?— 1, we ob- 
tain ^+ 1 =0, of which the roots are V—1 a^d —V- 1. 

Hence the ybwr roots are 1, — 1, V— 1, and — V— 1. 

The equation ^—60;^= 7 will in like manner have tis 
roots, for it may be reduced, as in Art. 335, to two cubic 
equations, a?'— 7 = and ic' + l=0, 

each of which has three roots, which may be found as in 
Ex. (1). 
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338. If a and B stand for two unequal quantities of the 
same kind, we may consider their inequality in two ways. We 
may ask 

(1) By what quantity one is greater than the other 7 

The answer to this is made by stating the difference be- 
tween the two quantities. Now since quantities are represented 
in Algebra by their measures (Art. 33), if a and b be the 
measures of A and B, the difference between A and B is 
represented algebraically by a— &. 

(2) By how many times one is greater than the other ? 
The answer to this question is made by stating the number 

of times the one contains the other. 

Note. The quantities must be of the sam^ kind. We 
cannot compare inches with hours, nor lines with surfaces. 

339. The second method of comparing A and B is called 
finding the Ratio of ^ to j8, and we give the* following de- 
finition. 

Def. Batio is the relation which one quantity bears to 
another of the same kind with respect to the number of times 
the one contains the other. 
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340. The ratio of ^ to i? is expressed thus, A : B. 
A and B are called the Terms of the ratio. 

A is called the Antecedent and B the Consequent. 

341. Now since quantities are represented in Algebra by 
their measures, we must represent the ratio between two 
quantities by the ratio between their measures. Oar next 
step then must be to shew how to estimate the ratio between 
two numbers. This ratio is determined by finding how many 
times one contains the other, that is, by obtaining the quotient 
resulting from the division of one by the other. If a and (, 

then, be any two numbers, the fraction r will express the ratio 
ofato&. (Art. 136.) 

342. Thus if a and & be the measures of A and B respec- 
tively, the ratio of ^ to ^ is represented algebraically by the 

fraction r . 



343. If a or & or both are surd numbers the fraction % 



may also be a surd, and its approximate value can be found by 
Art. 291. Suppose this value to be — , where m and n are 
whole numbers : then we should say that the ratio ^ : ^ is 
approximately represented by — . 

344. Ratios may be compared with each other, by com- 
paring the fractions by which they are denoted. 

Thus the ratios 3 : 4 and 4 : 5 may be compared by com- 

paring the fractions - and - . 

1 '? IP 

These are equivalent to and — respectively ; and since 

— is greater than — , the ratio 4 : 5 is greater than the 
ratio 3 : 4. 
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Examples.— CXX VII I. 

1. Place in order of magnitude the ratios 2 : 3, 6 : 7, 7 : 9. 

2. Compare the ratios ic+ 3y : ii?+ 2y and ^+ 2y \x-\-y, 
8. Compare the ratios x—^yxx—Ay and a? — 3y : ic — 2y. 

4. What number must be added to each of the terms of 
the ratio a : "by that it may become the ratio c \d% 

5. The sum of the squares of the Antecedent and Conse- 
quent of a Ratio is 181, and the product of the Antecedent 
and Consequent is 90. What is the ratio ? 

345. A ratio oi greater inequality is one whose antecedent 
is greater than its consequent. 

A ratio of less inequality is one whose antecedent is less 
than its consequent 

This is the same as saying a ratio of greater inequality is 
represented by an Improper Fraction, and a ratio of less in- 
equality by a Proper Fraction. 

346. A Ratio of greater inequality is diminished by 
adding the same number to both its terms. 

Thus if 1 be added to both terms of the ratio 5 : 2 it be- 
comes 6 : 3, which is less than the former ratio, since - , that • 

o 

is, 2, is less than - . 

» 2 

And, in general, if x be added to both terms of the ratio 
a : b, wliere a is greater than b, we may compare the two 
ratios thus, 

ratio a + x :b + xis less than ratio a : b, 

if , — - be less than ^ , 

b+x b* 

.- ab + bx , . ., rt6 + aj? 

11 M-TiT' he less than ^„ — i- , 

c^+bx h^ + bx* 

if ab-¥bxhQ less than ab + ax, 

if 5a? be less than ax, 

if b be less than a. 

Now b is less than a ; 

.'. a-k-x : b+x is less than a : b. 
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347. We may obserre that Art. 346 is merely a repetition 
of that which we proposed as an Example at the end of the 
Chapter on Miscollaneons Fractions. There is not indeed any 
necessity for us to weary the reader with examples on Ratio: 
for since we express a ratio by a fraction, nearly all that we 
might have had to say about Ratios has been anticipated in 
our remariu on Fractions. 

348. The student may, howeyer, work the following Theo- 
rems as Examples. 

(1) If a : & be a ratio of greater inequality, and x a positiT? 
quantity, the ratio a—x\h—xv& greater than the ratio a : &. 

(2) If a : & be a ratio of less inequality, and x a positi?e 
quantity, the ratio a+^v : & + ^ is greater than the ratio a : h, 

(3) If a : & be a ratio of less inequality, and x a positive 
quantity, the ratio a—x'^h—xyA less than the ratio a : h, 

349. In some cases we may from a single equation in- 
volying two unknown symbols determine the ratio between the 
two symbols. In other words we may be able to determine 
the relative values of the two symbols, though we cannot de- 
termine their absolute values. 

Thus from the equation 4a; =3^, 

X S 
we get - = 7 . 

Again, from the equation 3^1^=22/2, 

^ .5:22 ,.ur ^V2 
we get -5 = - : and therefore - = -7:: . 
^ y^ 3' y y/S 

Examples. — CXXIX 

Find the ratio of x toy from the following equations : 
I. 9x=6y, 2. ax^by, 3. ax-by =cx+dy. 

4. a^-\-2xy=5y*, 6. x^-12xy=l3y^, 6. ai^'*-mxy=n^y^. 

7. Find two numbers in the ratio of 3 : 4, of which the 
sum is to the sum of their squares : : 7 : 50. 

8. Two numbers are in the ratio of 6 : 7, and when 12 is 
added to each the resulting numbers are in the ratio of 12 : 13. 
Find the numbers. 
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9. The sum of two numbers is 100, and the numbers are 
in the ratio of 7 : 13. Find them. 

10. The difference of the squares of two numbers is 48, 
and the sum of the numbers is to the difference of the num- 
bers in the ratio 12 : 1. Find the numbers. 

11. If 5 gold coins and 4 silver ones are worth as much 
as 3 gold coins and 12 silver ones, find the ratio of the value 
of a gold coin to that of a silver one. 

12. If 8 gold coins and 9 silver ones are worth as much 
as 6 gol^ coins and 19 silver ones, find the ratio of the value 
of a silver coin to that of a gold one. 



350. Ratios are compounded by multiplying together the 
fractions by which they are denoted. 

Thus the ratio compounded of a : & and*c \d\&ac\ bd. 

Examples.— CXXX 
Write the ratios compounded of the ratios 

1. 2 : 3 and 4 : 5. 

2. 3 : 7, 14 : 9 and 4 : 3. 

3. a^—y^ :x^+f^ saida^-xy-^y^ : x + y, 

4. a'-&'+2d(J-c*:a2-6»~2i>c-c2anda+&+c:a+&-c. 

5. rn'+n^ : m?—n^ and m— n : m + w. 

6. jp*+6;c+6 :2/'-7y + 12, andg/'-Sy :a;"+3jr. 



351. The ratio a* : l^ is called the Duplicate Ratio of a : 6. 
Thus 100 : 64 is the duplicate ratio of 10 : 8, 
and • 3647* : 25^ is the duplicate ratio of Qx : 5y. 
The ratio a^ : &^ is called the T&iplicatb Ratio oiaih. 

Thus 64 : 27 is the triplicate ratio of 4 : 3, 
and ZiZa^ : 1331^ is the triplicate ratio of 7^ : lly. 
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352. The definition of Ratio giyen in Euclid is the same 
as in Algebra, and so also is the expression for the ratio that 
one quantity bears to another, that is, ^ : ^. But Eodid 
cannot employ fractions, and hence he cannot represofit the 
Talue of a ratio as we do in Algebra. In £eu^ he does not treat 
of ratios except when one ratio is eqiud to another. 



I 



XXVIII. ON PROPORTION. 

353. Proportion consists in the equality of two ratio& 

The Algebraic test of proportion is that the two fractioM 
representing the ratios mvM he equal. 

Thus the ratio a : h will be equal to the ratio c : d^ 

,e a c 

and the four numbers a, b, c, d are in such a case said to be 

in proportion. 

354. If the ratios a : b and c : d form a proportion, we 
express the fact thus : 

a : b=c : d. 

This is the clearest manner of expressing the equality of the 
ratios a : b and c : d, but there is another way of expressing 
the same fact, thus 

a\b v.c \dj 
which is read thus, 

a is to & as c is to d. 

The two terms a and d are called the Extremes. 

b and c the Means. 

355. When four numbers are in proportion^ 

product (if extremes = product of means. 
Let a, 6, c, d^ be in proportion. 

Then l^l. 

b d 



ON PROPORTION, 249 



Multiplying both sides of the equation by hd^ wo get 

Conversely, if flk;?=&c we can shew that a :b=c :d. 
For since ad=bc, 
dividing both sides by bd, we get 

ad_be 
hd^hd' 

that is, =- = 3 , i.e. a : h=c : d, 

' b d' 

356. If ad=bCy 

Dividing by cd, we get - = -j, i.o. a : c=b :d; 

c a 

d c 
Dividing by a&, we get ^ = - , i.e. d :b=c:a; 

Dividing by ac, we get - = - , i.e. d : c=b :a, 

357. From this it follows that if any 4 numbers bo so 
related that the product of two is equal to the product of the 
other two, we can express the 4 numbers in the form of a 
prox>ortion. 

The factors of one of the products must form the extremes. 

The factors of the other product must form the means. 

368. Three quantities are said to be in Continued Pro- 
portion when the ratio of the first to the second is equal to 
the ratio of the second to the third. 

Thus a, bj c are in continued prox>ortion if 

a : b—b : c. 

The quantity b is called a Mean Proportional between 
aandc. 
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Four quantities are said to be in Ckmtlnucd Propcnrtion 
when the ratios of the first to the second, of the second to 
the third, and of the third to the fourth are all equal 

Thus ay b, c, d are in continued proportion wh^i 

a : 6=& :c=c : d. 

359. We shewed in> Art. 205 the process by which when 
two or more fractions are known to be equal, other relations 
between the numbers involved in them may be determined. 
That process is of course applicable to Examples in Ratio and 
Proportion, as we shall now shew by particular instances. 

Ex. (1) U a :b=c :df prove that 

Since a:b = c:d, t = j. 

a 

Let , =X. Then j=\; 
b d 

.*. a=X&, and c=Xc?. 

,x a» + y _X^ y+&g _ g>g(X^+l) XHl 

o2-Z^~X262_52-^^Xj-l)'"X2-l' 

A c^ + d^ _ \^d^ + d ^ _ d^K\^ + \) _ >?+! 

Hence -5 — rs = -« — -j^ ; 

that is, a'+6» : a^-b'^==i?+d'^ : c^-d\ 

Ex. (2) If a : & :: c : d^ prove that 

a:c:iiHa^ + b'):^{c' + d% 

Let i:=X. Then -i=X: 
b d 

••. a=X&, and c=\d. 
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Now -=_- = - 

c \d a' 



and 






Hence « _ _^_(«1±&!) . 

uence c^^ic^+d*)' 

that is, a:c:: ^{a^ + b*) : ^{c!^ + ^^). 

Ex. (3) U a : b=^c : d=e :f, prove that each of these 
ratios is equal to the ratio a-^-c + e ; b + d+f. 

Let 1=^1 -j—\ ■>=X. 

Then a=X&, c=\dy e=\f. 

K q+c+g x&+Xc?+x /_ x(&+c?+/) 

^^^ b+d+f b+d+f'" b + d+f "^' 

„ a-hc + e ace 

Hence ^_^-^=^ = _=-, 

that is, a + c+« : &+^+/=a : b=e : rf=« :/. 

Ex. (4) If a, bf c are in continued proportion, shew that 

a2+&2 . &5+c2=a : c. 

Let ?=X. Then -=X. 
b c 

Hence a=\b and b=\c, 

^ a^+b^ _ X^62+&» ^ &2(X2+l) _ &«(X2 + 1) _ 5^ _ q^- ._ ^ 

^^62 + ^2 b* + C^ X2c2+C2 ""C2(X2+1)""C''" 6*2 "" C * 

Ex, (6) If 16a+& : 15c+d=12a-\-b : 12c+rf, prove that 

a :b=c :d. 
Since 15a+6 : l5c+d=Ua+b : 12<; + ^, 
and since product of extremes = product of means, 
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(16a +6) (12c +<:?;= (15c +d) (12a +6;, 

or, 180<w + 12dc + 15a^+5<]?=18(k3k;+12arf+16ftc+W, 
or, 12&C+ 16a^= 12arf+ 16&c, 

or, 3a^=3&c, 

or, ad=^ be. 

Whence, by Art. 355, a :b=c :d. 

Additional Examples will be found in page 137, to whidi 
we may add the following. 



Examples.— CXXXI. 

1. If a : b=c : d, shew that a + b : a=c+d : c. 

2. If a : b=c : d, shew that a^-b^ : l^^d^-d^ : cp, 

3. If flTt : bi^am'.bm, shew that — ,^-; — \- = / . 

4. U a :b :: c : d, shew that 

3a^ + ab + 2b^ : 3a2-2&2 :: Sc^+cd + 2d^ : 3c^-2<^. 

5. If a : 6=c : ^, shew that 

a« + 3fl6 + &2 : c«4-3cc?+c?2=2a5 + 3&'' : 2cd + SdK 

6. If a : & = c : ^=0 ;/ then a : b=mc-ne : md—nf, 

7. If — a, — &, any parts of a, & be taken from a and b 

respectively, shew tliat a, &, and the remainders form a pro- 
portion. 

8. If a : &=c :d^e :f, shew that 

ac : bd=la'^ + mc^ + ne^ : Ib^+md^+vJ^. 

9. If <7i :hi-02 : ^j-tyg ^ ^8» shew that 
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10. If fli : &i = <7a • ^a = ^8 : ^8» shew that 

II* " ^»j^.,A . ia = "5 — , . . , , shew that 7 = -^ . 

12. If a' + &2 : a2-62^c2+c/2 : (?^d\ shew that 

a : &=c \d, 

13. If a : &=(; : e^, shew that 

(g + c)(a2 + c^) ^ (6 + ^) (&' 4._c?2) 

14. If Oj : &i = fl'j : &2» shew that 

O/i the Geometrical Treatment of Proportion, 

360. The definition of Proportion (viz. the equality of 
ratios) is the same in Euclid as in Algebra. (Eucl. Book v. 
Def. 6 and 8.) 

But the ways of testing whether two ratios are equal are 
quite different in Euclid and in Algebra. 

The Algebraic test is, as we have said, that the two frac- 
tions representing the ratios must be equal. 

Euclid's test is given in Book v. Def. 5, where it stands 
thus: 

" The first of four magnitudes is said to have the same ratio 
to the second which the third has to the fourth, wlien any 
equimultiples whatsoever of the first and third being taken 
and any equimultiples whatsoever of the second and fourth : 

''If the multiple of the first bo less than that of the 
second, the multiple of the third is also less than that of the 
fourth: or, 

''If the multiple of the first be equal to that of the 
second, the multiple of the third is also equal to that of the 
fourth: or, 
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*^ If tho multiple of the first be greater than thippf tike 
second, tho multiple of the third is also greater thu^ tot of 
the fourth." > v' 

We shall now shew, first, how to deduce Euclid's test of the 
equality of ratios from the Algebraic test, and secondlf, )m>k 
to deduce the Algebraic test from that employed by Euclid. 

361. I. To shew that if quantities be proportional ac- 
cording to the Algebraical test they will also be propoiiioiial 
according to the Geometrical test. 

If a, bf Cj d be proportional according to the Algebraical 
testy 

a _c 

b~d' 
Multiply each side by — , and we got 

ma _ mc 
lib " 7id * 

Now, from the nature of fractions, 
if ma be less than rib, mc will also bo less than nd, and 
if ma be equal to nb, mc will also be equal to nd, and 
if ma be greater than nb,mc will also be greater than 7td. 

Since then of the four quantities a, b, c, d equimultiples 
have been taken of the first and third, and equimultiples of the 
second and fourth, and it appears that when the multiple of 
the first is greater than, equal to, or less than the multiple of 
the second, the multiple of the third is also greater than, equal 
to, or less than the multiple of the fourth, it follows that 
(I, b, c, d are proportionals according to the Geometrical 
test 

362. II. To deduce the Algebraic test of proportionality 
from that given by Euclid. 

Let a, &, Of d be proportional according to Euclid. 
Then if v is not equal to ^ , 

let z — be equal to j (1). 

b+w ^ d ^ * 



-^- 
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Ta&» m and n such that 

^ . wtt is greater than nh^ 

but less than n{f)-vx) , (2). 

Then, by Euclid's definition, 

mc is greater than nd (3). 

But since, by (1), — rr- — r = —> , 

and, by (2), ma is less than nip + j?), 

it follows that imc is less than nd (4). 

The results (3) and (4) therefore contradict each other. 

Hence (1) cannot be true. 

ft f» 

Therefore t is equal to ,, 

We shall conclude this Chapter with a mixed collection of 
Examples on Ratio and Proportion. 

Examples.— CXXXII. 

1. li a-b :h-c::b :c, shew that & is a mean propor- 
tional between a and c, 

2. U a : b :: c : df shew that 

(a + c){a^+c') _ {b + d)(h^+d^ 
{a-c){a'^</) {b-d)(fii^'-dy 

and a : & :: ij{ma*+n&) : i/{mb* + nd*). 

3. It a;b lic :d, prove that 

ma—nb mc—nd 
md+nb mc+nd' 

4. If 5a+3& : '7a+3& :: 6&+3C : 7&+ 3<;, 
2!iL 18^ a mean proportional between a and c, 

5. If 4 quantities be proportional and the first be the 
greatest, the fourth is the least. 

If a+5, m+n, m-n, a-6 be four such quantities^ shew 
that h is greater than n. 
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6. Solve the equation 

X'-\ : a?-2=2^+l : «+2. 

7. If -T— = --7- , shew that the ratios a ; 6 and c : <f aro 
also equal 

8. In a mile race between a bicycle and a tricycle, their 
rates were proportional to 5 and 4. The tricycle had half-ar 
minute start, but was beaten by 176 yards. Find the rates 
of each. 

9. \i a '.}) \\ c \ d and a is the greatest of the four quan- 
tities, shew that a^+c?^ is greater than d^+c*. 

10. Shew that if ,,. ^ , = t^^ — ^ , then a\})\\c\d, 

lOc+a 12c + a 

11. If 0? : ^ :: 3 : 2 and ^ : 25 :: 24 : y^ find x and ^. 

12. If a, &, c be in continued prox>ortion, then 

(1) a: a + b :: a—b : a—c; 

(2) {a'+b'){b^+c^)^(ab+bc)l 

13. If a : & :: c : <i, shew that —,— = — ,- : 

b a 

and hence solve the equation 

cib—bc—dx ^a-b—c 
bc-\-dx b+c 

14. If a, b, c are in continued prox>ortion, shew that 

a + rnb : a—mb :: b+mc : b^nic. 

15. If a : & :: 5 : 4> find the value of the ratio 

1 3 

16. The sides of a triangle are as 2 - : 3 7 : 4, and the 

2 4 

I)enHieter is 205 yards : find the sides. 

17. The sides of a triangle are as 3 : 4 : 5, and the peri* 
meter is 480 yards : find the sides. 
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18. Assuming a+6 xp-^q :\p-q : a—h, prove that the 
sum of the greatest and least terms of any prox>ortion is greater 
than the sum of the other two. 

19. A waterman rows 30 miles and back in 12 hours, and 
he finds that he can row 5 miles with the stream in the same 
time as 3 against it. Find the rate of the stream. 

20. There are three equal vessels A^B^G\ the first con- 
tains water, the second brandy, the third brandy and water. 
If the contents of B and G bo put together, it is found that 
the mixture is nine times as strong as if the contents of A and 
C had been put together. Find the ratio of the brandy to the 
water in the vessel (7. 

21. A factor buys a certain quantity of wheat which he 
sells again so as to gain 5 per cent, on his outlay, and thus 
clears ^16. Had he sold it at a gain of 5«. a quarter he would 
have cleared as many pounds as each quarter cost shillings. 
How many quarters did he buy, and what did each quarter 
cost him? 

22. A man buys a horse and sells it for ^144, gaining as 
much per cent, as the horse cost him. What was the price of 
the horse ? 

23. I buy goods and sell them again for £96, gaining as 
much per cent, as the goods cost. What is the cost price \ 

24. A man bought some sheep and sold them again for 
£24, gaining as much per cent, as the sheep cost him. Wha^ 
did he give for them ? 

25. A certain crew, who row 40 strokes per minute, start 
at a distance equivalent to four of their own strokes behind 
another crew, who row 45 strokes to the minute. In 8 minutes 
the former succeed in bumping the latter. Find the ratio 
between the lengths of the strokes of the two boats. 

26. The time which an express train takes to travel a 
journey of 180 miles is to that taken by an ordinary train as 
9 : 14. The ordinary train loses as much time from stoppages 
as it would take to travel 30 miles without stopping. The 
express train only loses half as much time as the other in this 

S.A. VI 
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manner, and it also travels 15 miles an hour quicker. Sup- 
posing the rates of travelling uniform, what are they in mUes 
per hour ? 

27. An article is sold at a loss of as much per cent as it 
is worth in pounds. Shew that it cannot be sold for more 
than £25. 



XXIX. ON VARIATION. 

363. If a sum of money is put out at interest at 5 per cent., 
the principal is 20 times as great as the annual interest, what- 
ever the sum may be. 

Hence Mx be the principal, and y the interest^ 

i»=20y. 

Now if we change x we must change y in the same propor- 
tion^ for so long as the rate of interest remains the same, x 
will always be 20 times as great as y, and hence if a; be 
doubled or trebled, y will also be doubled or trebled. 

This is an instance of what is called Direct Variation, of 
which we may give the following definition. 

pEP. One quantity y is said to vary directly as another 
quantity x^ when y depends on x in such a manner that any 
increase or decrease made in the value of x produces a pro- 
portional increase or decrease in the value of y, 

364. If x=myt where m is a constant quantity, that is, a 
quantity which is not altered by any change in the values of x 
andy, 

y will vary directly as x. 

For any increoie^msAe in the value of x must produce a 
prox>ortional increase in the value of y. Thus ifx be doubled, 
V must. also be doubled, to preserve the equality of x and my, 
since m cannot be changed. 
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365. Suppose a man can reap an acre of com in a daj. 
Then 10 men can reap 60 acres in 6 days, 

and 20 men can reap 60 acres in 3 days. 

So that to do the same amount of work if we doubU the 
nomber of men we most halve the number of days. 

This is an instance of what is called Inverse Yariatioiiy of 
which we may give the following definition. 

Def. One quantity y is said to vary inversely as another 
quantity x when y depends on a? in such a manner that any 
increase or decrease made in the yalue of x produces a propor- 
tional decrease or increase in the value of y. 

m 

366. If 0?= — , where m is constant, 

y will vary inversely as x. 

For any increase made in the value of x must produce a 
proportional dscbease in the value of y. Thus if ^ be doubled, 

y must be halved, to preseiTC the equality of x and — • 
.. For 2x= — « — . 

y y 
2 

367. If 1 man can reap 1 acre in 1 day, 

6 men can reap 20 acres in 4 days, , 

and 10 men can reap 80 acres in 8 days. 

That is, the number of acres reaped will depend on the 
product of the number of men into the number of days. 

This is an example of Joint variation, of which we may give 
the foUowing definition. 

Djcf. One quantity x is said to Vary Jointly as two others 
y and z, when any change made in x produces a proportional 
change in the product of y and z. 

368. One quantity x is said to vary directly as y and 
inversely as 9 when x varies as - . 
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369. Theorem. If x varies as y when z is constant^ and 
as z when y is constant^ then when y and z are both yariable, 

d; varies as yz. 

Let a^m.yz. 

Then we have to shew that m is constant 
Kow when z is constant, 

« varies as y ; 
.*. mz is constant. 

Now ;2r cannot involve y, since ;2r is constant when y changes, 
and therefore m cannot involve y* 

Similarly it may be shewn that m cannot involve z ; 

•*. m is constant, 
and X varies as yz. 

370. The symbol oc is used to express variation; thus 
xccy stands for the words x varies as y. 

371. Variation is only an abbreviated form of expressing 
proportion. 

Thus when we say that x varies as y, we mean that x bears 
to y the same ratio that any given value of x bears to the 
corresponding value of y^ or 

X iy=Vk given value of ^ : the corresponding value of y. 

And similarly for the other kinds of variation^ as will be 
seen from our examples. 

Ex. (1) Ifxosy and yosz,to shew that xocz. 

Let X = my, and y = nz. 

Then substituting this value of y in the first equation^ 

x=mnz; 

and therefore, since mn is constant, 

XocZ, 
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Ex. (2) If o^oc y and a; ocjgr, then will xcc»J iyz). 
Let a=mp, and a=nz. 

Then j^=mnyz; 

/. a? = V (mw) . /s/(y^)« 
Now \/{fnn) is constant ; 

Ex« (3) If y vary as a; and when a?=l, ^=2, what will bo 
the value of y when a;= 2 ? 

Here ^ : 0?= a given value of y : corresponding value of x \ 

/. y :a?=2 : 1; 

.*. y=2;r. 
Hence, when x-%y=^ 

Ex. (4) If A Yioj inversely as B and when ^ = 2, J?= 12, 
what will B become when A=:9l 

Here ^ : i =a given value of A : corregpondtog value of ^ ' 







1 
12' 




. ^ 2 






•• 12"5' 




Hence, when A = 


= 9, 

9 2 






12"^' 




Dnce 


»-24 8 
-^=9=3 = 


-!■ 



Ex. (5) If A vary jointly as B and C, and when ^ = 6, J? = 6, 
ind (7=15, find the value of ^ when ^=10 and (7=3. 

Here 
A : J9C7= a given value of A : corresponding value of BO; 

.•.-4:5(7=6:6x15; 
/. 90^=6-5(7. 
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Hencoy when ^ = 10 and C7= 3, 

90-4=6x10x3: 

••^"90 • 

Ex. (6) If z vary as x directly and y inversely, and if when 
z-% a=3 and y=i, what is the value of ;2r when ^=15 and 

TT««« « . 1 * corresponding value of .a? 
Here z : - =a given value of ;2? : ^ ,. ^ — = ^- ; 

y ° corresponding value of y 



y 


-2?. 


•• 4 " 


25 

y 


L5 and y 


=8, 


Sz 
4 


SO 

~8' 


/. z = 


120 , 



Examples.— CXXXIII. 



1. If -^oc^and^oc^ then will-4«:(7. 

2. If^oc^thenwill^ocp. 

3. If-4cx:JBand(7oci>thenwilI^aoc2?2>. 

4. If o^ccy and when a?=7, y=6, find the value of a? when 
1^ = 12. r 

6, If a? oc- and when a? =10, y= 2, find the value of y when 
flf=4. 
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6. li x<xyz and when a?= 1, y = 2, « = 3, find the value of 
y when ^=4 and 2r=2. 

7. If ^oc- , and when 07=6, y =4 and ;2f=3, find the value 
of a?, when y=c and j2r=7. 

8. If 3a: + 6ycx:5a?+3y, and when a?=2, y=6, find the 
value of - . 

y 

9. \l AozB and jB' oc {7^, express how -4 varies in respect 
ofC7. 

10. If z vary conjointly as x and y, and ^ = 4 when x-\ 
and y=2, what will be the value of ^ when ;y=30 and y = 3 ? 

11. If -4oc^ and when ^ is 8, j? is 12; express A in 
terms of B, 

12. If the square of x vary as the cube of y, and a? =3 
when ^=4, find the equation between ;r and y. 

13. If the square of x vary inversely as the cube of y, and 
07=2 when ^=3^ find the equation between x and y. 

14. If the cube of x vary as the square of y and a; = 3 when 
^=2, find the equation between x and y, 

15. If ;i?oc;2? and yoc-, shew that ^oc-. 

z y 

16. Shew that in triangles of equal area, the altitudes vary 
inversely as the bases. 

17. Shew that in parallelograms of equal area^ the alti- 
tudes vary inversely as the bases. 

18. Ify=p4-g+r, where p is invariable, q varies as ;r, and 
r varies as x\ find the relation between y and x, supposing 
that when ^=1, y=6; when a?=2, y=ll; and when a?=3, 
i/=18. 

19. The volume of a pyramid varies Jointly as the area of 
its bas» and its altitude. A pyramid, the base of which Is 9 
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feet sqnare and the height of which is 10 feet, is found to con- 
tarn 10 cubic yards. What must be the height of a pyramid 
upon a base 3 feet square in order that it may contain 2 cubie 
yards? 

20. The amount of glass in a window, the panes of which 
are in every respect equal, varies as the number, length and 
breadth of the panes jointly. Shew that if theur number varies 
as the square of their breadth inversely, and their length 
varies as their breadth inversely, the whole area of glass varies 
as the square of the length of the panes. 



XXX. ON ARITHMETICAL PROGRESSION. 

372. An Arithmetical Progression is a series of numbers 
which increase or decrease hy a constant difference. 

Thus, the following series are Arithmetical Progressions: 

2, 4, 6, 8, 10; 
9, 7, 5, 3, 1. 

The Constant Difference being 2 in the first series and —2 
in the second. 

373. In Algebra we express an Arithmetical Progression 
thus: taking a to represent the first term and d to represent 
the constant difference, we shall have as a series of numbers 
in Arithmetical Progression 

a, a-hd, a + 2d, a + ^d, 
and so on. 

We observe that the terms of the series differ only in the 
coefficient of d, and that each coeJQIcient of d is always less by 
1 than the number of the term in which that particular co- 
efficient stands. Thus 

the coefficient of ^ in the 3rd term is 2, 

in the 4th 3, 

in the 5th 4. • 
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Consequently the coefficient of ^ in the n^ term will be 

Therefore the v2^ term of the series will be a+(n-l)dL 

374. If the series be 

a, a+^, a+2d, 

and z the last term, the term next before z will clearly be 
Z'-d, and the term next before it will be Z'-2d, and so on. 

Hence, the series written backwards will be 

Zf z—d, z—2d, a + 2df a+d, a. 

375. To find the sum of a series of numbers in Arith- 
metical Progression. 

Let a denote the first term. 

... d the constant difference. 

... z the last term. 

... n the number of terms. 

... s the sum of the n tenns. 

Then s=a + {a + d) + {a + 2d)+ •\-{z-'2d)-^{z-d)-{'Z. 

Also *=;y+(^-d5 + (4f-2c?)+ +(a+2<?) + (a + (;?) + a, 

the series in the second case being the same as in the first, but 
written in the reyerse order. 

Therefore, by adding the two series together, we get 

2*=(a+4f) + (a+4f)+(a+;8r) + + {a+z)+{a+z) + {a-^z)\ 

and since on the right-hand side of this equation we have a 
series of n numbers each equal toa+z, we get 

2s=n{a+z); 
.*. s=-{a-hz). 

This result may be put in another form, because in the 
place of z we may put a + (n — 1) ^, by Article 373^ 

'Aft 

Hence #=-{a+a+(n-l)c?}, 

that is, t= f2a+(n-l)(<}. 
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376. We have now obtained the following results : 

j8f=a + (n-l)^ (A), 

' = ^(«+^).. (B). 

>=|{2« + (n-l)(f} ....(C). 

From one or more of these equations we have in Examples 
to determine the values of a, d^ n, s or z, We shall now pro- 
ceed to give instances of such Examples. 

Ex. (1) Find the last tebm of the series 

7, 10, 13, to 20 terms. 

Taking tlwj equation z=a-¥{n-'\)d^ 
for a put 7 ^nd for n put 20, and we get 

^=7 + (20-l)fl?, 

or, «f=7 + 19<;?. 

Now d is always found by taking the first term from tJte 
second f aod i^^ this case, 

^=10-7=3; 

.'. ;2r = 7 + 19x3 = 7 + 67 = 64. 

EXf (fi) Fin<l the last term of the series 
12, 8, 4, to 11 terms. 

In the equation z=a+{n—\)dy 

put a=12 and n = ll. 

Then z=\2 + l(id. 

Now ^=8-12= -4. 

Hence ;? = 12 - 40 = - 2S. . 

EXAMPLES.--CXXX1V. 

Find the last term of each of the following series : 

1. 2, 6, 8 to 17 terms. 

2. 4, 8, 12 to 50 terms. 
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^ „ 29 15 ^ ,^. 

3. 7, — , -^ to 16 terms. 

1 6 

4. -, —1, — - to 23 terms. 

5 11 

5. g» 2' 6' to 12 terms. 

6. -12, -8, —4 to 14 terms. 

7. —3, 6, 13 to 16 terms. 

^ n— 1 n— 2 n— 3 , . 

8. , , to n terms. 

9. {x+yf^ ir*+y*, {pB—yf to n tonus. 

,^ a— 6 4<?— 36 7a— 66 

10. r, i-, — nr ton terms. 

a+6' a-t-o ' a+^ 

377. Ex. (1) Find tho suh of the series 

Zy 5, 7 to 12 terms. 

ti 
In the equation # = - {2a + (n — 1) df } 

put 3 for a and 12 for n, and we get 

*=^{6 + llc?}. 

Now ^=6-3=2, and so 

#=^{6 + 22}=6x28 = 168. 

£x. (2) Find the simi of the series 

10^ 7, 4 to 10 terms. 

t=|{2a + (n-l)c?}; 



pat 10 for a and 10 foi* n, then 

IC 
2 



s=^{20 + 9d}. 
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Now c?=7-10= -3, and therefore 

#=^{20-27}=6x(-7)=-36. 



Examples.— CXXX7. 
Find the sum of the following series: 

1. 1, % 3 to 100 terms. 

2. 2, 4, 6 to 50 terms. 

3. 3, 7, 11 to 20 terms. 

4. -, -, -. to 15 terms. 

4 22 4, 

5. -9, -7, -5 to 12 terms. 



5 11 

6' 2' 6 



6. 7i, s> - to 17 terms. 



7. 1, % 3 to n terms. 

8. 1, 4, 7 to n terms. 

9. 1, 8, 15 to n terms. 

,^- w-1 n-2 n-3 . . 

10. , , to n terms. 

378. Ex. What is the Constant Difference when thi 
first term is 24 and the tenth term is — 12 ? 

Taking the equation (A), 

;8r=a+(«-l)c^ 
and regarding the tenth as the last term, we get 

-12=24+(10-l)ef, 
or -36 = 9c?, 

whence we obtain <?== — 4. 



ON^ ARITHMETICAL PR0GRESS20.V. 269 



Examples.— CXXXVL 
AVhat is the Constant Difference in the following cases? 

(1) When the first term is 100 and the twentieth is — 14. 

(2) X fifty-first is -a?. 

(3) — - forty-ninth is 5-. 

(4) -? twenty.fifthis -2I7. 

4 .4 

(6) -10 sixth is -20. 

(6) 150 ninety-first is 0. 

379. Ex. What is the First Tebm when 

the 40th term is 28 and the 43rd term is 32 ? 
Taking equation (A), 

and regarding the last term to be the 40th, we get 

28=a+39^ (1). 

Again, regarding the last term to be the 43rd, we get 

32=a+42^ (2). 

From equations (1) and (2) we may find the value of a to 
be -24. 

Examples.— CXXXVII. 
1. What is the first term when 

(1) The 59th term is 70 . and the 66th term is 84 ; 

(2) The 20th term is 93 - 35^ and the 21st is 98 - 37^ ; 

(3) The second term is -- and the 55th is 6*8; 

(4) The second term is 4 a^d the 87th is -30 ? 
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2. The sum of the drd and Sth terms of a series is 31, and 
the sum of the 5th and 10th terms is 43. Find the sum of 10 
terms. 

3. ' The sum of the 1st and 3rd terms of a series is 0, and 
the sum of the 2nd and 7th .terms .is 40. Find ^he sum of 
7 termsi, 

4. If 24 and 33 be Ihe fourth and fifth terms of a series, 
what is the 100th term \ 



I • 



5. Of how many terms does an Arithmetical Progression 
consist, whose difference is 3, first term 5 and last term 302 ? 

6. Supposing that a body falls through a space of 1 & — feet 
in the first second of its fall, and in each succeeding second 
32 - feet more than in the next preceding one, how far will a 
body fall in 20 seconds? 

7. What debt can be discharged in a year by weekly pay- 
ments in arithmetical progression; the first payment being 1 
shilling and the last £5. Z8, 1 

8. Find the 41st term and the sum of 41 terms in each of 
the following series: 

(1) -5,4, 13 

(2) Aa\ 0, -4a«...... 

(3) 1+0?, 6 + 3ar, 9 + 6;c 

W -4|, -1-4 

^^^ 4' 20""** 

9. To how many terms do the following series extend, and 
what is the sum of all the terms ? 

(1) 1002 10, 2. 

(2) -0, 2 , 186. 
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(3) 2^0?, 'Sx , -72-30?. 

W I' i -24. 

(5) m-1 137(1 -m), 139(1 -m). 

(6) a?+254, ^+2, a?-2. 

380. jTo i72«^; 3 arithmetic means hetuoUn 2 an^/ 10. 
The number of terms will be 5. 

Taking the equation ;8r = a + (n — 1) (i, 
we have 10=2+(5-l)<?. 

Whence 8=4fl?; /. ^=2. 

Hence the series will be 

2, 4, 6, 8, 10. 

Examples.— CXXXVIII. 

1. Insert 4 arithmetic means between 3 and 18. 

2. Insert 5 arithmetic means between 2 and —2. 

2 

3. Insert 3 arithmetic means between 3 and - • 

o 

4. Insert 4 arithpietic means between ^ and - . 

381. To insert 3 arithmetic means "between a and b. 
The number of terms in the series will be 5, since there 

are to be 3 terms in addition to the first term a and the last 
term&. 

Taking the equation ;2r =^ a + (n - 1) e^ 
we have to find d, having given 

a, z^^^V and n=/i. 
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Hence &=a+(5-l)^. 

Hence the series will be 
that IS, a, -^, -g-, -^, &. 



Examples.— CXXXIX. 

1. Insert 3 arithmetic means between m and n. 

2. Insert 4 arithmetic means between m + 1 and m — 1. 

3. Insert 4 arithmetic means between n' and n^ -f 1. 

4. Insert 3 arithmetic means between a^-^y'^ and a^-\f. 

382. We shall now give the general form of the proposition 
*' To insert m arithmetic means bettoeen a an^;? b." 

The number of terms in the series will be m+ 2. 
Then taking the equation a=a + {n—l)df 
we have in this case 5=a + (m+2— l)c?, 

or, l=a + (m + l)d. 

Hence rf=^, 

and the form of the series will be 

h-a 2h-2a , 2&-2a , h—a , 
a, a-\ 7t 0+ r « « — T 1 ^ ^ 1 t>, 

that is, 

am. + b am— (g+25 5m-& + 2g &m-f g . 

^' i» + I ' w + 1 ' ' m + 1 ' w+X' 
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383. A Geometrical Progression is a series of numbers 
which increase or decrease by a constant factor. 

Thus the following series are Geometrical ProgressionS| 

2, 4, 8, 16, 32, 64 ; 

^^' "*' 4' 16' 64' 
1 



^» ""o> 1«> "foof 



2' 16' 128' 1024* 
The Constant Factors being 2 in the first series, - in the 

second and — r in the third. 

8 

Note. That which we shall call the Constant Factor is 
usually called the Common Ratio. 

384. In Algebra we express a Geometrical Progression 
thus : taking a to represent the first t®rm and / to represent 
the Constant Factor, we shall have as a series of numbers in 
Geometrical Progression 

a, (tfi af\ a/\ and so on. 

We observe that the terms of the series difier only in the 
index of f and that each index of / is always less by 1 than 
the number of the term in which that particidar index stands. 

Thus the index of/ in the 3rd term is 2, 

in the 4th 3, 

in the 5th 4. 

Consequently the index of/ in the nth term will be n— 1. 

Therefore the nth term of the series will be ^"^ 
S.A. Y^ 
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Hence if jer be the last tenn, 

385. If the series contain n terms, a being the first term 
and/ the Constant Factor, 

the last term will be fl/""S 

the last term but one will be «/""', 

the last term but two will be af^~\ 

Now o/-^ X /= ap'^ yiP = cff*'^*^ = q/*", 

a/"-» X /= i^'-' x/i = «/"-3+i = a/-«. 

386. We may now proceed to find the sum of a series of 
numbers in GeomietriccU Progression. 

Let a denote the first term, 

f the constant factor, 

n the number of terms, 

s the sum of the n terms. 

Then«=a+q/'+o/*+... + q/^-'+^-"+q/'»-i. 

Now multiply both sides of this equation by/, then 
/«=a/+a/"+a/3+...+a/"-«+^(/*-i+fl/». 

Hence, subtracting the first equation from the second, 

fss=qf*-a, 

.•.«(/-!) = a (/--I) ; 

.. s- j,_^ . 

Note. The proposition just proved presents a difficulty to 
a beginner which we shall endeavour to explain. When we 
multiply the series of n terms 

fl'¥qf+cf^+ + ^"-'+(j/*-"+fl^-^ 
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bj^ we shall obtain another series 

cff^-af^-^-aP-^- + fit/"— "+«/"-' + <(/•", 

which also contains n terms. 

Though we cannot fill np the gap in each series completely, 
we see that the tenns in the two series must be the same, 
except the Jirit term in the fonner series, and the kut term in 
the latter. Hence, when we subtract, aU the terms will dis- 
appear except these two. 

387. From the formulae : 

z=qf''^ (A), 

-^ (B), 

prove the following : 






8 — Z 



388. Ex. Find the last tebm of the series 

3, 6, 12 to 9 terms. 

The Constant Factor is ^ , that is, 2. 
In the formula 

putting 3 for a, 2 for^ and 9 for n, we get 

;y=3x2?=3x 266=768. 

Examples.— CXL. 

Find the last term of the following series : 

1. 1, 2, 4 to 7 terms. 

2. 4, 12, 36 to 10 terms. 

3. 5, 20, 80 to 9 terms. 



\%— ^ 
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4. 8, 4, 2 to 15 terms. 

5. 2, 6, 18 to 9 terms. 

e.i. 1.1 to 11 terms. 

7. "3> 3> -g to 7 terms. 

389. Ex. Find the SUM of the series 

3 
6; 3, 5 to 8 terms. 

Generally,.. . , ,=?L^^ . 

and here a= 6, /=- , n = 8, . 

••'" 1 T"^' 

2 ""2 

^ 6^ 

266 256 yg-*^ 

1 "■ 1 ■" 64 • 

2 § 



ExAMPLEa— QXLI. 
Fmd the sum of the following series : 

1. 2, 4, 8 to 15 terms. 

2. 1, 3, 9 to 6 terms. 

3. a, ao^^ aa^ ...... to 13 terms. 

4. cu — , -^ to9.tei7n8. . 



1 « ^ > J 



6. a'-«", a-a?, — - — to 7 terms. 
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6. 2, 6, 18 to n terms. 

7. 7, 14, 28 to n terms. 

8. 6, -10, 20 to 8 terms. 

2 11 ^ ^^ 

"^'3* 3* "6 to 7 terms. 

390. To find the sum of an Infinite Series in Geometrical 
Progression, when the Constant Factor is a proper fraction. 

If/ be a proper fraction and n very large, 

/^ is a very small number. 

Hence if the number of terms be infiniUt f* is so small 
that we may neglect it in the expression 



a(/"-l) 
/-I ' 



and we get 



a 

4 3 

391. Ex. (1) Find the sum of the series - + 1 + - + .i....to 

infinity. 

Here •^"^"^3 "=4' 



% 



4 



- J* 3 16 1 

•• *""i-/ , __3 3 "" 3* 

4 

O Q O 

Ex. (2) Sum to infinity the serieg. ---+ — - 

Here •^"~i"*"2 = "9 ' 

,3 3 
a 2 2 27 



- (-1) 



1-f-rl 1 + :^ 
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Examples.— GXLIL 
Find the sum of the following infinite series : 

^' ^» o> 1> ^' ^* ^> 



2' 4 



2. 1, J, ^, 10. ^, -•25;r, 



3' 27 



4. ? i i 12 i- i- 

I. 3 1 ,^ 

S- 4> 4> 13. 0?, -y, .. 



^11 ,. 86 86 



V 3' 100' 10000' 



7. 8, I, 15. -54444^ 



3 



8. li, -5, 16. -83636, 



392. To insert 3 geometric means hettoeen 10 and 160. 
Taking the equation a=(tf*'\ ' 

we put 10 for a, 160 for ^> and 5 for n, and we obtain 

160= 10. /'"S- 
/. 16=/*. 

Now 16 = 2x2x2x2 = 2*; 

Henco /=2, and the series will be 

10, 20, 40, 80, 160. 
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Examples.— CXLIII. 

1. Insert 3 geometric means betwe^ 3 and 243. 

2. Insert 4 geometric means b^^een 1 and 1024. 

3. Insert 3 geometric me^AS between 1 and 16. 

1 243 

4. Insert 4 geomeUje means between - and -^7- . 

2 64 

393. To insert in geometric means between a and b. 
The nuwber of terms in the series will be m + 2. 

1r "the formula z=(tf*~\ 

putting b for z, and m + 2 for n, we get 



l,=aJ^*^-\ 










or, &=<l/*"*+*; 










•• -^ ^a' 










or, /= 1 . 






■ 




^m+l 










Hence the series will be. 










1 a 

Of ax — J-, ax — 5-, , b'. 


a 
" a > 


6- 


1 
- 1 9 


ft, 



that is, 
«, (a-.6)-+\ (a— ».&2)-+S , (a«.2r-'}-+S {a.lrf^, h. 

394. We shall now give some mixed Examples on Arith- 
metical and Geometrical Progression. 

EXAMPLES-^CXLIV. 

1. Sum the following series : 

(1) 8 + 16+22+ to 12 terms. 

(2) 116 + 108 + 100+ tolOterms. 
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(3) 3 + 5 + 4+ to infinitj. 

(4) 2-^ + ~ to infinity. 

(6) 2"3"""6- tol3terms. 

(6) 2"3'^9" to 6 terms. 

(7) o~^""o"" to 29 terms. 

5 2 

(8) -^ + 1 + 1;;+ toSteniis, 

(9) 3 + 9 + 27'*" to infinity. 

(10) -z-TK~Tk- to 10 terms. 

6 10 lo 

(11) v^|-^/6 + 2^/(15)- to 8 terms. 

(12) -7 + S--T+ to5terms. 

5 2 4 

2. If the continued product of 6 terms in Geometrica] 
Progression be 32, shew that the middle term is 2. 

3. If a^ b, c are in arithmetic progression, and a, V, c are 
in geometrical progression, shew that p = o~//~\ • 

4. Shew that the arithmetical mean between a and b la 
greater than the geometrical mean. 

5. The sum of the first three terms of an arithmetic series 
is 12, and the sixth term is 12 also. Find the sum of the first 
C terms. 

6. What is necessary that a,b,c may be in geometric pro- 
gression? 
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^. If 2n, OB and — are in geometric progression, what is x ? 

8. If 2n, y and — are in arithmetic progression, what is y ? 

9. The sum of a geometric progression whose firat term is 
1, constant factor 3, and number of terms 4, is equal to the 
sum of an arithmetic progression, whose first term is 4 and 
constant difiference 4: how many terms are there in the arith- 
metic progression 1 

10. The first (7 + n) natural numbers when added together 
make 153. Find n. 

11. Prove that the sum of any number of terms of the' 
series 1, 3, 5, is the square of the number of terms. 

12. If the sum of a series of 5 terms in arithmetic pro- 
gression be 95, shew that the middle term is 19. 

- » - 

13. There is an arithmetical progression whose first term 

1 * 4 • 

is 3 -, the constant difference is 1-, and the sum of the terms. 

*J 9 

is 22. Kequired the number of terms. 

14. The 3 digits of a certain number are in arithmetical 
progression; if the number be divided by the sum of the digits 
in the units' and tens' place, the quotient is 107. If 396 be 
subtracted from the number, its digits will be inverted. Re- 
quired the number. 

15. If the (/) + qf" term of a Geometric Progression be m, 
and the {p—qY" term be n, shew that the j9* term is J{mn). 

16. The difference between two numbers is 48, and the 
arithmetic mean exceeds the geometric by 18. Find the num- 
bers. 

17. Place three arithmetic means between I and 11. 

18. The first term of an increasing arithmetic series is 
*034, the constant difference '0004 and the sum 2*748. Find 
the number of terms, 

19. Place nine arithmetic means between 1 «nd —1, 
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20. Prove that every term of the series 1, 2, 4> ia 

greater by unity than the sum of all that precede it. 

21. Shew that if a series of mp terms forming a geometri- 
cal progression whose constant factor is r be divided into sets 
of p consecutive terms^ the sums of the sets will form a geo- 
metrical progression whose constant factor is n*. 

% 

22. Find five numbers in arithmetical progression, such 
that their sum is 55, and the sum of their squares 765. 

23. In a geometrical progression of 6 terms the difference 
of the extremes is to the difference of the 2nd and 4th terms 
as 10 to 3, and the sum of the 2nd and 4th terms equals twice 
the product of the 1st and 2nd. Find the series. 

24. Shew that the amounts of a sum of money put out at 
Compound Interest form a series in geometrical progression. 



25. A certain number consists of three digits in jptnetri- 
cal progression. The sum of the digits js iS, «nd if 792 be 
added to the number, the djgiii iiffl 1>e inverted. Find the 
number. 

26. The population of a county increases in 4 years from 
10000 to 14641 ; what is the rate of increase ? 



XXXII. ON HARMONICAL PROGRESSION. 

395. A Harmoniccd Progression is a series of numbers of 
which the reciprocals form an Arithmetical Progression. 

Thus the series of numbers a, &, c, ^, is a Harmonical 

Progression, if the series -, t,-, ^, is an Arithmetical Pro- 
gression. 

If a, &, <; be in Harmonical Progression, h is called the Har- 
monical Mean between a and c. 

Note. There is no way of finding a general expression for 
the sum of a Harmonicsd Series, but many problems with 
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reference to such a series may be solved by inverting the 
terms and treating the reciprocals as an Arithmetical Series. . 

396. Jjy a, 6, c te in Harmonicoil Progression^ to shew 
that 

a : c ::a— & : &— c. 

Since - , t « - are in Arithmetical Progression, 
a^ V c 



or 



or 



1 

c 


1 


1 


1 
"a' 


h 


— c 


a- 


-b 


( 


be " 


' ab ' 




ab 


a- 


-b 




hc~ 


■&- 


•c' 




a _ 


«- 


b 



C — C 

397. To insert m harmonic meam Mteeen a and b. 

First to insert m arithmetic means between - and 7 . 

a b 

Proceeding as in Art. 357, we have 

i = U(m+l)^, 

or a=b+{m-hl).dbd, 

... d= ^"^ 

a& (m + 1) * 

Hence the arithmetic series will be 

1 1 a-b 1 2(g~&) 1 m{a^b) 1 

a'a'*"a6(m+l)'a"*'a&(w+l)' a"*"a&(m+l)' 6' 

1 bm+a 5m+2a— 6 am-^b 1 



or. 



a' a&(m + l)' a5(m+l) ' ab{m+\yV 

Therefore the Harmonic Series is 

a&(m-H) db{m+\) ab{m+l) , 

^' 5m+a '&m+2a-6' am+b ' 
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398. ' Given a and 6 the first two terms of a series in Har- 
monica! Progression, to find the n^ term* 

- , 7 are the first two terms of an Arithmetical Series 

of which the common difference is r — . 

a 



The n^ term of this Arithmetical Series is 

^("-')G-i) 

_1 (n — l)(a — &) _ &-t-yMg—a— W&4-5 
"a ah " ah 

_ (wa~g)-(w5~2&) _ (n-l)a-(n-2)& 
" db ^ db ' 

/. the n* term of the Harmonical Series is 

db 
(n-l)a-(w-2)&' 

399. Let a and c be any two numbers, : 

h the Harmonical Mean between them. 

rri, Jill 

Then x;-"^ =*:;""?;» 

2 a+c 

, 2ac 
/. &=— — . 

400. llie Ibllowing results should be remembered. 
Arithnk^tical Mean between a and c= -—— , 

Geoihetrical Mean between a and e^tjac, 

^ac 
flftrmonical Mean between a and c = -— ^ • 
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Hence if we denote the Means by the letters A^ Q^H 
respectively, 

2 a + (5 
= ac 

that is, GisB, mean proportional between A and H, 

401. To shew that A, G, H are in descending order of 
magnitade. 

Since {s/a—Jcy must be a positive quantity, 

(\/<*-i>yc)2 is greater than 0, 

or o— 2\/ac+c greater than 0, 

or a+cgreater than 2VacJ^ 

or -zr- greater than \/ac: 

that is, A is greater than G, 

Also, since a+ & is greater than 2 n/oc, 

is/^ (a+c) is greater than 2a(; ; 

• * 

.'. il/oc is greater than — — ; 
Le, G is greater than H. 

Examples. — CXLV. 

: 1. ' Insert two harmonic means between 6 and 24. • • 
2 four .^ 2and3» 



3 three -and-. 

4 four , ,... -and r«. 
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5. Insert five harmonic means between — 1 and 2"^ 

6. ...... five ^ -and—-. 

7. six 3and— . 

a • n 2;rand3y. 

9. The sum of three terms of a harmonical series is — , 

and the first term is - : find the series^ and continue it both 
ways. 

10. The arithmetical mean between two nnmbers exceeds 
the geometrical by 13, and the geometrical exceeds the har- 
monica! by 12. What are the numbers ] 

11. There are four numbers a, h^ <?, d^ the first three in 
arithmetical, the last three in harmonicEd progression ; shew 
that a :&=c \d. 

.12. If 47 is the harmonic mean between m and n, shew that 

Y »■= — <+• - • 

w-m x-^n m n 

13. The sum of three terms of a harmonic series is 11, 
and the sum of their squares is 49 ; find the numbers. 

14. If XyPfZhe the ^*, ^ and r* terms of a H.P, shew 
that {r-q)yz+{p-r)az+{q-p)a^=0. 

15. If the H.M. between each pair of the numbers afb,e 
be in A.P., then a^, h\ (^ will be in h.p. : and if the H.x. be in 
H.P., a, 6, c will be in h.p. 

16» Shew that t- + =4, >7, or > 10, according as 

c—o c—a ' ** 

c is the A., 0. or h. mean between a and b. 
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402. The different arrangements in respect of order of 
snccession which can be made of a given number of things are 
called Febmutations. 

Thus if from a box of letters I select tieo, P and Q, I can 
make ttoo permutations of them, placing P first on the left 
and then on the right of Q, thus : 

P, Q and Q, P. 

If I now take three letters, P, Q and R^ I can make six 
permutations of them, thus : 

P,Q,R ; P, 22, C, two m which P stands first 

Q,F,E; Q, R, P Q 

R,P,Q; B,Q,P, R 

403. In the Examples just given aU the things in each 
case are taken together ; but we may be required to find how 
many permutations can be made out of a number of things 
when a certain number tmly of them are taken at a time. 

Thus the permutations that can be formed out of the letters 
P, Q and R taken two at a time are six in number, thus : 

P,Q; P,RiQ,P; Q,R;R,P;R,Q. 

404. To find the number qf permtUations qf n different . 
things taken r at a time. 

Let a, &, c, (f ... stand for n different things. 

First to find the number of permutations of the n things 
taken tioo at a time. 

If a be placed before each of the other things 5, c, ef ... of 
which the number is n-l, we shall have7i-l permutations 
in which a stands first, thus 

dbiOC^ad^ 
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If h be placed before each of the other things a, c, ^ ... we 
shall have n— 1 permutations in which h stands first, thus : 

&a, hCy bd, 

Similarly there will be n — 1 permutations in which c stands 
first : and so of the rest. In this way we get every possible 
permutation of the n things taken two at a timer 

Hence there will be n.(n— 1) i)ermutations of n things 
taken tioo at a time. 

Next to find the number of permutations of the n things 
taken three at a time. 

Leaving a out, we can form (w— 1) . (w— 2) permutations of 
the remaining (n~l) things taken two at a time, and if we 
place a before each of these permutations we shall have 
(n— l}.(n-2) permutations of the n things taken three at a 
time in which a stands first. 

Similarly there mil be (»— 1) .(n— 2) permutations of the 
n things taken three at a time in which b stands first : and so ^ 
for the rest. 

Hence the whole number of permutations of the n things 
taken three &t & time will be n.(n— !).(»— 2)i the factors of 
the formula decreasing each by 1, and the figure in the last 
factor being 1 less than the number taken at a time. 

We now assume that the formula holds good for the num- 
ber of permutations of n things taken r— 1 at a time, and we 
shall proceed to shew that it will hold good for the number of 
permutations of n things taken r at a time. 

The number of permutations of the n things taken r- 1 at 
a time will be 

n.(n-l).(n-2) \n-Vr-l)-l}\ 

that is n.(w-l).(»-2) (n-r+2). 

Leaving a out we can form (n— 1) . (n— 2) (n— 1 — r +2) 

permutations of the (n-l) remaining things taken r-^I at a 
time. 

Putting a before each of these, we shall have 
(n-l).(»-2) (n-r+1) 

permutations of the n things taken r at a time in which a 
stands firsts 
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So again we shall have (n-l),(n-2) {:a''r'»r\) per- 
mutations of the n things taken r-^t a time in which h stands 
first; and so on. 

Hence the whole number of permutations of the n things 
taken r at a time will be 

n.(n-l).(n-2) (w~r + l). 

If then the. formula holds good when the n things are 
taken r~l at a time it will hold good when they are taken r 
at a time. 

But we haye shewn it to hold when they are taken 3 at a 
time; hence it will hold when they are taken 4 at a time, and 
so on: therefore it is true for aU integral values of r^, 

405. If tlie n things be taken all togetheri r=ni and the 
formula gives 

w .(w-l>.(»-2) (n-nf 1); 

that is, w.(w-l).(n-2) 1 

as the number of permutations that can be formed of ii dif- 
ferent things taken all together. 

For brevity the formula 

n.(»-l).(n-2) 1, 

which is the same as 1.2.3 n, 

is written [n. This symbol is called yoc^orto/ n. 

Similarly [r is put for 1.2.3 r; 

Ir-l for 1. 2. 3 (r-1). 

Ohs, [w=n. [w—JL = «.(» — !). |»j-2 = &G» 

403. To find the number of permiUaHons qf n thina^ 
taken all together when certain qfthe things are alike. 

Let the n things be represented by the letters a, &, c^ eif.....« 
and suppose that a recurs p times, 

b q times, 

e ...... r times^ 

and so on. . . .; 

* Another proof ,ol this Theorem may be seeft in Art 480« / 
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Let P represent the whole nnmber of permntations. 

Th^ if all the p letters a were chaDged into p other letters, 
different from each other and from all the rest of the n letters, 
.the places of these J9 letters in awy one permutation conld now 
be interchanged, each interchange giving rise to a new permu- 
tation, and thus from each single permutation we could form 
1.2 p permutations in all, and the whole number of per- 
mutations would be (1 . 2. . ,p) P, that is [£ . P. 

Similarly if in addition the ^ letters & were changed into 
q letters different from each other and from all the rest of the 
n letters, the whole number of permutations would be 

and if the r letters c were also similarly changed, the whole 
number of permutations would be 

|r . •^. |£.P; 
and so on, if more were alike. 

. But when the p, q and r, &c. letters hare thus been 
changed we shall haye n letters all different^ and the number 
of permutations that can be formed of them is In (Art. 405). 

Hence -P* l£* 1^* t* "^IS* 

In 
• p« • '— 



l£. 1?.. t 



Examples.— CXL VI. 

I. How many permutations can be formed out of 12 things 
taken 2 at a time ? 

, 2. How many permutations can be formed out of 1 6. things 
taken 3 at a time] 

3. How many permutations can be formed out of 20 things 
t^keh 4 at a time ? 

4. How many changes can be rung with 5 bells out of 8 ? 

6. How many permutations can bo made of the letters in 
the word ExamincUion taken all together? 

6. . In how many ways can 8 men be placQd side by side ? 
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7. In how many ways can 10 men be placed side by side ? 

8. How many different words can be fonned out of the 
letters in Binomial f 

9. How many different permutations can be fonned out of 
the letters in Algehr\ taken all together ? 

10. The number of things : number of permutations of 
the things taken 3 at a time = 1 : 20. How many things are 
there? 

11. The number of permutations of m things taken 3 
at a time ; the number of permi^tations of m+2 things taken 
3 at a time = 1 : 5. Find m. 

12. In the permutations Qf a^ h, c, d, e, /, g taken all 
together, find how many begin with cd, 

13. Find the number of permutations of the letters of the 
product aWc^ written at full length. 

14. Find the number of permutations that can be formed 
out of the letters i^ each of the following words: Conceit, 
Talaveray Calcutta^ Proposition, Mississippi. 



XXXIV. COMBINATIONS. 

407. The Combinations of a number, of things are the 
different collections that can be formed out of them by taking 
a certain number at a time, without regard to the order in 
which the things stand in each collection. 

Thus the combinations of a, &, c, d taken ttoo at a time are 
ahf aCf ad, be, bd, cd. 

Hero from each combination we could make ttco permuta- 
tions: thus abfba; ac,ca; and so on: for ab, ba are the same 
combmation, and so are ac, ca. 

Similarly the combinations of a, b, c, d taken three at a time 
are cibc, abd, acd, bed. 

Here from each combination we could make ^i^ permuta- 
tions; thus abc, acb, bae, bca, cab, cba\ and so on. 
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And, generally, in accordance with Art. 405, any combina- 
lion of n things may be made into 1 . 2 . 3 ... n permutation?. 

408. To find t?ie number qf combinations of n different 
things taken rata time» 

Let Cr denote the number of combinations required. 

Since each combination contains r things it can be made 
into [r permutations (Art. 405); 

.'. the whole number of pennutations= [r . CU 

But also from (Art. 404) the whole number of permutations 
of n things taken r at a time 

=»(n-l) (n— r+1); 

.*. [r.Cr--n{n — l) (w-r+1); 

^ n(n—l) (n— r+1) 

Lr 

409. To shew that tlie number of combinations of n 
things taken r at a time is the same as the number taken n - r 
at a time. 

^ _ n. (n-1) (n-r-f-l) ^ 

n . (n- 1) {w-(n-r)-H} 



and G,«r= 



1 .2.3 (w-r) 



^ r. . (n-1) (r+1) 

"i.2.3 (w-r) 

Hence 

Cr _ n.(n-l) (n-r + l) 1.2.3 (w~r) 

C— r" 1.2.3 r n.(M-l) (r+1) 

_ w . (w - 1 ) (n~r-H).(»~r) 3.2.1 

- 1T2.3 r.(r+l) (»-l).u 

=1. 

That is, 0^=C^^r 
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410. Making r=l, 2, 3 r-1, r, r+1 in order, 






^ _ w.(y^-l) (n-r4-2) 

'•-^ " 1.2 (r-1) 

^ n.(n-l) (n-r + 2).(yz-r+l) 

••"' 1.2 (r-l).r 

^'■•^^" 1.2 r.(r+l) 



a=i. 

Hence the general expression for the factor connecting 
Cr^ one of the set of numbers Ci, C^ C1.+1 6^, with 

G-i, that which stands next before it, is , that is, 

^ n-r+1 ^ 



A) __ A* J. I 

With regard to this factor , we observe 



(1) It is always positive, because n + 1 is greater than r. 

(2) Its value continually decreases, for 

w-r+I w+1 



r r 

which decreases as r increases. 



-1, 



w~~r + 1 
(.3) Though continually decreases, yet for several 

successive values of r it is greater than unity, and therefore 
each of the corresponding terms is greater than the preceding. 

(4) When r is such that is less than unity the 

corresponding term is less than the preceding. 
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(6) If n and r be such that =1, Cr and C^^ are 

a pair of equal terms, each greater than any precedmg or sub- 
sequent term. 

Hence up to a certain term (or pair of terms) the terms in- 
crease, and after that decrease: this term (or pair of terms) is 
the greatest of the series, and it is the object of the next 
Article to determine whi^t value of r gives this greatest term 
(or pair of terms). 

411. To find tTie value of r for which the number of 
cmnbinations ofn things taken r together is the greatest. 

^ _ r?.(w--l). (n~r + 2) 

^'^^ 1.2 (r-1) 

^ _ n,{n-\) (w-r+2) (n-r+1) 

^'•~ 1.2 (r-1) r 

^ n.(n^l) (n-r+1) n—r 

^'•+1" 1.2 r • F+l* 

Hence, if C^ denote the number of combinations required, 

C C 

—— and ~- must neither of them be less than 1. 

W-l C/r+i 

and %:i = ':^. 

C^ n—r 

fl—fA.^ 9*4-1 

Hence is not less than 1 and is not less than 1, 

r n—r ' 

or, w - r + 1 is not less than r and r + 1 not less than n-^r^ 
or, n + l is not less than 2r and 2r not less than n — l; 

.*. 2r is not greater than n+l and not less than 7i—l, 

Hence 2r can have only throe values, n— 1, w, n+ !• 
Now 2r must be an even number, and therefore 

(1) If w be odd, n-1 and n + l being both even num- 
bers, 2r may be equal ton— 1 or n + l; 
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n-1 w+1 

... r=-^ orr=-2-. 

(2) If n be even, w — 1 and w + 1 being both odd num- 
bers, 2r can only be equal to w ; 

. _n 

Ex. (1) Of eight things how many must be taken to- 
gether that the number of combiuatious may be the greatest 
possible 1 

Here n=8, an even number, therefore the number to bo 

ft V 7 V f? V 'i 

taken is 4, which will give - — ^ — r — - or 70 combinations. 

Ex. (2) If the number of things be 9, then the number to 

9—1 9+1 
be taken is — ^ or — o~~> ^** ^s 4 or 6, which will give 

respectively 

:t-^^— — - — 7 , or 126 combinations, and 
1 x2x3x4' ' 

9x8x7x6x6 -^_. u- x« 
-^ — -z — X — -. — r , or 126 combmations. 
1x2x3x4x6' 



Examples.— CXLVIL 

1. Out of 100 soldiers how many different parties of 4 can 
be chosen ? 

2. How many combinations can be made of 6 things taken 
6 at a time \ 

3. Of the combinations of the first 10 letters of the 
alphabet taken 6 together, in how many will a occur ? 

4. How many words can be formed, consisting of 3 con- 
sonants and one vowel, in a language containing 19 consonants 
and 6 vowels ? 

6. The number of combinations of n things taken 4 at 
a time : the number taken 2 at a time = 16 : i2. Find n, 

6. The number of combinations of n things, taken 5 at 
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a time, is 3 - times the number of oombinatioiis taken 3 at 

a time. Find n. 

7. Out of 17 consonants and 5 Towels, how many words 
can be formed, each containing 2 vowels and 3 consonants % 

8. Out of 12 consonants and 5 vowels how many words 
can be formed, each containing 6 consonants and 3 yowels ? 

9. The number of permutations of n things, 3 at a time, 
is 6 times the number of combinations, 4 at a time. Find n, 

}0. How many different sums may be formed with a guinea, 
a half-g^nea, a crown, a half-crown, a shilling and a sixpence ? 

11. At a game of cards, 3 being dealt to each person, 
any one can have 425 times as many hands as there are cards 
in the pack. How many cards are there % 

12. There are 12 soldiers and 16 sailors. How many 
different parties of 6 can be made, each party consisting of 
3 soldiers and 3 sailors \ 

13. If Cn be the total number of combmations of n things 
taken 1, 2, 3 ... 9i at a time, shew that 



XXXV. THE BINOMIAL THEOREM. POSITIVE 

INTEGRAL INDEX. 

412. Thb Binomial Theorem, first explained by Newton, 
is a method of raising a binomial expression to any power 
without going through the process of actual multiplication. 

413. To investigate the Binomial JJieorem for a posi- 
tive integral index. 
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— ■ ■ _ I , 

By actual multiplication we can shew that 

(4? + Oi) (a? + flTj) (a? + flTg) = a;* + (oi + a, + flTj) 0^ 

+ {did^ + a-^a^^ f CL-^^ft^ + a^^n^x + OiO^^^, 
In these results we observe the following laws : 

I. Each product is composed of a descending series of 
powers of x. The index of x in the first term is the same as 
the number of factors, and the indices of x decrease by unity 
in each succeeding term. 

II. The number of terms is greater by 1 than the number 
of factors. 

III. The coefficient of the^r^^ term is unity. 

of the second the sum of a^, a^, a^.,. 
of the third the sum of the products 

of aifOpa^,,, taken two cU a time. 
of the fourth the sum of the products 
of ^1, a^y a^.„taken three cU a time, 
and the lent term is the product of all the quantities 

Suppose now this law to hold forn~l factors, so that 

{x+(h)(x+aiX^+a^ '(^+^-1) 

=«-i+ASi.«-*+/^.«— '^+ASi.«»-*+ +aS;_i, 

where /S'i=«i+fl',+flrj+ ... +««_!, 

that is, the sum of Oj, <7, , atj ... a„_i^ 

that is, the sum of the products of aj, cr,, <78 • • • ^n-i > 
taken two at a time. 
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that is, the sum of the products of Oj, a^ ... a^.tr 
taken three at a time, 

that is, the product of Oi, a„ ^3 ...^n-i. 
Now multiply both sides by a?+a». 
Then 

(«+ai) (a?+a^ ... (^+0^-1) (a?+a») 

«af +^i«— i+^jaf-^+zSiaf- » + ... 

+ On aj"-^ + a« /SI a;"-2 + an^, af-3 + . . . + 0^^^^ 

s= af + (/Si + On) «""H (aS; + a»5y af- * 

+ (aS; + an/Sy ^-3 + . . . + a„Si,i . 

Now ASi+a»=ax+a,+a8+ ... +a«^i+an, 

that is, the sum of tfi) ^^ ^ ... a^, 
<Si4-a«/Si=AS',+an(ai+aa+ ... +«fi-i), 

that is, the sum of the products of ^x) ^s ••• ^n* 
taken two at a time, 

that is, the sum of the products of Oi, er,... an, 
taken three at a time, 

«n'S'««x = aiaj<7, . . . On.i On , 

that is, the product of Oi, a„ a, ... o^. 

If then the law holds good for n—l factors, it will hold 
good for n factors : and as we-have shewn that it holds good 
up to 4 factors it will hold for 6 factors: and hence for 
6 factors : and so on for any number. 
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Now let each of the n quantities Oi, a,, erg ... On he equal 
to O) and let us write our result thus : 

(jp+ai)(a7+flj)... (a7+an)=«"+-4i,«"-^+-4,.af-2+ ... +-4». 

The left-hand side hecomes 

(a: + a) (a: + a) . . . (a? + a) to n factors, that is, (a? + a)*. 

And on the right-hand side 
.4i=a+a+a+ ... to n terms=9za, 

utfs=a^+a^+a^+ ... to as many terms as are equal to the 
numher of combinations of n things taken two at a time, 



1.2 



•• *~ 1.2 ' 



-^8=^+^^'+^^'+ ••• to as many terms as are equal to the 
number of combinations of n things taken three at a time, 
. , . . w.(n — 1). (w— 2) 

*^^" 1.2.3 ' 

••^*~ 17273 •"' 

^n=A«a*a*'*to 72 factors =a*. 
Hence we obtain as our final result 

414. Ex. Expand {x + a)'. 

Here the number of terms will be ievm, and we have 

^ 6.5.4.3 ^^. 6.5.4.3 .2 - , - 

•*-t:2:3:4^^-*' i.2.3.4.5 ^^^^ 

= aj« + eoc* + 15aV + 20a V + 15a V + 6tt'a? + a*. 
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NoTB. The coefficients of temiB equidistant from the 
end and from the beginning are the same. The general proof 
of this will be giren in Art 420. 

Hence in the Example just gieen when the coefficients of 
f(mr terms had been found those of the other three might 
hare been written down at once. 



ExAMPLEa— CXLVIII. 

Expand the following expressions : 
1. (a+a?)*. 2. (&+c)*. 3. {fl^hj. 

4. (a?+y)8. 5. (5+4fl)* 6. (a«+6c)». 

415. Smce 

if we put a;= 1, we shall have 

(l + a;"=l + wa+ — \ a^4' ... +a". 

416. Every binomial may be reduced to such a form that 
the part to be expanded may have 1 for its first term. 

Thus since a?+a=;cri + -), 

(a?+a)-=^^l + ?y; 

and we may then expand (l + - ) and multiply each term of 
the result by ^. 

Ex. Expand (2a7 + 3y)*. 

(2a;+3y)»=(2ar)».(l+gJ 



+" 



1.2.3.4'\2*/ Vax/ j 
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- ^9.' /i a. ^^y _!. ^^y" 4. 270y» ^ 4052^ 243y^») 

= 32ar' + 240;r^y + Tl^a^y^ + lOSOj^y + 810aJ2^ + 243y«. 

417. The expansion of {x-df will be precisely the same 
as that of {x ■{- a)", except that the sign of terms in which the odd 
powers of a enter, that is the second, fourth, sixth and other 
even terms, will be negative. 

Thus (^ - a)" = a;" - nasf'^ + — ') ^ ^ . a'a;"""' 

^n.(n-l).(n-2) 

1.2.3 ^ 

for (a?-a)"={iP+(-a))'' 

J. • ^ 
Ex. Expand {a~cf, 

= a' - ba*c + lOa'c* - lOaV + 5ac^ - c^. 



Examples. — CXLIX. 

Expand the following expressions : 

1. (a-a?/. 2. {b-cf. 3. (2^-32^:^ 

4. (l-2a?)«. 6. (l-a?y«. 6. (a»-ft2)8. 

418. A trinomial, as a+b+c, may be raised to any power 
by the Binomial Theorem, if we regard two terms as one, thus : 
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Ex. Expand {l-^x^a^. 
(l+a7+;r*/=(l+a?)'' + 3(l+a?)2.a?'+^(l+«). 



Examples. — ^CL. 

' Expand the following expressions: 
1. {a + 2b-cy. 2. (l-2;r.|-3^l 3. (ar^-ar'+ar)". 

4. (3a;i + 2a;* + l)», 6. (ar+l--). 6. (a* + &*-c*)'. 

419. 2b /n<? ^A^ r*^ or gfineral term qf the expansion cf 

(a?4-a)". 

We have to determine three things to enable us^ to write 
down the /^ term of the expansion of (;r+a;". 

1. The index of x in that term. 

2. The index of a in that term. 

3. The coefficient of that term. 

Now the index of x^ decreasing by 1 in each term, is in the 
r"* term «-r+ 1 ; and the index of a, increasing by 1 in each 
term, is in the r*** term r— 1. 

For example, in the third term 

tho index of a? is «— 3 + 1, that is, n-2 ; 

the index of a is 3— 1, that is, 2. 

In assigning its proper coefficient to tho i^ term we have 
to determine the last factor in the denominator and also in tho 
uamerator of the fraction 

n .(w — l).(n~2).(n— 3)...... 
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Now the la%t factor of the denominator is less by 1 than 
the number of the term to which it belongs. Thus in the 
3<^ term the last factor of the denominator is 2, and in the 
i^ term the last factor of the denominator is r — 1. 

The lent factor of the numerator is formed l*f subtracting 
from n the number of the term to whiek it Belongs and adding 
2 to the result. 

Thus in the 3*^ tern f&e last factor of the numerator is 

w-3 + 2, thatisw-1; 

hffiio 4*^ w-4 + 2, that is w-2; 

vbA so in the v^ n—r+2. 

Observe also that the factors of the numerator decrease by 
unity, and the factors of the denominator increase by unity, so 
tliat the coefficient of the r^ term is 

n.{n-l).(n-^2) (n--r4-2) 

1.2.3 (r-1) 

Collecting our results, we write the r^ term of the expanr 
sibn of {x + a)" thus : 

n.(n-l).(n-2) (n-r+2) , 

1.2.3 (r-1) '^ -^ • 

Obs, The index of a is the same as the last factor in the ^ 
denominator. The sum of the indices of a and x is n. 



Find 



EXAMPLES.-'CLI. 

1. The 8*^ term of (1+ a?)", 

2. The 5^ term of (a« - &2)u 

3. The 4«> term of («-&)«». 

4i The9*^termof(2a&-(:£/y*. 

6. The middle term of (a-&)*. 

6. The middle term of (a* +**)». 

7. The two middle terms of (a-5)", 

8. The two middle terms of {a + a?)". 
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9. Shew that the coefficient of the middle term of 

10. Shew that the coefficient of the middle term of 
(«+*)*•« fa «.«3. (2>' + 3)(2« + S) (4«-l)(4n+ l)^ 

420. To sTieto that the coefficient of the i^ term Jrom, tlis 
beginning qfthe expamion of (a?+a}" is identical with the 
coefficient of the f^ term from the end. 

Since the number of terms in the expansion is n+ 1, there 
are w + l-r terms before the r* term from the end, and 
therefore the r* term from the end is the (»-r+2)* term 
from the beginning. 

Thus in the expansion of {^x+afy that is, 

;c« + 5<wr* + 10a V + lOa'^ii^ + 5^4-j, ^ ^^ 

the 3rd term from the end is the (6 - 3 + 2)* that is tUc 4* term 
from the beginning. 

Now if we denote the coefficient of the r* term by Cry 
and the coefficient of the (w— r+2)*^ term by Cn^r+u 
we have 

w.(w-l) (n— r4-2) 



Cr = - 



1.2 (r-1) 



^ _ n.(w~l) {n—(w-r+2)-f2} 

«-»*+* - 1,2 (»-r+ 2- 1) 

w.(n-l) r 



"1.2 (w-r+1)' 

Hence 

Cr n.(n-l) (n-r-f2) 1.2 (w-r-f-l ) 

c;-r+« ~ 1.2 (r-1) ^ «.(«-l) r 

n.(n-l) (n-r+^).(n-r+l) 2.1 

" 1.2 (r-l).r (n-l).» 

= '^ = 1, which proves the proposition. 
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^ — 

421. To find the greatest term, in the expansion of 

(w+a)*, n being a positive integer. 

The r* term of the expansion (a?+a)* is ^ 

^•(^-1) {n-r+2) ^^_, ^„, 

1.2 (r-1) 



.a''"^^"-»•+l. 



The (r + 1)* term of the expansion {x + a)" is 

w.(w-l) (w-r + 2).(w-r + l) ^ „ , 

1.2......(r^l).r • • - • 

Hence it follows that we obtain the (r + 1)* term by multi- 
plying the r* term by 

n— r+1 a 
r. 'x' 

When this multiplier is first less than 1, the i^ term is the 
greatest in the expansion. 

Now . - is first less than 1 

r X 

when wa-ra+a is first less than r^a?, 

or wa + a first less than r^+ra, 

or r {x + a) first greater than a (n + 1), 

or r first greater than— ^ . 

If r be equal to — ^^ , then . -= 1, and the 

^ x-\-a ' r X 

(r + 1)*^ term is equal to the r"', and each is greater than any 
other term. 

Ex. Find the greatest term in the expansion of (4 + a/, 

when a=s« 

3 
Here «(« + « 2<^ + ^) 12 24 

*+2 T 

The first whole number greater than 2^^^ is 3, therefore the 
greatest term of the expansion is the 3rd. 

B.A, ^ 
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Aan, To find ih4 $um of all the coefficients in the ejppan- 

eionqfil+ay. 






X • « 

patUng ;p = 1, we get 

2"=l+n+ — ; - ^ + + , ^ ^ + n+l; 

or, 2* = the sum of all the ooeffidenta. 

423. To shew that the sum qf the coefficients of the odd 
terms in the expansion qf {l+xy is equal to the sum of the 
coefficients qfthe even terms. 

Since 

^ ^ *-r/wc-r J 2 ^ 1.2.3 

putting « •= — 1, we get 

(1 1^- 1 ni ^'^^"^^ n.(n-l).(n-2) 

^ (, n.(w-l). ) 



., ^ ..C-.M.-., , j 



=sam of coefficients of odd terms -sum of co- 
efficients of even terms; 

.*. sum of coefficient9 of odd terms = sum of coefficients of 
oven terms. 

Hence, by the preceding Artide, 

2* 
sum of coefficients of odd terms = -r =2"''^* 

2* 
sum of coefficients of even terms = o = ^~*' 
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FRACTIONAL AND NEGATIVE INDICES. 

424. We have shewn that when m is a positive integer, 

(l + ^)'"=l + »w?+ — —^ — a^+ 

J. . ^ 

Wo have now to shew that this equation holds good when 

9n is a positive fraction, as ^, a negative hdogeTf as -3, or a 

3 

negative fraction, as --. 

We shall give the proof devised by Euler. 

425. If 9?2 be a positive integer we know that 

/I. ^m I. w.(m — 1) . m.(m-l).(m-2) ,. 

Let us agree to represent a series of the form 

m.(wi — 1) « 
l + ma?-t- — ^—z — -af*+ 



by the symbol /(m), whatever ths value qfm may be. 

Then we know that when m is a positive integer 

(l+^)-=/(m); 

and we have to shew that, also, when m is fractional or 
negative 



Since /(wi)=l+»na?+ — '-\—^ — ^«*+ 



/(n)=l+.««+5-^^^^2 — ^^+ 



^'^y-a 
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If we multiply together the two series we shall obtain an 
expression of the form 

l+<M?+6aj'+Cir5 + efar*+ 

that is, a series of ascending powers of ^ in which the coeffi- 
cients a, &, c are formed by various combinations of 

m and n. 

To determine the mode in which a and 5 are formed, let us 
commence the multiplication of the two series and continue it 
as far as terms inyolving ^, thus 

^m) = l+in4?+ — J— 5 — ^«8+ 

/(w)x/(n)=l+in4?+ — 1-2 — -a^+ 

+ »M? + mw«2+ 

^«Jn-l.)^^ 



-1) 



, / . N (m.(m— 1 

-l + (m + n).^+ I — Y~o — 



n.(w-l)) , 



Comparing this product with the assumed expression 

l-\-aje-\-ha^+ca^+da!*'{- 

we see that a=9?2 + n, 

, , w.(m-l) . n.(w-l) 

1.2 
* 1.2 
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» ■ ■ . 

Similarly we could shew ly actual multiplication that 

_ (m4-n).(m + w — l),(m + n-2) 
^"" 1.2.3 ' 

,_ (m+n).(m + w-^l).(wi+n— g). (wi + n-3) 
^^ 1.2.3.4 • 

Thus we might determine the successive coefficients to any 
extent, but we may ascertain tJie law of their formation by 
the following considerations. 

The forms of the coefficients, that is, the way in which m 
and n are involyed in them, do not depend in any way on the 
valvjBs of m and n, but will be precisely the same whether 
m and n be positive integers or any numbers whatsoever. 

If then we can determine the law of thdr formation when 
m and n are positive integers, we shall know the law of their 
formation for all values of m and n. 

Now when m and n are positive integers, 

f{m) = {\+xr, 
/(w) = (l+^)-; 
.'. f{m) x/(») = (1 + aj)"» X (1 + ^)* 

1./ . \ . (wi + n).(m + n-l) . 
^\ + {m+n)X'h-^ — ~12 •«^+... 

s=/(w+w). 

Hence we conclude that whatever he the values of m 
aud n 

f{m) xf(fi) =f(rn + n). 
. Hence f(m + n +p) =f(m) ,f{n +p) 

and so generally 

/(W + W+P+ ^..)=f(m).f{n).f{p) ,.. 
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Kow let w =«=/?= ... =T, h and h being positiye iu 
tegers, then 

/f- + 1 + T + ... to h termsj 



or. 



or. 






1 + r •« + — 4— =— '^ JT + ... 



* 1.2 

which proves the theorem for a positive fractional index. 

Again, since/(»») ./(«)=/(»» + ») for all values of m. and 
w, let «= — »», then 

/(»») .f{-m)=f{m-m) 
=/(0). 

TkT At- • « W*.(Wl — 1) , 

Now the senes 1 +wm?+ — p-r — - ic'+ ... 

becomes 1 when w=0, that i8,/(0) = l ; 
.•./(m)./(-m)=l; 

.-. (l+a?r-=/(-»n) 

= l+(-w)ii?+ ^— ^0;*+ ... 

which proTes the Theorem for a negative index, integral oi 
fractional 
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426. Ex. Expand (a +^)^ to four terms. 

-•('--0 

(«+x)*=a*+5.a*-*.«+24l_-d.aJ-». 



1.2 



«*+ 



^^^"■^^^"■■"■"^ . »• .fir*** 



1.2.3 
-1 3 

2 2.0 



= a5+ — r 



a^ 



2a4 8ai 16a5 

Or we might proceed thus, as is explained in Art 41QL 

A. .1 X . 2-(2"0 ^ . 2(2"0(2"^) a^ f 

= a' + — r r + J ... 

2a9 bat 16as 



Examples.— CLII. 
Expand the following expressions : 
1. (1 +x)^ to fiye terms. 7. (l-a?*)' to fire terms. 



2. (l+a)5 to four terms. 

3. {a+x)^ to five terms. 

4. (1 + 2a?)* to five terms. 



8. (1 -a')5 to four terms. 

9. (1 - 3ar)* to four terms. 



10. 



. i^'—^) to four terms. 
a +— j to four terms. 11. (1-a?)' to four terms. 
6. (a* +^)^ to four terms. 12. f -— - ^\ to three terms. 
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427. To expand (1 + x) -•. 
(H-ar)-'=H.(-n).a>+ ~*'-^~"~^^ a!' 

J. • iS 

1.2.3 ^ 

, «(»* + l) . w(w + l)(n+2) , 

^ 1.2 1.2.3 •^ + -— 

the terms being alternately positive and n^ative. 
Ex. Expand (1 +a?)-3 to five terms. 

= l-3ar-f6a:8-10ar3+16;ir*-... 

428. To expand (1 - a?)-\ 

(l-;i?)-" = l-(-n).3r+ "^'('"r*~^\ a:« 

\ 

-n(-w-l)(-n-2) ., . 

1.2.3 ^■^•" 

the terms being all positive. 

Ex. Expand (1 — ;»)"' to ^'^q terms. 

a^\„3 , .o^.3.4„ 3.4.6_-. 3.4.5.6 . 

= l + 3a?+6a;8+l()-,^^15^4 ,, 

Examples.— CLIII. 
Expand 

1. (1 +a)-* to five terms. ^* ( ^ "" f ) *^ ^^^ terms. 

2. (l-3a?)"* to five terms. 5. (a»-2a?)-' to five terms. 

3. f 1 - -J to four terms. 6. (a* - a^)"^ to four terms. 
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1 
429. To eoDpand (1 + sifn . 



.«*+ ... 



0+*)-=i+(-^)*+ Ta * 

w \ n / \ n / 
■*" 1.2.3 

-1 ^r4.^+^^2 (n+l)(2n + l) , 
n 2n^ 6w' 



Examples.— CLIV. 

Expand 

1. (1 +.r')-4 to five terms. 4. (1 +2ii?)"i to five terms. 

2. (1 -^')~^ to fiye terms. 6. (a'+d?*)"i to four terms. 

3. («^+2^)"l to four terms. 6. (o'+o?'')"* to four term& 

430. Observations on the general expression for the term 
involving or in the expansions (1 +ii?)* and {l—xy. 

The genend expression for the term inyolving of, that is 
the (r + 1)*** term, in the expansion of (1 + a?)* is 

n.(n— l)...(w— r-H) 
l72 r • '*^- 

From this we must deduce the form in all cases. 

Thus the (r + 1)"» term of the expansion of (1 -a?)" is found 
by changing x into {—x), and therefore it is 

n.(n-l)...(n-r+l) , ^ 
1.2 r •^"■*^' 

, ,._ n.(w-l)...(n-r+l) ^ 
or, C"^)*^' i.2.........r '^' 
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If n be negative and= -wi, the (r-fl)* term of the ex- 
pansion of (1 + xp is. 

(-wi)(-^-'l)...(-w~r4-l) ^ 
1.2 r ^' 

(-l)*".{m.(»i + l)...(m+r-l)} . 
or, ^ — <l — —^ ^' 

If n be negative and = -wi, the (r^iy*» term of the ex- 
pansion of (1 ~^)** is 

(-l)^{w^. (m + l)...(m+r-l)} . .^ 
1.2 r -v-*;* 

m.(mH)...(w+r— 1) ^ 

1.2. ■.■■..■■ r ■'^- 



Examples.— GLV. 

Find the r**^ terms of the following expansions : 
1. (1+^y. 2. (l-a:)i2. 3. {a-xf. 4. (64: + 2y)» 
6. (1+^)-". 6. (l-3;c)-*. 7. (l-a?)-i. 8. {a-^x)K 
9. (I-2;c)-7. 10. {a^-aFf^. 

1 1. Find the (r + 1)«» term of (1 - xy\ 

12. Find the (r + 1)«» term of (1 - 4j?)-i. - 

13. Fmd the (r + Vf term of (1 + x)K 

14. Shew that the coefficient of af*^ in (l+^)«+' is the 
simi of the coefficients of of and jf"*"^ in (1 + xY, 

15. What is the fourth term of f a - - j ? 

16. What is the fifth term of (a* -5*)*? 

1 7. What is the ninth term of (a* + 2aP)^ ? 

18. What is the tenth term of (« + ft)-" ? 

J 9. Whai is the seventh term of {a + &)*» ? 
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431. The following are examples of tbe application of the 
Binomial Theorem to the approximation to roots of numbers. 

(1) To approximate to the square root of 104. 
V104 = V(100 + 4) = 10 ( 1 + jjj)* 



,^|. 1 4 2(2 ^/ /'4 V 
= »«^-*-2T00+— rt2— (ioo) 



, ia-0(i-o .4v 1 



r _2^ 2_ 4 1 

"" I 100 10000 "^ 1000000 "*/ 

= 10'19804 nearly. 

(2) To approximate to the fifth root of 2. 

4^2 = (1 + 1)^ 

■"6 26 "^ 260 ~ 2500 '^•" 

= ^4^2^°^^'*^^ 
= 1*1236 nearly. 

(3) To approximate to the aibe root of 30. 

4^25=4/(27-2) = 3{l-^}* 

Here we take the cube next dboiie 26, so as to make the 
second term of the binomial as small. as possible^ and then 
proceed as before. 

Examples. — CLVL 

Approximate to the following roots : 
1. ^31. 2. J/108. 3. ,5^260, 4. e{^\. 
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432. The symbols employed in our common system of 
Arithmetical Nototion are the nine digits and zero. These 
digits when written consecatively acquire local yalues from 
their positions with respect to the place of units, the value 
of every digit increasing ten-fold as we advance towards the 
left hand, and hence the number ten is called the Radix of 
the Scale. 

If we agree to represent the number ten by the letter t, 
a number, expressed according to the conventions of Arith- 
metical Notation by 3245, would assume the form 

3^+2^+4^+6 

if expressed according to the conventions of Algebra. 

433. Let us now suppose that some other number, as five, 
is the radix of a scale of notation, then a number expressed in 
this scale Arithmetically by 2341 will, if Jive be represented 
by/, assume the form 

if expressed Algebraically. 

And, generally, if r be the radix of a scale of notation, a 
number expressed Arithmetically in that scale by 6789 will, 
when expressed Algebraically, since the value of each digit 
increases r-fold as we advance towards the left hand, be 
represented by 

6r' + 7r2+8r+9. 

434. The number which denotes the radix of any scale 
will be represented in that scale by 10. 

Thus in the scale whose radix is five, the number five will 
be represented by 10 
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In the same scale seyen, being equal to five 4* two^ will 
therefore be represented by 12. 

Hence the series of natural numbers as far as twenty-five 
will be represented in the scale whose radix is fire thus : 

1, 2, 3, 4, 10, 11, 12, 13, 14, 20, 21, 22, 23, 24, 30, 31, 

32, 33, 34, 40, 41, 42, 43, 44, 100, 

435. In the scale whose radix is eleven we shall require 
a new symbol to express the number ten, for in that scale the 
number eleven is represented by 10. If we agree to express 
ten in this scale by the symbol ^, the series of natural numbers 
as far as twenty-three will be represented in this scale thus : 

1, 2, 3, 4, 6, 6, 7, 8, 9, t, 10, 11, 12, 13, 14, 16, 16, 17, 

18, 19, It, 20, 21. 

436. In the scale whose radix is twelve wo shall require 
another new i^ymbol to express the number eleven. If we 
agree to express this number by the symbol e, the natural 
numbers from nine to thirteen will be represented in the 
scale whose radix is twelve thus : 

9, t, e, 10, 11. 

Again, the natural numbers from twenty to twenty-five 
will be represented thus : 

18, 19, 1^, le, 20, 21. 

4.37. The Scale of Notation of which thd Radix is two, is 
called tho Binary Scale. 

The names given to the Scales up to that of which the 
Radix is twelve are Ternary, Quaternary, Quinary, Senary, 
Septenary, Octenary, Nonary, Denary, Undenary and Duo- 
denary. 

438. To perform the operations of Addition, Subtraction, 
Multiplication and Division in a scale of notation whose indeix 
is r, we proceed in the same way as we do for numbers ex- 
pressed in the common scale, with this difference only, that 
r must be used where ten would be used in the common scale: 
which will be understood better by the following exam^l^i^^ 
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Ex. 1. Find the sum of 4325 and 5234 in the Senary 
Scale. 

4325 

5234 
the sum = 14003 

which is obtained by adding the numbers in yertical lines, 
carrying 1 for every six contained in the several results^ and 
setting down the excesses above it. 

Thus 4 units and 5 units make nine units, that is, six units 
together with 3 units, so we set down 3 and carry 1 to the 
next column. 

Ex. 2. Find the difference between 62345 and 53466 in 
the Septenary Scale. 

62345 
53466 

the difference = 5546 



which is obtained by the following process. We cannot take 
six units from five units, we therefore add semn units to the 
five imits, making 12 units, and take six units from twelve 
units, and then we add 1 to the lower figure in the second 
column, and so on. 

Ex. 3. Multiply 2471 by 358 in the Duodenary Scale. 

2471 
358 

17088 
ete^ 
7193 

8 3 3 3 18 

Ex. 4. Divide 367286 by 8 in the Nonary Scale. 

8 ) 367286 

42033 

The following is the process. We ask how often 8 is con- 
tained in 36, which in the Nonary Scale represents thirty-three 
units; the answer is 4 and 1 over. We then ask how often 8 
is contained in 17, which in the Nonary Scale represents fi^is 
teen units; the answer is 2 and no remainder. And so for the 
other digits. 
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Ex. 5. Divide 1184323 by 589 in the Duodenary Sc le. 

589; 1184323 ^,2483 
e56 







22^3 
IteO 




3^32 
39^0 




1523 
1623 


Ex.6. 

Scale. 


Extract the sqnai*e root of 10534521 in the Senary 




Id5i4$2l (, 2345 

4 




43 

504 

5125 


253 
213 




4045 
3224 




42121 
42121 



Examples.— CLVII. 

1. Add 23561, 42513, 645325 in the septenary scale. 

2. Add 3074852, 4635628, 1247653 in the nonary sale. 

3. Subtract 267862 from 358423 in the nonary scale. 

4. Subtract 124321 from 211010 in the qumary scale. 

5. Multiply 57264 by 675 in the octenary scale. 

6. Multiply 1456 by 6541 in the septenary scale. 

7. Divide 243012 by 5 in the senary scale. 

8. Divide 3756025 by 6 in the octenary scale. 

9. Extract the square root of 25403544 in the senary 
scale. 

10. Extract the square root of 56898^1 in the duodenary 
scale. 
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439. To transform a given iiUegrdl number from one 
ecale to another. 

Let iVbe the given integer expressed in the first scale, 

r the radix of the new scale in which the number is 
to be expressed, 

a, &, c m, J9, ^ the digits, n + 1 in number, expressing 

the number in the new scale; 

80 that the number in the new scale will be expressed thus : 

ar"+5r""^+cr*~'+ ^mr^+pr+q. 

We have now from the equation 

JV=ai«"+5r""*+cr""""+ ...... +mr^+pr + q 

to determine the values of a, b,c ^,Piq* 

Divide N by r, the remainder is q. Let A be the quotient : 
then 

^=ar"''^ + &r""~'+cr"~'+ -^-mr+p. 

Divide A by r, the remainder is p. Let B be the quotient ; 
then 

^=ar""»+&r^"*+cr"-*+ +m. 

Hence the 
first digit to the right of the number expressed in the 

new scale is q, the first remainder; 

second p, the second remainder ; 

third m, the third remainder; 

and thus all the digits may be determined. 

Ex. (1) Transform 235791 from the common scale to the 
scale whose radix is 6. 



6 
6 
6 
6 
6 
6 
6 



235791 



39298 remainder 3 



6549 remainder 4 



1091 remainder 3 



181 remainder 5 



30 remainder 1 



6 remainder 



remainder 5 



The number required is therefore 5015343. 
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The digits by which a number can bo expressed in a ^cisXq 

whose radix is r will be 1,2,3 r-1, because these, with 0, 

are the (mly remainders which can arise from a division in 
which the divisor is r. * 

Ex. (2) Express 3598 in the scale whose radix is 12. 



12 
12 
12 
12 



3598 



299 remainder t 



24 remainder e 



2 remainder 



remainder 2 



.*. the number required is 20e^ 

440. The method of transforming a given integer from one 
scale to another is of course applicable to cases in which* both 
scales are other than the common scale. We must, however, 
be careful to perform the operation of division in accordance 
with the principles explained in Art. 438, Ex. 4. 

Ex. Transform 142532 from the scale whose radix is 6 to 
the scale whose radix is 5. 



5 


142532 




5 


20330 


remainder 2 


6 


2303 


remainder 3 


5 


300 


remainder 3 


5 


33 


remainder 3 


5 


4 


remainder 1 







remainder 4 



The required number is therefore 413332. 

Examples^— CLVIIL 
Express 

1. 1828 in the septenary scale. 

2. 1820 in the senary scale. 

3. 43761 in the duodenary scale, 
a A. 



*i\ 
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4. 3700 in the quinary scale. 

5. 7631 in the binary scale. 

6. 215855 in the daodenary scale. 

7. 790158 in the septenary scale. 

Transform 

8. 34002 from the quinary to the quaternary scale. 

9. 8978 from the undenary to the duodenary scale. 

10. 3256 from the septenary to the duodenary scale. 

11. 37704 from the nonary to the octenary scale. 

12. 5056 frt>m the septenary to the quaternary scale. 

13. 654321 from the duodenary to the septenary scale. 

14. 2304 from the quinary to the undenary scale. 

441. In any scale the positive integral powers of the num- 
ber which denotes the radix of the scale are expressed by 
10,100, 1000 

Thus twenty-five, which is the square of five, is expressed in 
the scale whose radix is five by 100 : one hundred and twenty- 
five will be expressed by 1000, and so on. 

Generally, the n**» power of the number denoting the radix 
in any scale is expressed by 1 fbllowed by n cyphers. 

The highest number that can be expressed by p digits in a 
scale whose radix is r is expressed by r'- 1. 

Thus the highest number that can be expressed by 4 digits 
in the scale whose r^dix is fiye is 

10* -1, or 10000-1, that is 4444. 

The least number that can be expressed by p digits in a 
scale whose radix is r is expressed by r'~\ 

Thus the least number that can be expressed by 4 digits in 
the scale whose radix is five is 

10*-* or 10', that is ICOO. 
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442. In a scale whose radix is r, the sum of the digits of 
an integer divided by (r-l) vrill leave the same remainder as 
the integer leaves when divided by r — 1. 

Let N be the number, and suppose 

iV'=()5r" + &r"-* + cr*~"+ ...... +wH+/?r+g. 

Then 

iVr=a(r--l) + &(r-^-l) + c(r^*-»-l)+... + m(r2-l)+^(r-l) 

+ {a+5+<j+ +m+^+^}. 

Now all the expressions r*— 1, r^-*-l r^-I, r— 1 

are divisible by r — 1 ; 

.'. — r = an mteger+ ^—-^; 

r-1 • r-1 

which proves the proposition, for since the quotients differ by 
an int^er, their fractional parts must be the sapie, that is, the 
remainders after division are the same. 

Note. From this proposition is derived the test of the 
accuracy of the result of Multiplication in Arithmetic by east- 
ivg out the nines^ 

For let A=^9m + a, 

and B=9n+I>; 

then A^=9{9mn+an+bm)-hab; 

that is, AB and db when divided by 9 will leave the jMune 
remainder. 

Radical Fractions, 

443. As the local value of each digit in a scale whose radix 
is r increases r-fold as we advance from left to right, so does 
the local value of each decrease in the same proportion as we 
advance from right to left 

If then we aflSx a line of digits to the right of the units' 
place, each one of these having from its position a value 
one-r*^ part of the value it would have if it were one place 
further to the left, we shall have on the right hand of the 
units^ place a series of Fractions of which the denomMoaSfiit^ 
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are suocessively r,f*,r^, , while the numerators may he 

any nnmhers between r- 1 and zero. These are called Radi- 
cal FaACTioNa 

In our common system of notation the word Radicd} is 
replaced by Decimal, because ten is the radix of the scale. 

I^ow adopting the ordinary system of notation and mark- 
ing the place of units by putting a dot * to the right of it^ we 
have the following results: 

In the Denary Scale 

in the Quinary Scale 

324-4213 = 3 X 102 + 2 X 10 + 4 + -- + ,-^ + -^ + 



10 10^ 10* 10*' 

remembering that in this scale 10 stands for Jive and not for 
ten (Art. 434). 

444. To shew that in any Scale a Radical Fraction is a 
Proper Fraction, 

L 

Suppose the fraction to contain n digits, afh,c 

Then, since r- 1 is the highest value that each of the digits 
can have, 

- + -5+ ...is not greater than (r-1) (- + -^ f ...to n terms'^ : 
r r . V * 7 






rthan(r-l) i. Y [; 



not greate: 

not greater than (r - 1) j-jj^^-^j ; 

r"- 1 



not greater than 



r- ' 



not greater than 1 - -^ 
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Hence the given fraction is less than 1, and la therefore a 
proper fraction. 

445. To transform a fraction expressed in agieen scale 
into a radical fraction in any other scale. 

Let F be the given fraction expressed in the first soale, 

r the radix of the new scale in which the faction is 
to be expressed, 

a,h,c... the digits expressing the fraction in the new 
scale, so tliat 

j^ a h e 

x' — — + ~i; H :, + ... 

r r t 

from which equation the values of a, &, c ... are to be deter- 
mined. 

Multiplying both sides of the equation by r, 

„ he 

h c 
Now - + -r + ... is a proper fraction by Art. 444. 
r IT 

Hence the mtegral part of Fr will = a, the first digit of the 
new fraction^ and the fractional part of Fr will 

6 . c 
r r^ 

Giving to this fractional part of Fr the symbol F^ we have 

— he 

^ r IT' 

Multiplying both sides of the equation by r, 

jPr=^+-+ ... 
r 

Hence the integral part of F^r^^^ the second digit qf the 
new fraction^ and thus, by a similar process^ all the digits of 
the new fraction may be foimd. 
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* 3 

\ Ex. (1) Express =^ as a radical fraction in the Qoim 

Scale: 
\ 3 . 15 ^ . 1 



7 7 7* 

7 7 7' 

6 , 25 ^ 4 

-X5 = y = 3 + ^, 

4 ^ 20 ^ 6 

7 7 7 . 

-X5 = y = 4+-, 

2 ^ 10 ,^3 

-x5 = -=- = l + -; 
7 7 7 

therefore fraction is *^0324l recurring. 

Ex. (2) Express '84375 in the Octenaiy Scale : 

•84375 

8 



6-75000 

8 

600000 



The fraction reqmred is *66. 

Ex. (3) Transform '42765 from the Nonary to the Sena 

Scale. 

*42765 

6 



2-78133 
6 

6*23820 
6 

1-55430 
6 

3*65800 



The fraction required is 2513 ... 
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Ex. (4) Transform ^1247275 from the Duodenary to the 
Quaternary Scale : 



4 


I ^124 


•/276 


4 


2937 -remainder 


4 






4 


83 /-remainder 3 


3 4/58 
4 


4 


20 <?— remainder 2 


1*75/8 
4 


4 


62— remainder 3 


4 


16 -remainder 2 


2-5^68 


4 


4— remainder 2 


4 


4 


1— remainder 


1-^/28 




0- remainder 1 





Number required is 10223230-3121 ... 

Examples.— CLIX. 

25 

1. Express — in the senary scale. 

3 

2. Express — in the septenary scale. 

3. Express 23*125 in the nonary scale. 

4. Express 1820 '3375 in the senary scale. 

5. In what scale is 17486 written 212542 ? 

6. In what scale is 51 1 1 73 written 1746305 ] 

7. Shew that a number in the Common scale is divisible : 

(1) by 3 if the sum of its digits is divisible by 3. 

(2) by 4 if the last two digits be divisible by 4. 

(3) by 8 if the last three digits be divisible by 8. 

(4) by 5 if the number ends with 5 or 0. 
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(6) by 11 if the difference between the sum of the 
digits in the odd places and the sum of those 
in the even places be divisible by 11. 

8. If iVbe a number in the scale whose radix is r, and 
n be the number resulting when the digits of N are reversed, 
shew that iV— » is divisible by r- 1. 
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446. Def. The Logarithm of a number to a given base 
is the index of the power to which the base must be raised 
to give the number. 

Thus xim-a^^xSA called the logarithm of m to the base a. 

For instance^ if the base of a system of Logarithms be 2, 
3 is the logarithm of the number 8, 
because 8 -=2': 
and if the base be 5, then 

3 is the logarithm of the number 125^ 
because 125=6'» 

447. The logarithm of a number m to the base a is 
written thus, logaW; and so, if w=a*, 

a?=loga7n. 
Hence it follows that m = dy^"^, 

448. Since l=a^, the logarithm of unity to any base 

is zero. 

Since a=a\ the logarithm of the base of any system 
is unity. 

449. We now proceed to describe that which is called 
the Common System of logarithms. 

The base of the system is 10. 
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By a system of logarithms to the base 10, we meau a suc- 
cession of values of oq which satisfy the equation 

m=10* 

for all positive values of m, integral or fractional. 

Such a system is formed by the series of logarithms of the 
natural numbers from 1 to 100000, which constitute the 
logarithms registered in our ordinary tables, and which are 
therefore called tabular logarithms^ 

450. Now 1 = 10», 

10=10\ 
100 = 10«, 
1000= 10», 
and so on. 

Hence the logarithm of 1 is 0, 

of 10 is 1, 
of 100 is 2, 
of 1000 is 3, 
and so on» 

Hence for all numbers between 1 and 10 the logarithm is 
a decimal less than 1, 

between 10 and 100 the logarithm is a decimal between 

1 and 2, 

between 100 and 1000 a decimal between 

2 and 3, and so on. 

451. The logarithms of the natural numbers from 1 to 12 
stand thus in the tables : 



No. 



1 
2 
3 
4 
6 
6 



Log 



00000000 
0*8010300 
0-4771213 
0*6020600 
0*6989700 
7781513 



Na 


Log 


7 


0-8450980 


8 


0-9030900 


9 


0-9542425 


10 


rooooooo 


11 


1-0413927 


12 


1*0791812 



The logarithms are calculated to seven places of decimals. 
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• 452. The integral parts of the logarithms of numbers 
higher than 10 are called the characteristics of those l<^ga^ 
rithmsy and the decimal parts of the logarithms are called the 
mantisscB, 

Thus 1 is the characteristic, 

'0791812 the mantissa, 

of the logarithm of 12. 

453. The logarithms for 100 and the numbers that succeed 
it (and in some tables those that precede 100) have no cha- 
racteristic prefixed, because it can be si^plied by the reader, 
being 2 for all numbers between 100 and 1000, 3 for all be- 
tween 1000 and 10000, and so on. Thus in the Tables we 
shall find 



No. 


Log 


100 


0000000 


101 


0043214 


102 


0086002 


103 


0128372 


104 


0170333 


105 


0211893 



which we read thus : 

the logarithm of 100 is 2, 

of 101 is 20043214, 

of 102 is 2*0086002; and so on. 

454. Logarithms are of great use in making arithmetical 
computations more easy, for by means of a Table of Loga- 
rithms the operation 

of Multiplication is changed into that of Addition, 

... Division Subtraction, 

... luTolution Multiplication, 

... Evolution Division, 

as we shall shew in the next four Articles. 

455. The logarithm cf a product is equal to the sum q/* 
the logarithms of its factors. 



ON' LOGARITHMS, 33 ^ 

Let m^a^y 

and nts^aK 

Then mn = c^^*\ 

= l0g.Wt + l0ga«. 

Hence it follows that 

loga'mnp ^ \og„m + log«n + log^p, 

and similarly it may be shewn that the Theorem holds good 
for any number of factors. 

Thus the operation of Multiplication is changed into that of 
Addition. 

Suppose, for instance, we want to find the product of 246 
and 357, we add the logarithms of the factors, and the sum is 
the logarithm of the product: thus 

log 246 = 2*3909351 
log 367 = 2-6626682 

their sum =4*9436033 

which is the logarithm of 87822, the product required. 

Note. We do not write Iogio246, for so long as we are 
treating of logarithms to the particular base 10, we may omit 
the suffix. 

456. The logarithm qfa qtiotient is equal to the logarithm 
of the dividend diminished by the logarithm qfthe divisor. 

Let f»=a*, 

and n=€^. 

Then -^d^'^i 

n 

- m 
/. loga-=a?-2^ 

=log^w-log„n. 

Thus the operation of Diyision is changed into that of Sub- 
traction. 
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If, for example, we are required to divide 371*49 by 52'376| 
we proceed thus, 

log 371-49 =2-6699471 

log 52-376 = 1-7191323 

their difference = '8508148 
which is the logarithm of 7*092752, the quotient required. 

457. The logarithm cf any power qfa nwnber is equal 
to the product of the logarithm of the number and the index 
denoting the power. 

Let m-a*. 

Then ni*'=a**; 

.*. log^«i*'=np 

=r.losr-»». 



'oa 



Thus the operation of Involution is changed into Multi* 
plication. 

Suppose, for instance, we have to fin<J the fourth power of 
13, we may proceed thus, 

log 13 = 1-1139434 

4 



4-4557736 
which is the logarithm of 28561, the number required. 

458. The logarithm qfany root cf a number is equal to 
tJie quotient arising from the division qf the logarithm qf 
the number by the number denoting the root. 



Let 


7W=a*. 


Then 


1 • 








= -.log«m. 



Thus the operation of Evolution is changed into Division. 
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If, for example, we have to find the fifth root of 16807, we 
proceed thus, 

5 I 4-2254902, the log of 16807 



•8460980 
which is the logarithm of 7, the root required. 

459. The common system of Loganthms has this advan- 
tage over all others for numerical calculations, that its base is 
the same as the radix of the common scale of notation. 

Hence it is that the same mantissa serves for all numbers 
which have the same significant digits and differ only in the 
position of the place of units relatively to those digits. 

For, since log 60= log 10+ log 6-1 + log 6, 
log 600=log 100+loge = 2 + log6, 
log 6000 = log 1000 + log 6 = 3 + log 6, 

it is clear that if we know the logarithm of auy number, as 6, 
we also know the logarithms of the numbers resulting from 
multipl^g that number by the powers of 10. 

So again, if we know that 

log 1-7692 is -247783, 

we also know that 

log 17*69? is 1-247783, 
log 176-D2 is 2-247783, 
log 1769-2 {s 3-247783, 
log 17692 is 4-247783, 
log 17692ai8 5*247783. 

460. We must now treat of the logarithms of numbers 
less than unity. 

Since 1 = 10*, 

•l-i = 10- 

•01 = jl^=10- 
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the logarithm of a number 

between land *1 lies between Oand— 1, 

between 'land '01 — 1 and — 2, 

between -01 and -001 -2 and -3, 

and so on. 

Hence the logarithms of all numbers less than unity are 
N^;atiye. 

We do not require a separate table for these logarithms, 
for we can deduce them from the logarithms of numbers 
greater than unity by the following process : 

(5 
log -6 =logiQ =log6-logl0 =log6-l, 

log -06 =logj^ =log6-logl00 =log6-2, 

log •006=logj^ = log6-logl000=log6-3, 

Now the logarithm of 6 is '7781513. 

Hence 
log -6 = - 1 + -7781513, which is written 17781613, 
log -06 = -2 + -7781613, which is written 2'7781613, 
log -006= -3 + -7781613, which is written 3-778 151 3, 

the characteristics, only being negative and the mantissie 
positive. 

461. Thus the same mantissse serve for the Logarithms of 
all numbers, whether greater or l^^s than unity^ which have 
the same significant digits and differ only in the position of 
the place of units relatively to those digits. 

It is best to regard the Table as a register of the logarithms 
of numbers which have one significant digit before the decimal 
point. 
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No. I Log 

For instance, when we read in the tables 144 | 1583625, to 
interpret the entry thus 

log 1-44 is -1583625. 
We then obtain the following rules for the characteristic 
to be attached in each case. 

I. If the decimal point be shifted one, two, three... n 
places to the right, prefix as a characteristic 1, 2, 3...n. 

II. If the decimal point be shifted one, two, three... n 
places to the left, prefix as a characteristic I, 2, 3... ti^ 

Thus log 1-44 is -1583625, 

.-. log 14-4 is 11583625, 

log 144 is 2-1583625, 

log 1440 is 3-1583625, 

and log '144 is ~1'15S3625, 

log -0144 is 21583625, 
log -00144 is 3-1683625. 

462, In calculations with negative characteristics we follow 
the rules of algebra. Thus^ 

(1) If we have to add the logarithms 364628 and 242367, 
wo first add the mantissse^ and the result is 1*06995, and then 
add the characteristics, and this result is 1. 

The final result is 1+ 106^95, that is, -06995. 

(2) To subtract 5*6249372 from 32456973, we may arrange 
the numbers thus, 

-3 + -2456973 

-5 + -6249372 

1 + -62076011 

the 1 carried on from the last subtraction in the dedmal 
places changing — 5 into — 4, and then — 4 subtracted from — 3 
giving 1 as a result. 

Hence the resulting logarithm is 1-6207601. 
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(3) To multiply 3-7482569 by 6. 

37482569 
5 



12-7412845 

the 3 carried on from the last multiplication of the decimal 
places being added to — 15, and thus giving — 12 as a result 

(4) To divide T4*2466736 by 4. 

Increase the n^^tive characteristic so Uiat it may be 
exactly divisible by 4, making a proper compensation, thus, 

14-2456736 =T6 + 22456736, 

^ 14-2456736 16 + 2-2456736 r^.K«,^,Q^ 

Then = -. =4 + '5614184; 

4 4 

and so the result is 4*5614184. 

Examples. — CLX. 

1. Add 31651553, 47505855, 6^6879746, 2-6150026. 

2. Add 4^6843785, 6*6650657, 3*8905196, ?4676284. 

3. Add 2-5324716, 3-£|650657, 5-8905186, -3156215, 

4. From 2483269 take 3742891, 

5. From 2352678 take 5428619, 

6. From 5*349162 take 3624329. 

7. Multiply 2*4596721 by a 

8. Multiply 7-429683 by 6. 

9. Multiply 9^2843617 by 7- 

10. Divide 63725409 by 3. 

11. Divide 14432962 by 6. 

12. Divide 453627188 by 9. 

463. We shall now explain how a system of logarithms 
calculated to a base a may be transformed into another system 
of which the base is &. 
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Let m'be anuinber of \7hich the logarithm in the first sys- 
tem is X and in the second y. 

Then fn=a*, 

and m^V, 

Hence 6*'=rt*, 

X 

:. 6 = 0*'; 



^ l0ga& ' 

Hence if we multiply the logarithm of any number in the 

system of which the base is a by i — ? , we shall obtain the 

logarithm of the same number in the system of which the base 
is& 

This constant multiplier ,—t is called Tnti Modulus ofihe 

By stem of which the hasei is b with reference to the system of 
which the base is a. 

464. The common system of logarithms is used in all 
numerical calculations, but there is another system, which we 
must notice, employed by the discoverer of logarithms. Baron 
Kapler, and hence called The Napierian System. 

The base of this system, denoted by the symbols, is the 
number which is the sum of the series 

of which sum the first eight digits are ^*7l828ia 

465. Our common logarithms are formed from the Loga-^ 
rithms of the Napierian System by multiplying each of the 

S.A. 22 
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-p*- 



latter by a common multiplier called The ModiduB of tlu 
Common System. 

This modulus is, in accordance with the condusi^m oi 

Art 463,1—^. 
' log. 10 

That is, if / and N be the logarithms of the same number 
in the common and Napierian systems respectiyelyy 

1 



log. 10 
Now log, 10 is 2-30258509; 



.iV. 



and so the modulus of the common system is '43429448. 



466. To prove that loga 6 x log^ a = 1. 

Let x=\^%af>' 

Then 6= a*; 

/. 6*= a; 

.'. -^log^a. 



Thus log«6xlog6a=a? X - 



X 

= 1. 

467. The following are simple examples of the method of 
applying the principles explained in this Chapter. 

Bx.(l) Given log 2 =-3010300, log 3= •4771213 and 
log 7 = '8460980, find log 42, 

Since 42=2x3x7 

log 42=log 2+log 3+log 7 

«-3010300 + •4771213 + '8450980 
« 1'6232493. 
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Ex. (2) Given log 2 = -3010300 and log 3= -477121 3, find 
the logarithms of 64, 81 and 96. 

log 64=log 2^=6 log2 

log 2 = -3010300 
6 

/. log 64 = 1-8061800 

log81=log3*=4log3 

log 3 = -4771213 
4 



.-. log 81 = 1-9084852 

log 96 = log (32 X 3) = log 32 + log 3, 
and log32=log2« = 6log2; 

.-. Iog96 = 5log2+Iog3=r6051600 + -4771213 = 1*9822713. 

Ex. (3) Given log 6 ='6989700, find the logarithm of 

^•25). 

log (6-25)^ = i log 6-25 = ^ log jg = ^ (log 625 -log 100) 
= ^aog6*-2)-^(4log5-2) 
= ^ (2-7958800 - 2) = -1 136667. 



Examples. — CLXI. 

1. Given log 2 ='3010300, find log 128, log 125 and 
log 2500. 

2. Given log 2 =-3010300 and log 7 ='8450980, find the 
logarithms of 50, *005 and 196. 

3. Given log 2= -3010300, and log 3 = '4771213, find the 
logarithms of 6, 27, 54 and 576. 

4. Given log 2 = -3010300, log 3 = 4771213, log 7 = -8450980, 
find log 60, log -03) log 105, and log '0000432. 
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5. Given log 2 = -3010300, log 18 = 1-2662726 and 

log 21 = 1*3222193, find log '00075 and log 31-5. 

6. Given log 5 =6989700, find the logarithms of 2, -064, 

and(g)^ 

7. Given log 2 ='3010300, find the logarithms of 5, '125 



and 



V2«; • 



8. What are the logarithms of '01, 1 and 100 to tlie base 
10? What to the base '01 ? 

9. What is the characteristic of log 1593, (1) to base 10, 
(2) to base 12 ? 

4' 

10. Given 5;^=^ ^^'^ a?=3y, find x and y^ 



1 1. Given log 4 = '6020600, log 104 = '01 70333 : 



1 



(a) Fmd the logarithms of 2, 25, 83*2, (•626)^«>. 

(&) How many digits are there in the integral part oi 

(1.04)6000} 

12. Given log 25 = 1*39794Q0, log 103 = 0128372 : 

(a) Find the logarithms of 5, 4, 61'5, (•064)"». 

(&) How many digits are there in the integral part oj 
(l-03)«c« ? 

13. Having given log 3 = '4771213, log 7 = '8450980, 

log 11 = 1-0413927: 

77 3 

find the logarithms of 7623, — and -^ . 

14. Solve the equations : 

1. 4096'= — . 4. dr^y^=c. 

2. Qy=^6'25. 6. a«*.6*-'=c2»-^ 
•3. a*.&*=wi. 6. a*6*^=c^-K 
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468, We have explained in Arts. 459^61 the advan- 
tages of the Common System of Logarithms, which may be 
stated in a more general form thus : 

Let A be any sequence of figures (such as 2*35916), having 
ond digit in the integral part. 

Then any number N having the same sequence of figures 
(such as 236*916 or *00235916) is of the form A x 10", where n 
is an integer, positive or negative. 

Therefore logw iV= logw (-4x1 0") =lQgio A+n^ 

Kow A lies between 10^ and 10\ and therefore log A lies 
between and 1, and is therefore a prox)er fraction. 

But logioiVand logu^ differ only by the integer n ; 

.'. logio A is the fractional part of logw N, • 

Hence tJie logarithms of all numbers hamng tab same 
SEQUENCE OF FiauBES hate the same mantissa. 

Therefore one register serves for the mantissa of loga- 
rithms of all such numbers. This renders the tables more 
compreliensive. 

Again, considering all numbers which have the same se- 
quence of figures, the number containing iwo digits in the 
integral part =10.^, and therefore the characteristic of its 
logarithm is 1. 

Similarly the number containing m digits in the integral 
part =10"*.^, and therefore the characteristic of its logarithm 
ism. 

Also numbers which have no digit in the integral part and 
one cypher after the decimal point are eqmd to ^ . 10'^ and 
-4 • 10"* respectively, and therefore the characteristics of their 
logarithms are —1 and —2 respectively. 

Similarly the number having m cyphers following the 
decimal point =-4 . lO"^"**^^ ; 

.*. the characteristic (fits logarithm is — (wi+1). 

Hence we see thai the characteristics cf the logarithms 
<^ aU numbers can be determined by inspection and therer 
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fore need not he registered. This renders the tables leu 
bulky. 

46d. The method of using Tables of Logarithms does 
not fall within the scope of this treatise, but an acoonnt of 
it may be found in the Author*s work on EiiBHbhtaat 
Tbigonohetrt. 

470. We proceed to give a short explanation of the way 
In which Logarithms are applied to the solution of questions 
relating to Compound Interest 

47L Suppose r to represent the interest on ^1 for a year, 
then the interest on P pounds for a year is represented hy 
Pr, and the amount of P pounds for a year is represented 
by P+Pr. 

472, To find the amount of a given sum for any time 
at compound interest. 

Let P be the original principal, 

r the interest on ;£! for a year, 

n the number of years. 

Tlien if Pj, Pj, P,... Pn be the amounts at the end of 
1,2, 8... n years, 

Pi=P+Pr=P (1 + r), 

P,=Pi+Pir=Pj(H-r)«P(l + r)2, 
P8=P,+Pjr=P,(l+r)=P(l + r)3, 



P^=P{l+r)\ 

473. Now suppose P„, P and r to be given : then bnr 
the aid of Logarithms we can find n, for 

logPn=log{P(l + r}-} 

= log P + n log (1 + r) ; 

. ^^ logPn-logP 
log(H-r) 
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474. If the interest be payable at intervals other thaii 
a year, the formula Pn=P (1 + r)" is applicable to the solution 
of the question, it being observed that r represents the interest 
on £\ for the period on which the interest is calculated, half- 
yearly, quarterly or for any other period, and n represents the 
number of such periods. 

For example, to find the interest on P pounds for 4 years 
at compound interest, reckoned quarterly at 5 per cent, per 
annum. 

TT 1 i. 5 1*25 ^,«- 

Hero '•=4°fl00 = T00=°^^^' 

n=4x4=16; 
.-. Pn=P (l+-0126)i». 



Examples.— CLXII. 

N.B. — ^The Logarithms required may be found from the 
extracts from the Tables given in pages 329, 330. 

1. In how many years will a sum of money double itseU 
at 4 per cent. Compound interest? 

2. In how many years will a sum of money double itself 
at 3 per cent. Compound interest ? 

3. In how many years will a sum of money double itself 
at 10 per cent. Compound interest? 

4. In how many years will a sum of money treble itself 
at 5 per cent. Compound interest ? 

5. If £P at Compound interest^ rate r, double itself in n 
years, and at rate 2r in nt years : shew that m\n)& greater 
than 1:2. 

6. In how many years will ^£1000 amount to £1800 at 
5 per cent. Compound interest ? 

7. In how many years will £P double itself at 6 per ceii^ 
per ann. Compound interest payable half-yearly ? 



APPENDIX. 

475. The following is another method of proving the prin- 
cipal theorem in Permutations, to which reference is made in 
the note on page 289. 

To prove that the number qf permutationji of n things 
taken rata time is n . (n— 1) (n-r+1). 

Let there be n things a, b, c, d 

If n things be taken 1 at a time, the number of permutation& 
is of course n. 

Now take any one of them, as a, then n— 1 are left, and 
any one of these may be put after a to form a permutation, 

2 at a time, in which a stands first: and hence since there are 
n things which may begin and each of these n may have n~ 1 
put after it, there are altogether n{n—\) permutations of n 
things taken 2 at a time. 

Take any one of these, as ab, then there are n-2 left, and 
any one of these may be put after ahy to form a permutation, 

3 at a time, in which ah stands first: and hence since tiiera 
are n(n— 1) things which may begin, and each of .these n(n^\) 
may have w — 2 put after it, there are altogether n (n — 1) (» — 2) 
permutations of n things taken 3 at a time. 

t 

If we take any one of these as ahc, there are n— 3 left, 
and so the number of permutations of n things taken 4 at a 
timeis».(»-l)(w-2)(n-3). 

Bo we see that to find the number of permutations, taken 
r at a time, we must multiply the number of permutations,- 
taken r— 1 at a time, by the number formed by subtracting 
r- 1 from n, since this will be the number of endings any one 
of these permutations may have. 

Hence the number of permutations of n things taken 5 at 
a time is 

w(n-l)(»-2)(n-3)x(n-4), orn(n-l)(n-2)(n-3)(n-4); 
and since each time we multiply by an additional factor the 
number of factors is equal to the number of things taken at a 
time, it follows that the number of permutations of n things 
taken r at a time is the product of the factors 

«.(n-l)(n-2) (n-r+l). 



ANSWERS. 

I. (Page 10.) 

1. 5a+1b+l2c. 2. a+3b+2c. 3. 2a+2& + 2<?. 

4. Sa+2b+2c. 6. 2a?-7a+35-2. 6. 0. 
7. 126 + 3c. 

II. (Pago 10.) 

1. 2a, 2. 2a + 5.r. 3. 3a-3jF. 4. 8^+6y. 

6. 4a + b + 2c. 6. 2a. 7. 4. 8. 13a?-y-6^. 
9. 10a-7&-^. 

III. (Page 10.) 

1. 26. 2. a?+2y. 3. a+Sc-hd. 

5. 2r. 6. 26 + 2<:. 7. a-36-<?. 

IV. (Page 11.) 

1. 4a-6. 2. 46. 3. a + b-4c, 

5. 14a?+2. 6. 2a:+a. 7. 6a?— a. 

9. 2a-6. 10. 2a. 11. <?. 
13. 29a- 276+ 6c. 

V. (Page 16.) 
Addition. 

1. 7a-26. 2. -106 + 6C. 3. -lla?-8y-6-2r. 

4. -66-(k:+3d 6. 2a. 6. -2a:-2a+6+4y. 

7. 7a + 46-4<j. 8. 7a-6 + 7<?. 9. -ey+2z. 



4. 


2y-v2z, 


8. 


Zy+z. 


4. 


26. 


8. 


a. 


12. 


a? + 3a. 
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Subtraction. 
1. 2(1+ 2&. 

4. 8a?-17y + 5. 

7. -3a+36-4(?. 

10. 6a-& + 6<?. 



2. a-c. 

6. 7a-166 + 20(?. 
8. 26+2C-16. 
11. 12/?-93'+2r. 



3. 2a—2b + 2c. 
6. 6a — 35— 807. 
9. lla?-7y + 4^. 



1. 3^. 

5. a^ 

9. ISOa^&^c*. 

13. 76;iV'2^. 

16. \2a*bcxy, 

19. dbo^^a^. 



VI. (Page 20.) 

2. 12;ry. 3. 12^2^1 4. Sa^Jc*. 

6. a8. 7. 12a«6». 8. Z^c^hd^^ 

10. 28a'&c". 11. 3a". 12. 20a*i>»^. 

14. Sla&^cV-??. 15. 4a»8y";»«. 

17. 8a^Vc*. 18. 9m»w3/?3. 

20. 33a*'6"m'j?. 



VII. (Pago 22.) 

1. c^^ah-ac. 2. 2a«+6a&-8aa 3. a* + 3a' + 4^. 

4. 9a»-15a*-18a3+21a2. 6. a^h-2a^¥'^df^. 

6. 3a*&-9a*d3+ 3^254. 7. 8wi^« + 9mV+10mn». 

8. 18a«6 + 8a«62-6a^^3^.3^j4^ 9^ ^y*-a7V+^iV-7*y. 

10. ni37i-3mV + 3m7i5-?2*. 11. \Ua^h^-12a*l^-\-Q0€?V. 

12. 104a?V-136^y2 + 40^V-8^1/*. 



1. fl?^ + 12a?+27. 

4. a?2«i5^ + 56^ 

7. a:* + a;2-.20. 

9. «*-31a?«+9. 

11. ^-^+2a?-l. 

14. a»-a^. 15. 

17. a*- 166*. 



VIII. (Page 27.) 

2. ^+&r-106. 3. ic*-2a?-12a 
5. a'^-Sa + lS. 6. 2/'+7y-7a 

8. a;* - 12;r3 + 50^ - 84a? + 45. 
10. a«-3a«-3a*+13a?-6a2-6a + 4. 
12. ^+^V+y*. 13. a^-y^, 

la 16a*-&*. 
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19. a«-4a46 + 4a3624.4^2ft8_i7^j4«i258^ 

20. a' + 6a*& + a''&2_ioa26s^l2a&<-9&^ 

21. aH4a2;c»+16J7*. 22. 81a*+9a2;i:2+4?*. 
23. a;»+4aV+16a*. 24. a'+&«+c«-3a&c. 

25. ^ + a7V-9a^'-20:»V + 2iiy + 15y'. 

26. aW+d^d^-a^c^-h'iP. 27. xc'-o'. 

28. a^—aa^+ha^—cx'-'abx+acap-hcx+abe. 

29. l-a;*. 30. ^-y*. 31. a^*-a?**. 32. -47. 
33. 2. 34. -14. 35. db-hae+hc 36. -60. 
37. 2. 33. m\ 

IX. (Page 28.) 

1. -aPb. 2. -a«. 3. -a»5». 4. 12a8&». 

6. -30^y. 6. -a^ + a^b-ah^. 7. -6a»-8a*+10a». 

8. a* + 2a3+2a' + a. 9. -6a?3y + a?y + 7iPy'-12y*. 
10. 6m' + m2«-13mw' + 7w^ 11. ^13r8-22r'+96r+135. 

12. - 7a?* + a^z + 8a?V + 907^2 + g^^a^ 

13. a^-^x^y^, 14. a?* + 2a;'y+2a:V^+2^' + y*. 

X (Page 32.) 

1. x^ + 2ax + a\ 2. a:'-2aa7 + a'. 3. a7' + 4a? + 4. 

4. a^-6a? + 9. 6. a?* + 2a;^2+y. 6. x^-2a^y^ + yK 

7. a«f2rt'6» + &«. 8. a^-2a'&» + 6«. 

9. <a;2 + ya + ^2+2;ry + 2;r4r + 2y^. 

10. a?+y^ + z^-2xy-\-2xz-2yz, 

11. w' + w2+^' + r* + 2w2n— 2mj[?— 2mr-2wp — 2wr+2/?r. 

12. aJ* + 4iB8-2a?2-12d?+9. 13. a?*-12d7'+60a;2-84JC^ 49. 

14. 4^-2&B'+86a?«-126a?+81. 

15. fl?* + y*+;2f*+2^V-ar"^«-22/«;52. 
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16. ;i^-&cV-t-18a?V-8icy+2^* 

17. a*+6«+c*+2a368+2a'c'+25»c3. 

18. iB*+y'+;2f*-24:V"-2^2^ + 2yV. 

19. aj*+4y'+9^2+4<,^_g^^«12y^. 

20. d?*+V+25;»*-4irV+10a?V-202^2^«. 

21. a?'+3aa^+3a'fl?+a». 22. s^-Zaoi^+Za^x—a^ 
23. ic' + S^c^+SoJ+l. 24. ayS-a^+SJ?-!. 

25. a^+6a?2 + 12^ + 8. 26. a? -3a*62 + 3^22,4 _5«^ 

27. a3 + 3a25 + 3a52+^+^+3a9^^.g^5c+352^4.3^^.3^,3^ 

28. a»-3a'&+3a62-63-c3„3a«c+6^c__3j«c+3ac2_3j^^ 

29. m*— 2mWM-»*. 30. ni* + 2m^-2m»'— n*. 

XI. (Page 34.) 

1. a;*. 2. a:^. 3. a^y. 4. a'^yz^ 6. 65c. 6. Be'. 
7. 16a'6V. 8. 121m«wy. 9. I2a^xy^. ' 10. 8a^ 

XII. (Page 36.) 

1. ic'fi^+l. 2. i^-y^+y-l. 3. a^+2a5 + 3ft2. 
4. a^-¥mpa^+m^. 6. 4day—*lx+x\ 6. 8«^y'-4.rV— 2y. 
7. 27mV-18m'w*+9mp. 8. ^o^y^-^xy^-yK 

9. 13a'6-9a62+7&. 10. 19&3c«+12&V-7&c*. 

XIII. (Page 36.) 

1. -8. 2. 16a». 3. -21aj32/«. 

4. -6m'n. 6. 16/i,'5. 6. a^^+aoy + l. 

7. -2a' + 3a-a?«. 8. 2 + 6a'6-8a^6«. 

9. -12^+9;cy-8y2. 10. -a^ + V^x^z^-^hy^ 

XIV. (Page 38.) 

1. iP+6. 2. a?-10. 3. a?+4. 4. a?+12. 

/?. 4?*+7^+12. 6. j^-\, 7. ic' + ay+U 
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8. ic3-3;c* + 3i» + l. 9. a^-2x-l. 10. a^-^x+l. 

11. x'^-x + l, 12. a^-23^ + S. 13. ic'+3s^2, 

14. a3 + 3a?5 + 3a&2+2,» 15. a*-4a''& + 6a252_4a6»+&*. 

16. a:«-6a? + 5. 17. a»~2a«6 + 3a6»+4&3. 

18. 2flW?2_3^2^+^8^ 19, a^^x-{-\. 20. ^-a*. 

21. ii; + 2y. 22. ai^-^a^y+as^y^-xy^+y*. 

23. a^ + x*y+x^i^+xh/^+ay*+y\ 24. «+&-(?. 

25. -& + 2&2-ftS. 26. a-&4-<?-(f. 

27. x^-xy—xz+f^-yz+z*, 28. x^^-x^y'+afy^^x^j^+y^. 
29. p + 2g'-n 30. a*-a'&+a2&8-a6» + &*. 

31. x^ + a^+xY + ^-^y*' 32. 2^-3ar^+2a?. 

33. a* + 3a3 + 9a'+27a + 81. 34. A;^+/tf*+Aj. 

35. ic'-9;c-10. 36. 24aj8-2flw?~35al 

37. 6a?2-7iP+8. 38. 8a;' + 12flw:2.i8a'a?-27a». 

39. 27a;'-36flwj"+48a2a?-64a'. 40. 2a + 3&. 

41. x+2a. 42. aF-4bl 43. x^-3x-y. 

44. «?2_3>i^_2y2. 45. ^ -h 3^:^ + 9^' +272^'- 

46. a' + 2a2&+4a62+8&». 47. 27a'-18a'& + 12a7-*»-8&', 
48. a»'-12;r'2^+18^2_27y». 49. Ba+2h+e, 

60. a^-Zax+ix^. 61. i»2^.-j^ + y9^ 52. lex^-Axy + y^ 
63. x^'k'xy-y\ 64. aa?2+4a'a?+2a3. 55. a-«r. 

66. x-y-z. 67. 3a?^-^ + 2. 58. 4-6;c + 8i»2-lo^. 

69. x+y, 60. ax+by-db~xy. 61. bx+ay, 

62. ar»-aa?+52. 

XV. (Page 40.) 

1. ar24-a;c+5. 2. y^-(l+m)y-\-lm, 3. ^'-Vcar+d'. 

4. ^24.^^«5. 5. a?2-(6 + ^)i»+&<3?. 

XVI. (Page 42.) 

1. m-w,* w'-mn+w*, wi'-m'w+wi'n'-mw' + n*, 
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2. m+n, m\-¥mn+n\ «i'+m'« + &c., w*+w*n + &c., 

3. a-1, a^-a + l, a*-a?*+&c., a'-a®+&c., a'^— a'+&a 

XVIL (Page 43.) 
1. 6^(a?-3). 2. 307(072 + 6^-2). 3. 7 (72r'-"2y + l). 

4. 4xy{a^-Zaiy-\-2y\ 6. x{a^-aa^+bx+c). 

e. 3a?«2^(^-7i»+9y^. 7. 27a^5'(2 + 4a'&2-9a»&»). 

XVIII. (Page 44.) 

1. (a7-a)(o7-5). 2. (a-ic)(&+;i7). 3. (&-y)(<:+y). 
4. (a+?»)(& + n). 5. {ax+y){bx-y), 6. (a5 + c^(^— y), 
7. {cx+my){dx--ny\ 8. {ac-hd){bx-dy). 

XIX. (Page 46.) 
1. (o7+6)(o? + 6). 2. (07 + 5) (a? + 12). 3. (y + 12)(y+l). 
4. (y+ll)(y+10). 5. (m+20)(m + 15). 6. (w»+6)(m + 17). 
7. (a + 8&)(a+&). 8. (a?+4m)(a? + 9w). 9. (y + 3n)(y+16n). 

10. (;2f + 4p)(;2f + 25jp). 11. (4:2 + 2)(07«+ 3). 

12. (oj»+l)(o7' + 3). 13. (072^+2)(j7y+16\ 

14. (a;V+3)(o7V' + 4). 15. (m^ + 8) (m' + 2). 

16. (ri + 20q)(n + 7q\ 

XX. (Page 45.) 

1. (07-6)(07-2). 2. (07 -19) (07-10). 

3. (y-ll)(y-12). 4. (y-20)(y-10). 

6. (n-23)(n-20). 6. (n-56)(n-l). 

7. {o^-4)(;c'-3). 8. {db-'26){ab-l). 
.9. (&*<?•- 5) (&V- 6). . 10. (07^^-11) (ory^-2). 
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XXI. (Page 46.) 

1. (jF + 12)(a?~5). 2. (^■H6)(jy-3). 3. (a + 12)(a-l). 

4. (a + 20) (a - 7). 6. (& + 26) (5 - 12). 6. (6 + 30) (& - 5). 

7. (j;* + 4)(a;*-l). 8. (ary+14)(d^-ll). 

9. (mfi + 20)(m'-6). 10. (n+30)(n-13). 

XXir. (Page 46.) 

1. (i»-ll)(4?+6). 2. (;c-.9)(a?+2). 3. (m-12)(m + 3). 

4. (n-16)(n + 4). 6. (y-14)(y + l). 6. (;;r-20)(;2r + 6). 
7. (a^-10)(^ + l). 8. (cc?-30)(cc?+6). 

9. (m»n-2)(m3n + l). 10. (jpV-.12)(;?V + 7). 

XXIII. (Page 47.) 

1. (a?~3)(a?-12), 2. (d?+9)(d7-6). 

3. (a5-18)(a5+2). 4. (:p*-6m)(ii;*+2«i}. 

6. (2/3 + 10)(2/»-9). 6. (^' + 10)(a?3-ll). 

7. a? (^+300? +4^2). 8. (a? + w)(;c+n). 
^. (2^-3)(y'-l). 10. {xy^ab){jio-c). 

11. (j7+a)(a7-&). 12. (^-c)(;p+tf). 

13. {ab-d)Q)-c). 14. 4.(a?-4y)(;p-3y). 

XXIV. (Page 48.) 

1. (^+9)*. 2. (^+13)2. 3. (^+17)2. 4. (j?+l)». 

5. (4r+100)« 6. (;c8+7)2. 7. («+6y)>. 8. (m2+8«2)«. 
9. (a;«+12)« 10. (a^+81)«. 

XXV. (Page 48.) 

1. (a?-4)». 2. (^-14)2 3. (a?-18)«, 4. (y-20)». 

6. (4f-60)* 6. (^-11)2. 7. (^-16y)«. 8. (w«-16w2)". 
9. («»-19)«. 
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XXVI. (Page 50.) 

1. {x+y){x-y). 2. (a? + 3)(;i?-3). 3. (2a? + 5) (2a?- 6) 

4. {a^-\-a^{a^-aP). 6. (ar+l)(a?-l). 6. (a;» + l)(«»-l). 

7. (^ + l)(a?*-.l). 8. (wi8+4)(*»«-4). 

9. (6y+74r)(6y-7;2?). 10. (9^+lla5)(9a!y-llaJ). 

11. (a-6+c)(o-&-c). 12. (a?+w-n)(j?— m + n). 

13. (a+&+c+c?)(a+6-<j-c?). 14. 2a:x2y. 

15. {pB-y-{-z){X''y-z), 

16. (a-6+w+w)(a-6-»»-n). 

17. (a-c + & + <;?)(o-<:-6-(^). 18. (a+&-c)(a— 6 + c). 

19. {x+y-\-z){x-\-y-z), 20. (a-i!>+»»-n)(a— 5— w+n). 

21. (aa? + &y+l)(aa? + &y-l). 22. 2flwrx2fty. 

23. (l+a-&)(l~a+5). 24. (l+a?-y)(l-a: + y). 

25. (a?+y + ;2r)(a?-.y-;2r). 26. (a + 2&-3c)(a-2&+3c). 

27. (a«+4&)(a2-46). 28. (1 + 7c) (1 - 7<:). 

29. {a-'b-^C'\'d){a-'b-'C-d). 30. (a + &-c-c?)(a-&— c+rf). 

31. 3aa?(<w?+3)(aa?-3). 32. {a^b^-^ci^iaR^-c*), 

33. 12(;c-l)(2a?-l-l). 34. (9a?+7y)(5a:+y). 

35. 1000x506. 

XXVII. (Pago 51.) 

1. (a+5)(a«-a& + 6-). 2! (a-&)(a2+a&+62j. 

3. (a-2)(a2+2a+4). 

4. For 243 read 343. Ans, (^ + 7) (a;*-7^+49). 

6. (6~6)(&2+56 + 26). 6. (a? + 4y)(ic2-4ay + 162/«). 

7. (a-6)Ca2+6a+36). 8. (2a?+3y)(4a;'-6^+92^). 

9. (4a-10&)(16a2+40a& + 1006'). 

10. (9^+8y)(81aj2-72ary+64y2j. 

I). (;p+y)(«*-a?y+y')(;i?-y)(a:'+^+y'). 
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12. (;i; + l)(a;8-a? + l)(^~l)(a?3+;c+l). 

13. (a + 2)(a«-2a+4)(a-2)(a2 + 2a + 4). 

14. (3 + y)(9-3y+2^{3-y)(9 + 3y + y*0- 

XXVIII. (Page 51.) 

1. a+&. 2. Take & from a and add c to the result. 

3. 2j?. 4. a-5. 5. iC+1. 6. a?— 2, a?— 1, a?, a: + 1, a? + 2. 

7. 0. 8. 0. 9. da, 10. (?. 11. x-y, 12. fl?-v, 

13. 365 -6a:. 14. iC-10. 15. ic + 5a. 

16. ^ has ;r+5 shillings, ^ has ^-5 shillings. 

17. ir-8. 18. xy, 19. 12-a?-y. 20. nq, 21. 25-a7. 
22. ^-25. 23. 256ml 24. 4&. 25. a? -6. 26. j^ + 7. 
27. aj2-y\ 28. (^ + y)(a?-y). 29. 2. 30* 2. 
31. 28. 32. 7. 33. 23. 34. 5. 35. 10. 

XXIX. (Page 53.) 

1. To a add 6. 

2. From the square of a take the square of 6. 

3. To four times the square of a add the cube of h. 

4. Take four times the sum of the squares of a and h, 

5. From the square of a take twice h ond add to tha re- 

sult three times c. 

6. To a add the product of m and h and take c from the 

result. 

7. To a add m. From & take <;. Multiply the results 

together. 

8. Take the square root of the cube of x, 

9. Take the square root of the sum of the squares of x and y. 

10. Add to a twice the excess of 3 aboye c. 

1 1. Multiply the sum of a and 2 by the exces^ti o^ % \s3o^^^ c, 
e. A. '^'^ 
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12. Divide the sum of the squares of a and h by four times 

the product of a and h. 

13. From the square of x subtract the square of y, and 

take the square root of the result Then divide this 
result by the excess of x above y, 

11 To the square of x add the square of y^ and take the 
square root of the result Then divide this result by 
the square root of the sum of x and y. 

XXX (Page 63,) 

1. 2. 2. 0. 3. 17. 4. 31. 6. 20. 6. 33. 

7. 105. 8. 27. 9. 14. 10. 120. 11. 210. 12. 145a 
13. 30. 14. 6. 16. 3. 16. 4. 17. 49. 18. 10. 
19. 12. 20. 4. 21. 43. 22. 20. 23. 29. 24. 41536. 26. 62. 

XXXI. (Page 64.) 

1. 0. 2. 0. 3. 2a<?. 4. 2xy. 6. a'+&*. 

6. 4a;*+(6m-6n)a;'— (4m2+9mw+4n2)ic" 

+ {Qmhi - e^mri^) x + 4m'?i" 

7. cr2+c?r-f^. 8. -a*-6*-c*+2a'i>24.2aV + 2&V. 

When c=0, this becomes — a*— &*+2a*6^. When 
5 + c = a, the product becomes 0. When a = & = c, it 
becomes Zed. 9. 0. 10. 34. 

12. (a) (a+&)ii;2 + (c+df)^. O) (a-'&)4?»~(c+c?-2)«» 
(y) (4-a)ii!»-(3+&);c«-(6+c)a?. (S) a«-62+(2^^25)«. 
(c) (m2-n8)a?* + (2w^-2wg);c' + (2wi-2w)ar'. 

13. a^-(a+&+c)^+(a&+a(?+&c)d7-aft(?. 

14. a;'+(a+5+c)ic2+(a5+a<;+5c);p+a5{:. 

16. (o+& + c)3=a»+3a2i!> + 3a52+6»+c»+3a2<? 

+ 6a&c + 36^c + 3ac^ + 3^. 

(o+ 6-c)'=<i^+ 3a2& + 3ae>«+ &»-c«-3a«(? 

- eoJc - 3!^*<? + 300" + 36c'. 
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(c+a-&)'=a'-3a*5 + 3a6*-&'+c» + 3a2<j 

- 6a6c + 35«<? + 3ac2 _ 32^, 

The sum of the last three subtracted from the first 
gives 24a&c. 

16. 9a2+6ac~3a5+4&(;-66». 17. a"-a:**. 

18. 2ac - 2&C - ^ad + 2&e?, The value of the result is - 2J<?. 

19. a5+^ + (6 + l + 2a)a?+(2a-&-l)y. 

20. 9. 21. a5 + iB2+(a-&+l)a?-(a + & + l)y. 
22. 2. 23. (7m + 4n + l)a?+(l-6w-4?n)y. 

25. 4a2+6a<; + 2a6 + 96c-65l 26. 3 ; 128; 3; 118. 

27. 9. 28. 44. 29. 20. 30. 35. 31. 18. 

XXXIL (Page 60.) 

3. 1. 4. 7. 5. 2. 6. 2. 7. 3. 
10. For 123 read 133. Ans. 54. 
13. 9. 14. -7. 16. 3. 16. 7. 
19. 10. 20. 6. 21. 4. 22. 10. 

25. 1. 26. 2. 27. 3. 28. 4. 



1. 


3. 


2. 2. 


8. 


4. 


9. 9. 


11. 


2. 


12. 9. 


17. 


2. 


18. 8. 


23. 


3. 


24. 15. 


29. 


6. 


30. -1. 



XXXIII. (Page 62.) 

1. 70. 2. 43. 3. 23. 4. 7, 21. 6. 36, 26, 18, 12. 
6. 12, 8. 7. 50, 30. 8. 10, 14, 18, 22, 26, 30. 9. £68. 
10. 12 shillings, 24 shillings. 11. 52. 

12. A has £130, B £150, C7£130, D £90. 

13. 152 men, 76 women, 38 children. 14. £350, £450, £720. 
15. 21,13. 16. £8.15*. 17. 84,26. 18. 62,28* 

19. The wife £4000, each son £1000, each daughter £600* 

20. 49 gallons. 21. £14, £24, £S3. ^^. ^\,Vl- 



oo 
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23. £21. 24. 48, 36. 25. 60, 40. 26. 42, la 

27. 60,24. 28. 8,12. 29. 88. 30. 18. 31. 40. 

32. 57, 19. 33. 4. 34. 80, 128. 35. 19, 22. 

36. 200, 100. 37. 23, 20. 38. 53, 318. 39. 5, 10, !& 

XXXIV. (Page 68.) 

1. c^h, 2. a^z. 3. 2x^. 4. l^mhip. 

6. ISdbccL 6. aV)\ 7. 2. 8. 17^- 

9. 4ar«yV. 10. 30;cV. 

XXXV. (Page 69.) 

1. a—h. 2. a'-6'. 3. a—x, 4. a+o?. 

5. 3a?+l. 6. l-5a. 7. ^+y. 8. J?— y, 

9. a?-l. 10. 1+a. 

XXXVI. (Page 70.) 

1. 3453. 2. 36. 3. 936. 

4. 355. 5. 23. 6. 2345. 

XXXVII. (Page 74.) 

1. ^ + 4. 2. ;i?+10. 3. x-l, 4. a:-l-12. 

5. ;i?-3. 6. ;p+3y. 7. x-4y, 8. a:-15y. 

9. ar-y, 10. x^y. 11. ay-y. 12. x-\-y, 

13. a?+y. 14. a+ft-c. 16. 4^+y. 16. ^x—y, 

17. 5;c-y. 18. ^+a^-4a:*+;i?+l. 19. «*— aa?+4. 

20. a^-\'Xy + y\ 21. ^c'+ar^-a?- 1. 22. 3a' + 2a6-J*. 

23. 3^-y. 24. 3a?-lly. 26. 3a~&. 

26. 3T(a-.r). 27. 3ar-2. 28. Zx^+a\ 

29. a?*+j/*. 30. x+Z, 31. 3a + 2a;. 
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XXXVIII. (Pago 76.) 

1. 47 + 2. 2. x-\, 3. ^+1. 4. y-1. 

6. a;*-'-2iF + 5. 6. x-2, 7. 2/*-2y+6. 



XXXIX (Page 81.) 

1 1 o 2f 3 55^ . 2^« 

aVc» ^ 4;cy ^ 3y 56«(? 

^- "T"' ^* S&c"- ^' 2az' ^- 4^»- 



13. 1 — . 14. r — 5 • lo. , . 16. 



3j/—5xz' ' ^ax^—x* ' he' '^x-'St/' 

17. TTT — ;~ • 18. TTirz* 19» z» 

6 1 ^ 

20. ^ ° . 21. .= — ^-=--. 22. 



2;i?-2y* ' lax—ltyy* ' ^ahx—V2cdx' 

xy J* « 1 2a + 2ft 

202? 2a'*c 2(C . a^ 

27. :;^. 28. -. 

12 y 



XL. (Page 82.^ 

a+6 „ a?-5 a?4- l 

1 • — ^ • ^» " • v. 1. * 

a + 3 x-'6 x-7 

4.^. 6. *»-*+!. 6. ^. 
^ + 7y aj'-y' 

^ £-2 fl?--3 ^-6^+6 

a?+4 iF+1 3jr*-7d? 

^— 6£+6 - x^+xy-y' 

^"- 3^-80^"*- ^^- x^-xy-y^' 
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a^ + ba + 6 l^+5b m^ + 4m 

fl'-g+l 3<M?-7g -^ 14j?-6 

10a-14a» 2a&^ + 3a5-5a 

^^- 15-9a-6a^* ' 76*-5& * 

^^' a^^^:2"a"T2 * ^^- i^^l * ^- a -3 * 

23. ^2^±2. 24. 3. 25. ^^^'g, 

X — 2, 7iP--5 

4a^ + 9.g-t-l - _2£-3«_ *-3 

29.^3 30.?^. 31. ^±5^. 

33. |£±f . 34 ''-^ 



32. 


a—b-c 
a+b-c' 


35. 


^+4 


37. 


;i?«+^-12 


3;c+6 • 


39. 


^-2a?2-2;c+l 


4;C'*-7^-l 



3a + 26' * 2;i? + 3* 

a?' + i»*-2 



36. 



38. 



40. 



2a;^ + 2;c+l* 

fl?^-2^+3 
2ii?" + 6^-3' 

a'-5a+6 

3a^-8a * 



XLI. (Page 86.) 





-v 




2^ 


4 ^ 
9aa; 


5. a^. 


«-i- 




7 ? 

^•8' 


^- 9<P • 


Zmnxy 


10. 


4pjr • 







ANSWERS. 359 



XLII. (Page 86.) 



1. 






« 4 (^+2)(a?-4) 


4. 




1 


a?-6 ^ (jp-2)(*-6) 


7- 


1. ^. 


b. 


9. — ^ . 10. t^. 


LI. 


X'—m + n 
x+m—n' 




12, 1. 13. sL^, 

XLIII. (Page 87.) 


1. 


lOac 

3bx • ^' 


3 

2y 


8^y 4 3 


6. 


5x 

4a' ^' 


&x 
14 


1 ^1 
^- a-r ^- a?-2- 



XLIV. (Page 89.) 

1. I2c?a^. 2. 12a:»j/«. a 8a»&l 4. «*;»«. 

5. 4<wj». 6. ij2&2^, 7. a»;py. 8. 102aV. 
9. 20j^^r. 10. 72dw?V- 

XLV. (Page 91.) 
1. ai^{a+x), 2. a^-x. 3. o(a*-&«). 

4. 4a^-l. 5. o' + ft*. 6. dj8-l. 

7. (^-l)(;p+l). 8. (j;» + l)(«»+l). 

9. (4?+l)(a?»-l). 10. a?*-l.« 

XLVI. (Page 93.) 

1. (a:+2)(^+3)(^+4). 2. (a-6) (a+4)(a-3). 

3. (ar+l)(;i?+2){a?+3). 4 (a? + 5)(4?+6)(i» + 7). 

6. (a?-ll)(a?+2)(a?-2). 6. (2^+l)(a? + l)(;p-2). 

* For the rest of the Anflwera to ihia set ol'&kS»sB.^<»^ ife^^.^"^. 



360 ANSWERS, 

7. {pi^-\-y){x^y){a^+y^{x-'y). 8. (^-6) («-3)(d? + 5). 
9. (7x-4)(3«-2)(a:«-3). 10. (a^+J^ (a:+y)(a?-y). 

11. (a"-6«)(a+25)(a-2&). 

XLVIL (Page 94.) 
1. (a:-2)(^-l)(;i?-3)(a?-4). 2. (iP + 4) (a?+l)(a? + 3)L 
3. (a?-4)(a?-5)(^-7). 4. (3d?-2)(2«+l)(7a?-l). 

6. (a?+l)(a?-l)(;p + 3)(3jp-2)(2;c+l). 
6. (a?-3)(a^»+3^ + 9U^-12)(^-2). 

XLVIII. (Page 95.) 

I6x 16a? 9;p-2I 4a?- 9 

• 20 ' 20 • ^' 18 ' 18 • 

4a?-8y 3.r^-8a?y 20 a +256 6a* -Soft 

lOa^ ' 10.1?^ • ^ 10a=* ' 10a« • 

4ga' - 60^g 15a- 10c a6--&a a^-a»6 

^' 60a2c ' " eoa^c ' ^' a»6» » a»6^ * 

^ 3-3a ? 3 + 3a? 24-2y^ 2-2?/^ 

^- i-a?2' ~l-a;«- ^- 1-y*' 1-y* • 

5 + 5a? 6 a& + aa? ?> 

^' l-a?"' l-a?2' ^"' C(6 + a;)' c(54-.€r)- 

a~c 6— g 

(a-6)(6— c)(a-<?)' (a— &)(,6-c) (a-c)* 

12 ^^(^rf) ^(^-^) 

a&c(a— 6)(a-c)(6-c)' a6c(a-6)(a— c)(6-c)' 



XLIX. (Page 98.; 

15a? +17 „ 71a~2 0&-56c .32a? + 9y 

^- "is"'- ^- 84 • ^ ~42 • 

16a^ + 55a? + 4a?y - 65y 2 7a?'-2a;'y-16a?y-28y' 

* 50a? • "12^ '• 



ANSWERS, 3^' 



180a''fg4tf64-33l6^-20a&2 80;g^4-64;g'4-843?-l-45 

^' 2106 ' ^' <^c» • 

3a*-- lifb 4- 4a«6g - S a^'c + abc^ - b'^c^ 



L. (Page 99.) 



1. _^ri . 2. ^ 



3. 


2 

(l+;r)Cl- 


-X) 


a 


•{■hx 







(a?-6)(;c+6)" (a?-7)(a?-3)* 

{x+y){x-'y)'' ' l + x' ' c + dx* 

7 2^ g 2£--y g 2;i?^5a 

(x+y){x-y)' ' {p^-y?' ' {x+ay 

10. ^ 



{a+x){a~x)' 



LI. (Page 100.) 

^' 1-a* l-o;** "*• r:^' *• S^6«- 

« ^ + y - 3a^ + 20J^-32d?~23 5 

y ' {jP+4.)(x-S)(x+7) • 

^ 3;i;»-24;cg4-60a?~46 3dp'-2aa?~6a» 

'• (;c-2)(a?-3)(a:-4) * ^- {x-af ' 

9. . ,w^w 10. ^ 



{x'-l){x + 2){x+l)' "" (a?+l)(a? + 2)(a?+3)* 

3x^ e-d 

"• a;2-l- ■^^- (a + c)(a + d)(a+^)- ^^- ^• 

14. 2. 15. ~?^. 16. 0. 17. ^^. 



3^2 ANSWERS. 



18. 0. 19. -^. 20. 0. 21. 0. 

a + 6 



LII. (Page 103.) 
8 JL> 9 g ,0 1 



LIII. (Page no.) 

2j?+11 2 2 (;g-8) 

• (.c+4) (a? + 5) (d? + 7) ' * («-6) (47-7) (;i?-9)* 

2:g-17 . 2 w'+4m*n + mn* 

"^^ (;i?-4)(a:+ll)(a?-13)* ' a?+3' n(f» + n)« 

ll;g»-^+25^-l 1 



LIV. (Page 107.) 



1. 


16. 


. 2. 12. 




3. 15. 


4. 28. 


5. 63. 


6. 


24. 


7. 60. 




8. 46. 


9. 36. 


10. 120. 


11. 


72. 


12. 96. 




13. 64. 


14. 12. 


15. 2a 


16. 


1. 


17. 8. 




18. 9. 


19. 7. 


20. 4. 


21. 


6. 


22. 1. 




23. 1. 


24.?. 


25. 100. 


26. 


24. 


27. |. 


LV. 


28. 6. 
(Page 108.) 


29. 24. 


30. 4. 


1. 


16. 


2. 5. 




-\- 


4. 1. 


6. 8. 



ANSWERS, 3^3 



6. -\. 7. 9. 8. 2. 9. 11. 10. 6. 11. 2. 

12. 12. 13. 8. 14. 7. 15. 9. 16. 7. 17, 7. 
18. 9. 19. 9. 20. 9. 21. 10. 



LVI. (Page 109.) 

c - SC'-2a a* b—bc+d 

a+0 60— c a+f . 

be -dm b(a+r) 6bd+ab 

*• a-5 • ^* 1+a • ®- 3a-12(^' 

3a5-2^3 (g4-&)8 

10. -?. 11. 2. 12. 0. 13. ^ 



2- "• - — -' — a-l- 

,^ 3o + l -. 18rtE + 26 ,- o-l _^ ^ 

^^•2-^6- ^''-^TS' ^^•-^- ^^-^ 

18. ^:!^. 19. b-l. 20. 5. 21. ^. 

ad+d c &— 1 



22. 1. 23. bm. 24. 



3g'6C'l-2g'6*-f-g5* . 
b' + 3(^c + 3a'bc+2a^' 



be oa ^ s>*7 ^^^^ 

25- ^Zi' 26..^. 27. -^^:^. 

a{m-3c+3a) ac a'e ip-d) 



LVir. (Pa^e HI.) 

6 7 

1. 2. 2. 15. 3. 1. "^ h' ^- i^- 

6. ^. 7. |. 8. 6. 9. -7. 10. 6. 

35 
11. 9. 12. 19. 13. 1. 14. 4. 15. --r- . 



16. 12. 17. 2. la L 19. \. 20. 3. 



\ 



30^ 


^ 




ANSWERS. 








LVIII. (Page 113.) 




1. 


20. 


2. 3. 


3. 40. 4. ^^\ 

4o 


& 6a 


6. 


10. 


7. 6. 


8. 20. 9. 3. 


10. .;-• 


11. 


8. 


12. 100. 


13. 0. 14. -1. 


15. 5. 


16. 


6 
6* 


17. 6. 







LIX. (Page 114.) 
1. 100. 2. 240. 3. 80. 4. 700. 6. 28,32. 

6. 2^,47^. 7. 24,76. 8. 120. 9. 60. 

10. 960. 11. 36. 12. 12, 4. 13. ^1897. 

14. 540,36. 15. 3456,2304. 16. 50. 17. S5, 15. 

18. 29340,1867. 19. 21,6. 20. lOS-i, 131? 

21. A has ^1400, B has ^400. 22. 28, 18. 

m^nh-a) n{mh-a) o+& a-h 

^^' — i^; — :;;;"* "t;:; — ;r~ • 24. —j— , — -- . 25. is. 

n—m Tii^n 2 2 

26. ^135, ^297, £432. 27. ^7200. 28. 47, 23. 

29. 32,7. 30. 112,96. 31. 78. 32. 75 gallons. 



33. 


40, 10. 


34. 20. 35. 42 years. 


36. l^days. 


37. 


20 days. 


33. 10 days. 39. 6 hours. 


40. l~days. 


41. 


4^^ days. 


42. 1 = hours. 


43. 48^. 


44. 


2 hours. 


45. -T-: 5- minutes. 


46. 48 1. 



47. 51 r, 61 g, 47r gallons. 48. 9=miles from Ely. 
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49. 14 miles. 60. t, — . 61. llirr. 

b a 21 

62. 42 hours. 63. 30 1^ miles. 64. 60 hours. 

Ox 

65. (1) 38 Yj past 1. (2) 64 ^ past 4. (3) 10 ^ past 8. 

66. (1) 27 ^j^ past 2. (^) fi n ^^ ^®® ^® n ^^^ ^' 

9' 6' 

(3) 21 — past 7, and also 64 — past 7. 

67. (1) 16 Yi past 3. (2) 32 ^ paBt 6. (3) 49 jj past 9. 

68. 60. 69. ^3. 60. ^. 61. 18 1 days. 

Ov 

62. ^600. 63. £276. 64. 60. 

65. 90', 72', 60'. Q%. 126, 63, 66 days. 67. 24. 

68. 2, 4, 94. 69. 200. 70. 2^ 6 ~ . 

71. 30000. 72. £200000000. 73. 60. 



LX. (Page 127.) 
a^-f<M?4-3a a^+Zax-2a ^ 

3 d:^^-y» 2a» + 6a^& + 6ay+26» 



LXI. (Pago 128.) 
ft — 1 a-?? 

6. 



8-13;i? 


2. ?^^. 3. X{1 X). 4. ^^^ 
soy ^ ' j?-y 


70 • 


a?' + 6^2+l 


^ ^-a?+.l ^ a'+dH-l 
V. • 7. _ • 
;v a 


2a?3-;B3 + l- 
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8. X. 9. i. 10. X. 11. ^±2^. 12. a^, 

X —^xy 

13. — ^ — 7 — -"ITS . 14, m — 1. 15. —7 =— — ^, 



LXII. (Page 129.) 



q ^-.?4.?._y flS o« a 1 

^- y2 y"*"^ a?«- ^- 12 9"*'18"'36- 

^ 6p 4q 12r ^249 ^ x^ a? Zx \ 

0. 1 — + . o. T—- L — t:: 4- -rz • 

qr9 pr$ pqa pqr 100 40 40 8 



LXIII. (Page 131.) 



1. 2-2a;+2a2-2a' + 2a* 

2. x_l + l._l.H.I6 

w m* m? rnr 

„ , 2& 2&« 2&» 26* 
a a^ a' a* 

^ , 2a;" 2^ 2^ 2.^* 
a' a* a® a^ 

x'^ a? a^ a? 
a 0? a^ a* 

& 6a? hx^ bu^ bx* 
a afi a^ a* a/ 

7. l-2a?+6aj2-l6a^+44a;:*.. 

8. l + 2a?+a:2-a:3_2a:* 

9. l + 36+668+126'+24J'*.... 

26' 26* 
10. d?2-6a:+6»-— + =^ 



ANSWERS. 367 



£8 ^ a«6« v?^ ««&* 



,^ , 2a? ^3^ \a? 6ic* 
a a* a* a* 



13. a^-3aa;2+2a2;i?+4a». 14. iw''-10m2-41m-95. 



LXIT. (Page 132.) 
• 9 4 120 20 • 20 600 "*" 60 15* 

^- a^ + ^-6^-^?- ^- ^-^-a^-^-^i- ®- ^"*•8"■8"64• 
^- ;c*^ar> 12;c2^6a?^6' ^"' 6* a* a'* *' 



LXV. (Pago 134.) 

*^1 «.l «9^1 

I. 4? — . 2. a+T. 3. m' + -s. 

o ^ la.? ui 1 1 1 1 1 1 



LXVI. (Page 136.) 

1. •05aj'--143i»--021. 2. •01«*+l-25a?-21. 

3. •12«»+13a?y--14y». 4. •l72;P'-'06;iy-*312y*. 

0. 0. 6. '300763. 



3^^ ANSIVEKS. 



LXVIL (Page 135.) 

1. <7ia?fl+^;r+^^4-^V+...V 
\ «i fli «i / 

LXIX (Page 138.) 

1.-46. 2. — = r — and -r — . 3. — ^^. 

Ix-b a+9 a-+^ 

^- 2:1 • ^' 9"- 

f?0;ir* + 42a;»» - XQla^x^ + 1 0«':i? -*- 14a* 
^' 12 • 

„ 1 . a& + a<;+&c+2«+26+2c4-3 : 



/** o^ + aft + flKJf ftc+a+^ + c + l* 

a ax a^x ax^' ' a*-d** * «(»■— 6^* 

^"- (a-6)^(a« + 62)- ^^- 2{x-¥ir o-ft + c' 

(ii?-4)(a?+2)« 



23. a?. 24. 0. 25. 1. 26. 



x 



a*-fa«-f 1 (a?-l)« 

29. ^+^. 30. 1. 31. 3. 
cr or 

-2 + 5a?+17a^-lla;^-21^ 00 ^ -,^0 

^2- (3-2;r-7^V ^^^ ' ^^ ^ 



ANSWERS, 3^9 



2a— b x^—y* X 

35. i" • 36. 0., 39. ^ /_« . — 57 . 40. — • 

41. a^+3a:+3-- + i. 43. ^^~^'. 44. 1. 

m 

46 ?i? 47 ^i 48 1 

49. 2a«-aa?-oy. 50. ^^^|^. 61. (a»-J^«. 



LXX (Page 146.) 



1. ^=10 


2. ^=9 


3. « = 8 


y=3. 


y=7. 


y=6. 


4. ^=6 


6. ^=19 


6. fl?=6 


y=8. 


y=2. 


y=3. 


7. x=ie 


8. ^=2 


9. jr=4 


y-35. 


2^=1. 


y=3. 



LXXI. (Page 145.) 



1. 


jr=12 


2. 


j?=9 


3. J7=49 


4. ;t;=13 




y=4. 




y=2. 


y=47. 


y=3. 


5. 


J7=40 


6. 


flr=7 


7. «=6 


8. Ar=6 




y=3. 




y=2. 


y=l. 


f/=4. 


9. 


4?= 7 

y=l7. 




• 







LXXIL (Page 146.) 



1. 


^ = 23 


2. a?=8 


3. 07-3 


4. x=5 




y=io. 


y=4. 


y=2. 


y=9. 


6. 


x = 2 


6. «=7 


7. «=12 


8. «=2 




y=2. 


y=9. 


y = 9. 


y = 3. 


9. 


dy=3 

2^=20. 









B.A, 



^V 
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LXXIII. (Page 147.) 

1. ^=7 2. jr=9 3. a?=12 4. d?=-2 

]^==:-2. y=-3. y=-3. y=l9. 

5. ^=-5 6. iP=-3 7. ^=7 8. a?=2 

y=l4. y=-2. y=-6. 1 



9. a?=-2 
y=l. 



y=»- 



3* 



LXXIV. (Page 148.) 

1. x=% 2. a?=20 3. d?=42 4. 47=10 

y=\2, y=30. y=35. y=6. 

5. 47=9 6. 47==4 7. 47=6 8. x=^40 

y=140. y=9. y=2. y = 60. 

9. 47=12 10. a?=19 11. a?=6 ,« 3201 

y=6. y=3. y=12. 708' 

1067 



y= 



236 • 



13. a?=6 ,. -.1 _- 1 

14.. 4?= 19- 15. 47= T 
y=6. 2 4 



y=-17. 



^'^S 



LXXV. (Page 149.) 

1. 47= !fi. 4?= » J . t>. 47= =— , 

mq^np ba-^-ae ae-^bc 

_m /-^ep cd—af an — c m 

^^mq-np' ^^bd+ae' ^ ~ ae+bc ' 

J ^ ^^ K ^ wV + w/ rt + ft 

4. 4?= — —J O. 47= —. J- O. 4?=—— — 



_ ce _ mr —mr _a-^b 

^"c + d' ^^mn' + mfn' ^ 2~'* 

^- ^=:^a:m" ®* ^"^ ^- ^= — 35 

<?(a <;-<Q _ 1 3 a*-y + rf 
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10. a?=T- 11. ^=rT- 12. d?=: 



6c * h+c ' b—m 

a+25 h^-c^ Im 



LXXVI. (Pago 151.) 

6-2a od—ac 

2 R^-g* 

5. 4?=- 6. ar=- 

_61 .,_1 



1. 


x- 


1 

""2 




y-' 


1 
"4' 


4. 


X 


2a 




y 


26 


7. 


X 


1 

a 




y 


1 



n 






LXXVII. (Page 153,) 



1. 


4?=1 


2. 


d;»2 


3. a?=4 




4. 


fl?=5 




y=2 




y=2 


y=6 






y=6 




;8r=3. 




;8r=2. 


iP=8. 






if=8. 


5. 


a:=l 
y=2 


6. 


iP=l 
y-4 


7. ^=1 




g. 


iP=6 
y=6 




af=3. 




^=6. 


y=- 


7 




xr=7. 


9. 


a?=2 
y=9 


10. 


d7=20 

y=io 


^=36l. 







;tf = 10. « = 6. 

LXXVIII. (Page 16r,.) 

1. 16, 12. 2. 133, 123. 3. 7-26, 6^5, 

4. 31, 23. 6. 35, 14. 6. 30, 40, 5th 



^V-si 
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7. ;£60, ;£140, ;fi200. 8, 22*., 26*. 9. £200,^300,^260. 

10. 41, 7. 11. 47, 11. 12. 35, 11, 98. 13. £90, £60. 

14. 60, 36. 16. 6, 4. 16. 40, 10. 17. 5-03, 1072. 

18. 10 barrels. 19. 3*., 1*. Sd, 20. £20, £10. 

21. 15*. lOff., 12*. Qd. 22. 4*. 6<f., 3*. 23. 36, 65. 

24. 26. 26. 28. 26, 45, 27. 24. 28. 45. 

29. 84. 30. 76. 31. 36. 32. 12. 33. 333. 

34. 684. 36. 759. 36. \, 37. ~, 38. |. 

o Id 8 

39 ? 4d -^ 41 ?5 42 ^^ 

39. 3. 40. j^. 41. -. *2. -. 

43. £1000. 44. £5000, 6 per cent 45. £4000, 6 per cent 

13 
46. 31-, 18 T. 47. 20, 10. 48. 3 miles an hour. 

4 4 

49. 20 miles, 8 miles an hour. 60. 700. 61. 460, 600. 

62. 72, 60. 63. 12, 6*. 64. 760, 168, 14a 

65. 2, 4, 94. 66. The second, 320 strokes. 6S. 60, 30. 

69. 10 — ft., 13 - ft 60. g J 6, 4 miles an hour respectiyely. 
61. 142867. 

LXXIX. (Page 164.) 

1. 2xy. 2. 9a^h\ 3. llm«wV^ 4. 8a«&*r. 

6. 2%1a^a^. 6. na^¥(f', 7. ^^ 8. ^i- 

4& 2ac' ' 

^- 11^- ^^- W • 185- 

LXXX. (Page 167.) 
1. 2a + 3^. 2. 4A;»-3^". 3. db + %\, 4. V~19. 

* 

6. 3a6c-17. 6. a^-3^+5. 7. 3a^+2;i?+l. 
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8. 2r»-2r + l. 9. 2w3+n-2. 10. l-3^+2;r2. 

11. x^-^x^-^-Zx. 12. ^y^-Zyz^^, 13. o+26 + 3c. 

14. a^ + aV)-k-db'^+W, 15. iC»-2a^-24?-l. 

16. 2a?2+2flW7+46l 17. 3-4a? + 7j^-l0a;». 

18. 4a2-6a6+86a?. 19. Za^-^p^-m, 

20. 2y2^-3ya;« + 2;2^. 21. 6;i?V- 3^^+22^. 

22. ^a^-^xy + ^y^ 23. 3a-25 + 4<?. 24. aj'-S^+5. 

25. 6.r-2y + 3;2f. 26. 2a?2-y+j/*. 



LXXXI. (Page 168.) 

1. 2a3.f . 2. l-l 3. a'-i. 

4 a 3 or ' 

.ah „„1 «•! 

4. r+-. 6. «2-^ + 2. 6. i»'+;i?--. 

7. 2a-3&+-r. 8. a?2 + 4+^. 9. |a»a?+2a2-'-. 

4 iJ/ 3 4 

10. ^-,? + |. 11. 6m-^+f. 

X y z n 6 

12. «6-3od+|^. 13. ?5-5? + £. 

7 z z X 

2m .3n ik^^j.^^ 

16. 7^-2^- 1 . 17. 3a?'- Y+^^- 
18. 3a?8-|-3. 



LXXXII. (Page 170.) 

1. 2a. 2. 3a?"y". 3. -5mn, 4. -6a '5. 

5. 76V. 6. -10a6«c*. 7. -12in^w^ 8. VVa?l>*, 
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LXXXIII. (Page 172.) 

1. a-ft. 2. 2a+l. 3. a+85. 4. a+&+& 

6. r-j/+4r. 6. ar*-24?+l. 7. 1-a+a*. 

8. ;c-y+2^. 9. a2-4a+2. lO. 2w"— 3m+l. 

11. 4?+2y-;2f. IZ 2m-3n-r. 13. tn + l . 

LXXXrV. (Pago 173.) 

1. 2a-3j?. • 2. l-2a. 3. 6+4jr. 

4. o— &. 6. «+l. 6. m— 2. 

LXXXV. (Page 175.) 

1. J=8. 2. it 05. 3. it 100. 4. 1^7. 

6. ±/s/(ll). 6. ASaV. 7. «fc6. 8. *129. 

9. it 52. 10. *4. 11. *\/(^^). 



12. 



LXXXVI. (Page 179.) 

1. 6,-12. 2. 4,-16. 3. 1,-15. 4. 2,-48. 

6. 3,-131. 6. 5,-13. 7. 9,-27. 8. 14,-30. 

LXXXVII. (Page 180.) 

1. 7, -1. 2. 5, -1. 3. 21, -1. 4. 9, -7. 

6. 8,4. 6. 9,6. 7. 118,116. 8. 10J=,y34. 

9. 12, 10. 10. 14, 2. 

LXXXVIII. (Page 181.) 

7 25 
1. 3,-10. 2. 12,-1. 3. g, — g. 4. 20,-7. 

6. \, -J. 6. 9, -8. 7. 46, -8a 

8. 8, -7. 9. 4,15. 10. 290,1. 
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LXXXIX (Page 182.) 




1. 


7 6 
3' 3' 


2 -^- -^ 


3. 3, -. 


4. 


1 «3 

^' ir 


3 5 

^- 5' -7- 


6. 4, .^. 


7. 


«.!• 


8. 7. -1^«. 
XC. (Page 182.) 


- 


1. 


».4 


2. 10, ^/. 


3 a " 

3. 6, "2 . 


4. 


s, -». 


6. «, -"5 . 


6. 4,f. 


7. 


8 -^ 
8.-4- 


8 ^ -^ 
^- 2' 14- 

XCI. (Page 184.) 




1. 


-aiv'^.a. 


2. 2a±is/ll.«. 


_ »» 7»» 

'• 2 ' " 2 • 



4. 3«, — 2- 6. 1, -a. 6. b, -a. 7. -^rT'-STd"' 

^ __6 c+^/(c^ + 4fl<^) c-^(e* + 4ac) 

^' c' a' ^' 2(a+6) ' 2(a+fc) " 

6« &2 ,, 2a-ft 2a+26 

ac ac ac be 



XCII. (Page 1850 

1. 8, -1. 2. 6, -1. 3. 12, -1. 4. 14, -1. 

9 
6. 2, -9. 6. 6,-. 7. 5,4. 8. 4,-1. 9. 8,-2. 
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10. 3, -|. 11. 7, |. 12. 12, -1. 13. 14,-1, 

1^ \y -\' 15. 13, -^. 16. 6,4. 17. 36,12. 

18.6,2. 19. g, -g. 20. 7, -y. 21. 7, -y. 

22.7,-6. 23. 3, -|. 34^,-|. 25. ?, -i. 

26. 15,-14. 2T. 2,-5. 2& 3,-^. 29. 2, L 

30. %-g. 31.3,-^^. 32.4,-5. 33. 3, IJ. 
34. 14,-10. 35. 2,^. 36. 6,2. 37. -o, -&. 3a -a, i. 
39. «+&,«-&. 40. a% -a^ 41. t>-^« 42. t,~, 

XCIII. (Page 187.) 

1. a:=30orlO 2. a?=9or4 3. ^=26 or 4 

y= 10 or 30. y =4 or 9. ys=4 or 25. 

4. ;c=22or-3 5. a?=60or-5 6, a?=100or — 1, 

y=3or-22. y=5or-50. y=lor— 100. 

XCIV. (Pago 187.) 

1. a?=6or— 2 2. a?-13or-3 3. a?=20or— 6 

y=2or-6. y=3or--13. y=6or— 20. 

4. ;r=4 6. a?=10or2 6. a:=40 or 9 

y=4. y=2orl0. ^=9 or 40. 

XCV. (Page 188.) 

1. a?=4or3 2. a?=5or6 3. ^=10 or 2 

y=3or4. y=6or5. y=2orlO. 

4. a:=4or-2 6. 47=6 or —3 6. ;2?=7or— 4 

y=2or-4. y=3or-6. y=4or— 7. 





^NSPFEJ^S. 


3 




XCVI. (Page 189.) 




1. jr=5 or 4 


2. ^^4 or 2 


1 1 
3- ^=3 or 2 


y=4 or 5. 


y=2or4. 


1 1 
y=2^'-3- 


4. x=Z 


^•H 


6. 4?=- 
5 


J(=4. 


y=2. 


1 

y=2- 
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XCVII. (Page 191.) 



1. 


a=4 




2. a?=6 


3. 


^sdblO 




y=3. 




y=3. 




y=«fcll. 


4. 


*=afc8 




5. ;27=5 or 3 


6. 


4y=6or 2 




y=±2. 




y=3or6. 




y=2 or 6. 


.7. 


a?=2 




8. a?=6 


9. 


^=:ds5 or db-4 




y=5. 




y=5. 




2^= ±4 or *6, 


10. 


ar=2. 




11. d?=7 


12. 


4?=6or —4 




y=3. 




y=2. 


t 


y=4or —6. 


13. 


a?= 10 or 


12 


14. a?=4 


15. 


a?=9orl2 




y=12or 


10. 


y=9. 




y=12or9. 



XCVIII. (Page 193.) 

1. 72. 2. 224. 3. 18. 4. 60,15. 6. 85,76. 

6. 29,13. 7.30. 8.107. 9. 75. 10. 20,6. 

11. 18,1. 12. 17,15. 13. 12,4. 14. 1296. 15. 56^. 

16. 2601. 17. 6,4. 18. 12,5. 19. 12,7. 20. 1,2,3. 

21. 7, 8. 22. 16, 16. 23. 10, 11, 12. 24. 12. 26. 16. 

26. 12, 59, 27. 12. 28. 6. 29. 75. 30. 5 and 7 hours. 

31. 101 yds. and 100 7ds. 32. 63. 33. 63 ft., 45 ft 

34. 16 yds., 2 yds. 35. 37. 36. 100. 37. 1976. 
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XCIX (Page 199.) 

1. x=Z 2. a?=6 3. ^=90, 71, 52«^.downtol4. 
y = 2. y=:8. ^=^0, 13,26 up to 52. 

4. 07=7,2 5. ^=3,8,13... 6. ^=91,76, 61 ...down to 1. 
yal, 4. y=7, 21, 36... y=»t, 13, 24 up to 68. 

7. a?=0, 7, 14,21,28* 8. ^ = 20,a9... 9. a?=40, 49... 
y=44,33,22,ll,0. y = 3, 7... ^=13,33... 

10. a?=4, ll...upto 123 11. x=^ 12. x=^^ 

^=53, 50... down to 2. ^=0. . y=\, 

4 3 19 15 

13. «and-. 14. T|Mid— . 15. 3 ways, Tiz. 12, 7, 2 ; 2, 6, 10. 

16. 7. 17. 12, 67, 102... 18. 3. 19. 2. 

21. 19 oxen, 1 sheep and 80 hens. There is but one other 

solutioD, that is, in the case where he bought no oxen, 
and no hens, and 100 sheep. 

22. A gives J3 11 sixpences, and B gives A 2 fourpenny pieces, 

23. 56,40,24. 24. 3. 

25. A gives 6 sovereigns and receives 28 dollars. 

26. 22, 3 ; 16, 9 ; 10, 16 ; 4, 21. 27. 5. 28. 66, 44. 
29. 82, 18; 47,63; 12,88. 30. 301. 

C. (Page 205.) 

1. (1) x^+x^+x^. (2) x^^-a^yi^-xTyT, 

(3) a^-^a^-^a:*. (4) a^yz^+c^f^z+a^yzi. 

2. (1) d?-^+dW?-'+5'.r"»+3a?-*. (2) a?V~'+3ary"'+4y 

(4) felf + qrV^-^-,^ 



-4 
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4 3 1 



(4) 



i + i I •■ 



4. (l)2 4/.^^3y(^V^. " (2)-i^_l^^J. 



CI. (Page 206.) 

1. as^'+a^u^p-^-p*'. 2. a**-81y*"i 

3. a?8<'+4a2;i?«+16a*. 4. a*"+2a"'<f-&«"+c*^. 

6. 2a*" + 2arb* - 4a"'c*"- «*"& - &"+^ + 2&c'" + a"'^* + &"<;> - 2c»"+* 

9. a?^+2d?3j»+3^f 20^+1. 10. a^-Za^+Za^f- 20^-^-1. 

OIL (Page 207.) 

2. a^''a?^y*+a^(^—afy^*+y'\ 

4. a^f-f^b^+a^b^-a^Pb^-^-h^. 

5. ;r**+3;i:^+9;c*'+27;c*+81. 

6. a*"-2a*af+4c*". 7. 2-af + 3;r«i'. 

8. 4^*c"*-5&*". 

9. a?*» + 3a*"+3a'"+l. 10. flr+&*+(f. 



380 ANSWERS, 



cm. (Page 208.) 
1. a?-3;i?^+3a?*-l. 2. y-1. 3. o^—a^. 

4. a+6+<?-3aMA 6. 10«-ll:i^yi+6aj*y'— 21y. 

6. m-9t. 7. m*+4fl?W+16(/. 

8. 16a+8aV+10aV+18(iV-24aV-12a*6*- 16a*6^ 

-27&. 

9. a?^ + 2aM + a^. 10. ii?'-2a*a?* + a'. 
11. a?^+2a?^y^+y*. 12. a'+2a&* + &*. 

13. x-\3^-^ 10a?*- 12;i?i + 9. 

14. 4ar^+12a?T''+26a?^ + 24a?7^ + 16. 

16. ir^ - 2a?V^ + 2a:M + y^ - 2yM + :^. 
16. iP* + 4;c*y*-2;c*^ + 4y*-42^;2?* + ;^*. 

CIV. (Page 209.) 

1. a?*+y*. 2. o^-&i 3. iP*+^V* + yi 

4. a*-aM+5^. 6. a?^-a?Vi+a?Tyl-a?Tyf+yT 

6. m^ + m'w* + m- «» + m*«* + m^ w^ 4- n*. 

7. .a?* + 3ipiy* + 9a?iy * + 27y*. 

8. 27a* + 18aM + 12aM+85'. 9. cS-xK 

10. m^ + 3»»^ + 9m^ + 27m^ 4- 81. 

11. a;* + 10. 12. a?* + 4. 13. -^>^-2^>^-^>* 

14. a?^-a;*y*-a;M4-y*+;2r^-yM. 

15. a?l-^9a?i — 10. 16. mi + mW+n*. 

17. p*-2p* + l. 18. x^-y^-zK 19. «Y + y* 
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CV. (Page 210.) 
1. a-2.5-1, 2. a?-«-&-*. 3. a^-a?-*. 

4. ;i?*+l+a?~<. 6. .«-*-&-*, 6. a-'+2a-*c~*-ft-8+o-». 
7. l+a»6-»+a<6-* 8. a«5-<-a-*&*-4a-^«-4. 

9. 4a?~« - a?-* + 3a?-» + ai?-2 4. a?-i + 1. 

10. 5^-+^'-.M^V^%?. 
2 12 6 6 

CVI. (Page 211.) 
1. a?-a?-\ 2, a-\-h''\ 3. m'-mn** + n-2. 

6. xy^-k-x'^, 6. a~'+a~^-^+&~«, 

7. ^-»-2+a;-'V. 

10. a-«-a-»6-i-a-'<;-^ + &-2-&-V^ + (?-». 



CVII. (Page 211.) 
1. x^-2x^y^ + 2y. 2. a?**-', 

3. a?»--». 4; 



7. j:--y. 8. a«+2a*6*-2a*i>*-&". 

9. a*+a*6*+&l IL m=rn^. 12. «*"♦»+^ 

13. aj". 14* 16a^, 15. a^^^. 

16. 2a*"+2a'"&«'-4a*c*-3a'»l>-3ft'+i + 66c": I7. <r. 
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19. x^ -¥3^ + 1. 

20. flr+*+2a"»+— '.&ca;»-a'"+«"'6W-flr+»-*c2a?*. 

21. af^'-'^-y'^'"" 22. <f'\ 23. a^-^. 

24. 6, TT7-. 25. ^•»«-/r"2/— ^>*-a?«--«"y-+2r*. 

144 

26. a+Z3^-2aB^-*la^ + 2x'K 

CVIII. (Page 215.) 

1. 4^0:8^ ^yi. 2. )y(io24), jy& 

3. V(5832), V(2600). 4. -^'a", •^2-. 6. -J^a-, X^fc^. 
6. 4^(a«+2a6+&«), 4^(a*-3a»6 + 3a62-6«;. 

CIX. (Page 217.) 

1. 2^6. 2. 6^2. 3. 2«Va. 4. 5a*dJ(5d). 

6. 4z^{2yz). 6. lOV(lOa). 7. 12«^5. 

8. 42V(11«). 9. 6^^^. 10. a«^|. 

11. {fl+x).^a. 12. (d?-y)V^. 13. 6(a— 6).^/2. 

14. (3c2-y).^/(7y). 16. Zc?U{^). 

16. 2xy^.iJ{20xy). 17. 3m*n*iJ{4n). 

18. 7a«&*y(4&). 19. (a?+y).>ya?. 20. (a-h).i/a.- 

ex. (Page 217.) 
1. ^(48). 2. ^/(63). 3. ^(1125). 4. ^(96). 

6. //y. 6. ^(9a). 7. Ay(48a*;i?). 8. ii/(3<;^4 

9. VC^'-n*). 10. (f±t)l 11. (^)* 
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CXI. (Page 218.) 

The numbers are here arranged in order, the highest on 
the l^ hand. 

1. n/3, V4. 2. ;^10, Vl5. 3. 3>/2, 2^3. 

6. 2>/87, 3^/33. 7. 3^7, 4^2, 2^22. 

8. 5>yi8, 3^/19, 34^82. 9. 54^2, 2^/14, 3^/3. 

10. ^^/2, p3, 1-^4. 

CXII, (Page 2X9.) 
1. 29^/3. 2. 30^/10 + 164^/2. 3. (a^+ja + c^) ^0?. 

4. 13^2. 6. 33 V2. 6. ^6. 7. 5^3. 

8. 48V2. 9. 44^2. 10. 0. 11. 4n/3. 

12. 2n/(70). 13. 100. 14. 3a5. 16. 2a&y(12&). 

16. 2. 17. |. 18. ^f. 19. ^f- 

20. x/r-^— • 
V 1+^ 

CXIII. (Page 220.) 

1. \lixy\ 2. V(^-y*)« 3. 4?+y. 4. V(«*-y*). 

5. 18a?. 6. 66 (a? +1). 7. 90V(^-«). 8. a? +2. 

9. a?. 10. 1-4?. 11. -12ar. 12. 6a. 

13. -\/{a^-lx). 14. 6V(d^+7a?). 15. 8(a*-l). 
16. -6a2+ 12a- 18. 

CXIV. (Page 221.) 

1. a?+9v^+14. % «-2V«-15. 3. <L 

4. a-63. 6. 3a?+6V^-28. 6. 6iP-64. T. 6. 

8. V(9^ + 3a?) + V(6a;2«3^)-.V(6«'-iC-l)-2d?+.l. 



384 ANSWERS. 



9. \/{ax)+y/{aa-ai^)-y/(a*-aa!)'-a'k-x. 

10. Z+x-^y/{Zx+a^. 11. a?-y+;2f't-2v^jr. 
12. 2a!+2y/<w. 13. 432 + 42 %/(«"- 9) +«». 

14. ar+ll + 2v/(;i?» + ll4? + 24). 16. Zx-^ + Zy/ia^-ix). 

16. 2;c-64-2V(«"-6a-). 17. 4a;+9-12V«. 

18. ar-2v(«"''2^. 19. ip2+2a?-l-2V(a:'-.ii?). 

20. ;iJ»+l + 2V(^-a?). 

CXV. (Page 224.) 

1. iy/e-^y/d){y/e'->^d). 2. (<f'¥y/d){e-\/d), 

8, (V<?+rf)(Vc-rf). 4. (1+Vy)(l-Vy). 

6. (1 + V3.a?)(l-V3.d?). 6. (v6.m+l)y6.m-l). 

7. {2a + VGU)}{2a-V(3:r)}. 8. {3 + 2V(2n)} (3 - 2V(2n)}. 

9. {V(ll).w+4}{V(ll).«-4}. 10. (p+2N/r)(p-2Vr). 

11. (Vp+V3.g)(V>-V3.g). 12. {flrH-v(&")}{a"'-V(5")}. 



13. 


a+N & ,^ a+V(«&) 


15.. 24+17V2. 


16. 


2 + V2. 17. 3+2V3. 


18. 3-2V2. 


19. 


a+a?+2\/(<w?) ^^ 
a— ^ 


l+aj+2v« 
1-^ • 


21. 


;17 


wi»-V(w<-l) 


23. 


2a»-l + 2aV(«*--l). 24. 





CXVI. (Page 224.) 

1. 19. 2. 11. 3. 8-26V(-l). 4. 6 + 4's/8. 

6. 2&-2V(«&)-12«. 6. a'+o. 7. ft'-a'. 

8. a«+)3*. 9. •*. 10. «?'Vri)-<,-W(-J). 
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CXVII. (Page 224.) 

* 

6. f»«+V2.»tn+n». ' 7. arv*. 8. ^"^^'fV* . 

^ a— 6 

11. -y, 12. V(l-«)- 13. -— i, 

H. |-2^^^-9V 15. 2a?-2V(^»-a^ 

16. a»6«<?. 17. -l + 6a2(2-a^ + a(i0a»-a<-6)v(-l). 

is: 8 + 7iJ^3. 19. 4V(3ca:). 20. a?4/(3p2), 

2U -iy(-4w»). 22. (9»-10).V7. 23. ^, 



OXVill. (Page 228.) 
1. V7 + V3- 2, V11+V5,. 3. V7-V2. 4. 7-3v/5, 
5. V10-V3- 6. 2V5-3V2. 7. 2\/3-V2. 8. 2-3V11. 

9. 3V7-2V3. 10. 3V7-2V6. 11. 5(VlO-2). 12.2V3-3n/5. 

CXIX (Page 229.). 

i. 49. 9. 81. 3, 25. 4. 8. ^« 27. 6. 256. 
7. 27. 8. 56. 9, 79. 10. 15a 11. 6, 12. 36. 

15. 5. 16. 6. 

19 LZ^ 20. 5^^' 



13. 12. 


14 («-^' 


17. 3. 


18. 10. 1 


8. JL 
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CXX. (Page 231.) 
1. 9. 2. 26, 3. 49. 4. 121. 5. 1 ^ . 6. 8, 0. 

7. 0, -8. 8. (^y. 9. (^i)'. 10. 5. 



CXXI. (Page 231.) 

* 

1. 25. 2. 25. 3. 9. 4. 64. 5. ^. 

6. -r-# 7. «• 8. r. 9. 64. 10. 100. 

9 4 



CXXII. (Page 232.) 
1. 16,1. 2. 81,26. 3. 3,2-. 4. 10, -13. 

6. 6,|. 6. -4,-32. 7. 9,-3?. 8. 28/|g?. 

9. 49. 10. 729. 11. 4,-21. 12. lor^. 13. dr24. 

145 25 

U. 5 or 221. 15. 6or^. 16. 5 or 0. 17. 55. 18. 25.. 

121 00 

19. 9 ^2. 20. ± V65 cr ^ ^o. 21. 2a. 

22. -2a. 23. lor-4L 2L 7. 25. -• 

4 12 

26. ^1^. 27. ^. 28. ±5 or 3^/2. 29. ±14. 
ol ^ 

30. 6or-~. 31. 1. 32. ^. 33. 2. 34. or ~. 

♦ - ■ ■ 

CXXllI. (Page 235.) 

1. 2,5. 2. 3,-7. 3. -9, -2. 4. 5a, 6?>. 

7 6 <? ??7 _83 4m lln 

5. --i»3' - • ^- 19 » .14- ^' 5 ' 6 • 
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8. -2a, -3^ and 3a, 4a. %. ^%a, 10. 0,5. 



2a~6 &-3a lo ^ ^ 

ac ' oc 0* c 



CXXV. (Page 239.) 

I. a^-lla+30=0. 2. V+a?-20 = 0. 3. ic' + 9a?+14«0. 
4. ea;'-7a?+2=0. 6. 947»+58a?-35 = 0. 6. -a?'--3 = 0. 

7. ^-2m^ + w2-w2=0. 8. a?3-^^;r + -i=0. 

op op 

9. a?*+ ° ~r d?-l = 0. 

ap 

CXXVI. (Page 240.) 
1. (4r-2)(a?-3)(a?-6). 2. (a?-l)(a?-2)(a:-4). 

3. (aj-10)(a?+l)(a?+4). 4. 4(a:+l)r:r+i^^V^ + ^~!^ 

6. (a?+2)(ay+l)(6a?-7). 

6. (a? + y + ;2f)(a?' + y2+;8;9_^-^^-y^), 

7. (a-5-c)(a'+&*+c'+a& + a(?-5<;). 

8. (a?-l)(jr+3K3iB-7). 9. (a?-l) (a?-4)(2ar+5X• 
10. (^+1) (3^ +7) (5a? -3). 

CXXVII. (Page 242.) 

1. s/13or^/-l. 2. 4^-2prV-12. 3. ^-1 or 4/-21. 

«»/6 «»»/ 5 1 

4. lor:;/-4. ^•V2**'"V~6* 6- 28or^. 



,^ - 1 SAV1329 

10. 3 or -- or — ■^ 

2 4 



atk— 'I 
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U. a+«,or— ^,or ^ 

12. 0, or a, or ^—^ , 



CXXVIII. (Page 246.) 

1. 6 : 7, 7 : 9, 2 : 3. % The second is the greater. 

3. The second is the greater. 



J-7'' 



5. 10 : 9 or 9 : 10. 



CXXIX. (Page 246.) 

1. 2:3. 2. hi a, 3. h-\-d:a—c, 4. sfc^/G-l:!. 
5. 13:l,or,-l : 1, 6. ± ^(m' + 4»«)-»»:2. 7. 6, a 

8. 12, 14. 9. 35, 66. 10. 13, 11, 11. 4 : 1. 12. 1 : 5. 



CXXX (Page 247.) 
,8 o 8 x-y ^ a-h^ 

1. r-r • 56. "^r . 3. 



M 



15* * 9' x+y* a-b-c' 

m^—mn-hn^ {x-*-2)y 

^' m^+mn + n^' ^' (y-4)«' 

CXXXIL (Page 255.) 
6. ^=4 or 0. 8. 440 yds. and 352 yds. per minute. 
11. «=30, y=20. 13. ^. 15. ^. 

16. 60, 75 and 80 yards. 17. 120, 160, 200 yards, 

19. 1^ miles per hour. 20. 1 : 7. 

3 

81. 160 quarters, ;£2. 22. ;£80. 23. ^60, 

24. £20, 25. 90:79, 26. 46 miles and 30 miles. 
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CXXXIII. (Page 262.) 

4. 16^. 6. 5. 6. 12. # 7. 3~. 8. \. 

9. ^o=C*. 10. 6. \\> A^\B> 12. 64a»=V. 

13. jr=^. 14. 4a?» = 272/". 18. y=3 + 2a?+a^. '19.18ft. 

r 

GXXXIV. (Page 266.) 

I. 50. 2. 200. 3. IO7. 4. -32-4 

4 2 

5. -2 5 6. 40. 7. 117. 8. 0. 

o 

« fl ^ « , «% !**> 3^i«-2&»-2a+fr 
9. a?'+^-2(n-2)aJ2f. 10. ^^^-^ — ■— . 

CXXXV. (Page 268.) 



1. 


6060. 


2. 2550. 3. 820. 


4. 30. 


5. 


24. 6. 


31 1. 7. '»•("/'>. 


3w2-»i 
^' 2 


9. 


7«^-6n 
2 • 

c 


10. ^^ 

CXXXVI. (Page 269.) 




1. 


t 

-6. 


^ '"25- ^- §• 


-1- 


5. 


-2. 

• 


2 • ■ 
6. -I3. 

CXXXVII. (Page 269.) 


- '..' 


1. 


(1) -46. 


(2)36-2; C3)|. 


(4)4-4 


2. 


155. 


. 3. 112. 4. 888. 


6. 106. 
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6. 6433 L 7. ;£l35.4f. 

8. (1) 365. 7175. (2) -156a«, -3116a». 

\. 2357 1 



(3) 161 + 81a?, 3321 + 1681a?. (4) 119 \ , 2357 \ . 



(5) si, mi. 
9. (1) 126, 63262. (2) 25, 2250. 

(3) 46, - 1570-50?. . (4) 99, - 1163 i . 

(5)71, 4899 (l-w). . (6)66, 65a? +8190. 



CXXXVIII. (Page 271.) 

12 2 1 

1. 6, 9, 12, 16. 2. 1^, -, 0, -.^, -1^. 

Q oA 1^ il all??!? 

^' 12' 6' 4' 15' 30' 5' 30* 



CXXXIX. (Page 272.) 
3m+'n m + n «i+3n 



1. 



2. 



3. 



4 ' 2 ' 4 • 

5m + 3 5m 4-1 ' 6m- 1 5m --3 ' 

5 ' 6 ' 5 ' ~6 • 

5»' + l 6n*+2 6n* + 3 5n*+4 



«• 2 ' ' 2 • 



CXL. (Page 275.) 
1. 64. 2. 78732. 3. 327680. 4. 

5. 13122. 6. 16384. . ^- ""^' 



2048* 
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CXLI. (Page 276.) 

a(^-l) 



1. 65534. 2. 364. 3. 



a^-1 • 



a(a^~l) . (a-:r){l-(a+ir)"} 

*• ««{dr~l)- ^' (a+a?)».(l-a-;i?)' ''• ^ '' 

7. 7(2--l). 8. -426. 9. -^. 

CXLIL (Page 278.) 
!• 2* 2*. o* "ft" • •»* 5. 1 Q. 

6. -3.. 7. 8f^. a 2 J. 9. 85i. 10. ^^. 

1^- S^IJ- 12. ^. 13. — . U -. 

16 i? IS ^ 

CXLIII. (Page 279.) 

1. 9, 27, 81. 2. 4, 16, 64, 256. 3. 2, 4, 8. 

3 9 27 81 
4' 8' 16' 32* 



f 

« 


CXLIV. 

• • • 


(Page 279.) 




1. (1) 658. 


(2) 8oa 


(3)1« 


■ »> '.'• 


m -■?. 


<^) 486- 


(7) -T- 


(8) «'. 


(9) 1. 


(10) -84 


. , 9999 J3 
. ^"' (^/10 + l).^/3• 


««-'^- 


, 


• 


• • 


5. 42. 6. 


a«=6*. 


7. 1. 8. 


. 4n 
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9. 4. 10. 10. 13. 4. 14. 642. 

16. 49, 1. 17. 3|, 6, 8^. 18. 60. 

19 4 ? 2 1 . ^1 ^2 _3 _4 

5' 5' 5' 5* ' 5' 6' 6' 5* ' ^ 

22. 3,7,11,15,19. 23. 6,15,45,135,^405.* 

25. 139. ' 26. 10 per <Jent. ' 

CXLV. (Page 285.) 

1 8 12 2 i^ B 5 30. 12 Ji. 4 

^ 6' 9' 12' 15* ^' ^' ' ^' ^'3* 

3-3 33 ^63636 3 



8. 



6jjy(w + l) 6;»y(w + l) Qxy{n + l) 



'Sny + 2x * Sny + 4a!-Zy* * ' 2war+3y 



■•> o*,/- 1 o«. • • 



1_1 111^^6^16 5 

^- ^4' 2'°^' 2' 4» 6' ^^31' 24' 17* 2' 3' "4 

10. 104, 234. 13. 2, 3, e. 



CXLVI. (Pago 290.) 

1. 132. 2. 3360. 3. 116280. 4. 6720. 

Ill - 

6. %^. 6. 40320. 7. 3628800. 8. 6720. 9. 2520. 

o 

10. 6. 11. 4. . 12. 120. 13. 1260, 

14. 2520, 6720, 5040, 1663200, 34660. 

• - 
CXLVIL (Page 296.) 

1. 3921225. 2. 6. 3. 126. 4. 116280. 

5. 12. 6. 12. 7. 816000. 8. 335301120a 

9. 7. 10. 63. 11. 62. 12. 123200. 
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CXLVIII. (Page 300.) 

2. 6^+66»c+15&*c*+206«c3+1652c*H^6&c» + (^. ' 

3. a' + 7a*& + 21a«63 + asa^?^ + 35a»6* + 21a»6* + lab* ^ 6^ 

4. aj8+8«'y+28;i^y"+66aV-*:70aV + 66aV 

+ 28aV+8a2^^-i-j^. 

6. 625 + 2000a + 2400a« + 1280a« + 266a*. 

6. a^<'+6a85c+10a«W+10a*6'c8+6a2W+&V. 

CXLJX. (Page 301.) 

1. a*-6a*a?+15a*a?'»-20a3a;»+16a';i?*-6aiP'+a7«. 

2. 6' - Wc + 21&V - 356V + 35ftV- 21&V + 76c« - c'. 

3. 32a?* - 240^y + J^Oa^y*-- lOSOa;'^' + 810^ - 2433^. 

4. l-10a?+40a;*-80a?' + 80a?*-32a?». 

5. 1 -10a?4-46a;*-120aj'+210iiJ*-252a?» + 2104;« 

6. a* - 8a*' b^ + 2Sa^^¥ - 56a«6« + 70a"68 - 56a^b^^ 

'jh28€fib^*-8aW*-^V\ 

CL. (Page 302.) 

1. a?+6a2&-3a'c+12a6»-12a6(j+3ac2+8d»-12&»<j 

+ 66c2-(r'. 

2. l-fti?+21a?'-44;i;8 + g3^.54^^27^. 

3. a;*-3aj8+6i'-7a^ + 6dj»-3a?*+aj». 

4. 27*4- 64a?^+ 63.^* + 44*^ + 21** + 6** + 1. 

6. a;»+3*«-6+^-:^. 

6. a' + 6^-<^ + 3aW + 3a*6i-3aM-35M 

• +3aM + 3!>*c*~6aMA 
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€LL (Page30a) 

1. 3300^. 2. 495a"6*. 3. -161700flW. 

4. 192192a«6Vrf8. 6. 12870a«&* 

6. 70a*6*. 7. - 92378a'«5^ and 92378a»6^. 

8. 1716aV and 1716a^^. 

CLII. (Pago 311.) 

1. 1+ X — a^'\ — x^ a?*. 

2 8 16 128 

2a a' 4£^ 
^' ^"^3 "J**" 81* 

3a^ 9a^ 81a' 243a ^ 

4. l+a:--a;« + -ir3--a:*. 
Z z o 



5 -i 1 «» , 5 _» - 
5. a* + a *ir--a ^x^+--a *.ar\ 

6 54 



6. ai+-.a ^j?}-— .a"w.e.J + _--.a «^. 
5 25 125 

2 8 16 128* 



^ , 7 - 14' 14 ^ 7 . 
a l-3«^+^«^-si«-243^- 



9a? 27^ 135 . 
^- ^ " 4 " 32 12S • ^* 



10. ^-^*y + !^+., *. 

•^ 6d; 54^-* 
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11. i-j«-j2*^-m6*^- 



- (D'^-(i)*-*-l©*-*^- 



CLtll. (Page 312.) 

1. l-2a + 3a*-4a»+5a*. 2. l + 3^+9^ + 27d5» + 81ii?*. 

« , 6 • 6 . 35 , , , 3j;* . aj5 . 6.1?* 

3. 1+^ + -^ + _*. + _«:«. 4. 1+^+- + - + --. 

• ... 

6. a~" + I0a-"a? + 6aa~"a?' + 280a"* V + 1 120a~"a?*. 

■ 1 6a?i 21a?' .66d? 
6- ^ + "~r + — T ■•■ 1?" • 



CLIV. (Page 313.) 

a?* 3^ 6^ 36aj* 
2 8 "" 16 128 • 

3^ 15^ 35^ 316^ 
2- 1+ 2 8 "*■ 16 128 • 

3. a? -^0? ^ + — J? z ^25* ^ • 
^' a 3a*"^9a^'"81a"' 



CLV. (Page. 314) 

7 .6...(9-r) « / .v-i 12.11 ...(14-r) ._. 

^- 1.2...(r-l)**^ • ^^^^•- l.2..,(r-i; "^ • 

^- ' *^ • 1.2... (r-l)-". •* • . .■ 



$9^ ANSWERS. 

■ ■ ■ I » 

^ r.(r+l).(r + 2) , » ^ 1.3.5,..(2r~3y /x\'-» 
^- 6 -^^^ ; ^- 1.2.3...(r-l)-V2; . 

1.2.5...(3r-7) / ^Y"' /.i 
"• 1.2.3...(r-l) V W ^ 

7.9.11 ...(2r + 3) -«i 
^* 1.2.3...(r-l) •'^ • 

, a-i 3.7.11 ...(4r-5) /^Y<*-^> 
^"* 4*-^ • 1.2.3...(r-l) • W * 

11. (?^±^^ .^^ 12. 13 5 (2^7 l).(2^).. 

1.3.S...(2r-l) 15 £ _i_ 

16. J28.0 J. 17. "128 -iff- 

^^* 1.2 9 -^ -^^ 

(l-Sm)(l-4m) {\-nO 1-. 

^^- 1.2 6m' •* *• 

CLVL (Page 316.) 

L 314138. 2. 1-96204. 

3. 304084. 4. 1*98734. 

CLVIL (Page 319.) 
1. 1046032. 2. 10070344. 3. 80461. 

4. 31134. 6. 61117344. 6. 14332216. 

t • ■ 

7* 31460 and remainder 2. 8, 622256 ^nd remainder 1. 
9. 4112. 10. 2437. 



ANSWERS, 
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CLVIIL . (Page 321.) 
1. 6221. 2. 12232. 3. 2139^. 4. 104300. 

5. 1110111001111. 6, iUee. . 7, 6500440. 

8. 211^21, 9, m% 10. 814. 11. 61415, 

12. 123130. 13, 16430335. 14, 27^, 



1, -41. 

4. 12232*20052. 



CLIX. (Page 327.) 

% •162366043i, 
6. Senary. 



3. 25-1, 
6. Octenary, 



1. 1-2187180. 

4. 4740378. 

7. 5-3790163. 

10. 2-1241803. 



CLX. (Page 336.) 

2. 7*7074922. 

6. 2-^24059. 

8. 40'578098. 

11. 3-738827. 



3. 2-4036784. 

6. 3-724833. 

9. 62^9905319. 

12. T-61614132. 



CLXI. {Page 338.) 

1. 2-1072100; a»969100; 3-3979400. o -^ 

2. 1-6989700; -2-3010300; 22922560, 

3. -7781513 ; 1-4313639 ; 17323939 ; ^7604226. 

4. 17781513; -15228787; -0211893} -4-3646161. 

5. -3-1249387; 1-4983106. 

6. -3010300; -1*1938200; -2916000, 

7. '6989700; -'9030900; 3-391073, 

8. -2, 0, 2 : 1, 0, -1. 



ft. (1) 3, (2) 2. 



10. ^=2, y^^. 
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11. (a) -3010300; 1-3979400; l-9201233;r99796ia (ft) 103. 

12. (a) -6989700; "6020600; 1-7118072; -•0119382. 

(&) 8. 

13. 3-8821260; -1-6906306; -2-2544674* 

14. (1).=|. (2).:=2. (3)^=13^?^,. 



(4) x^ ^"^^ 



fp) x= 



m log a + 2 log b' 
4\ogb+\ogc 



2 log CH-Iogft— 3 loga * 



(6)a?= — — 1^ 

^ ' loga+wlog6 + 3log<;* 



CLXII. (Page 343.) 

1. 17*6 years. 2. 23*4 years. 

3. 7*2725 years nearly. 4. 22*6 years nearly. 
6.. 12 years nearly. 7. 11*724 years. 



XLV. continued, (Page 91.) - 

11. a?(^-l)(^+l). 12. x{x+l){x^''l). 

13. (2a-l)(8a*+l). 14. 2a^ + 2xy, 

15. (a+6)»(a-6). 16. a*-b\ 17. 4(1-^). 

18. V-1. 19- («-&)(«-<:) (ft-c). 

20. (a?+l)(a?+2)(a? + 3). 21. {x-^yfix-yy, 

22. (« + 3)(a«-l). 23. x^a^-y*), 

24. (a?+l)(^ + 2)'(4?+3)(a?f4). 25. 12 (4?-y)« («» + y'). 

26. I20xy{x^-y^. 



CA>[BBIt>QE: PRIKTEO BT 0. J. CLAY. M.A. AT TBI UNIYXBSIXT PRBW. 



By J. HAMBLIN SMITH, M.A., 

of GotwilU and Caius College^ and late Lecturer at St Peter's College^ 

Cambridge* 

ALGEBRA, Part I. 

New Edition, Revised and Enlarged, 

EXERCISES ON ALGEBRA. 

Copies may l)e liad without the Answers. 

TRIG ONOMETR K Part L 

New Edition, Revised and Enlarged. 

ELEMENTARY HYDROSTATICS. 

New Edition, Revised and Enlarged. 
ELEMENTS OF GEOMETRY. Part L Con^ 

taining the First Two Books of Euclid^ with Exercises and 
Notes. Arranged with the Abbreviations admitted in the Cam* 
pridge Examinations. 

ELEMENTARY STATICS. 

Third Edition, Revised and Corrected. 



By E. J. GROSS, M.A., 

Felloio of Gonville and Caius College^ Cambridge. 

ALGEBRA. Part IL 

By G. RICHARDSON, M.A., 

Assistant Master at Winchester College^ and late Fellow of St John^s 

College, Cambridge. 

GEOMETRICAL CONIC SECTIONS. 



By H. E. OAKELEY, M.A./ 

Late Fellow and Senior Mathematical Lecturer ofjestis College, 
Cambridge, H.M. Inspector of Schools. 

ANALYTICAL GEOMETRY OF TWO DIMEN- 
SIONS. 

Other Works are In preparation. 



a 



El 



il 



i 



'i 
■■■I 

'•* 
•■I 



3, Waterloo Place, Pall Mall, 
yanuary, 1872. 



OBoofiiSi tot ^cbool0 an0 Colleges 



PUBLISHED BY 



Messrs. RIVINGTON 



LATIN 

Henry's First Latm Book. 

By Thomas Kerchever Arnold, M. A. 
Twenty-first Edition, i2mo. y. Tutor's Key, u. 

A Second Latin Book, and Practical 

Grammar ; intended as a Sequel to Henry's First Latin Book. 
By Thomas Kerchever Arnold, M. A. 

Tenth Edition, i2mo. 45. Tutor's Key, 2j. 

A Practical Introduction to Latin 

Prose Composition, Part I. 
By Thomas Kerchever Arnold, M. A. 
Sixteenth Edition, 8vo. ds, 6d, Tutor's Key, is, 6d. 

Historice Antiqiice Epitome. 

From Cornelius Nepos, Justin, &c. With English Notes, Rules 
for Construing, Questions, and Geographical Lists. 
By Thomas Kerchever Arnold, M. A. 
Eighth Edition, i2mo. 4J. 

LONDON, OXFORD, AND CAMBRIDGE 

B 



M£SSI^S. RIVINGTON'S [LATIN 



Cornelius Nepos. 

Part I. With Critical Questions and Answers, and an Imita- 
tive Exercise on each Chapter. 

By Thomas Kerohever Arnold, M. A. 

Fifth Edition, i2mo. 4r. 
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{Sec Specimen Page Xo, I.) 



" Most teachers will admit that boys 
experience difficulty in elementary La- 
tin composition in a great measure from 
not understanding the structure of 
their own language. They commence 
Latin at an early age, without any 
knowledge of English Grammar, for 
it is assumed that this will grow upon 
them during their study of Latin, and 
yet no elementary exercise book at 
present in use seems to recognize this 
deficiency. . . . Now it appears 
that a great deal of trouble and vexa- 
tion might be saved even to a clever 
boy, if nis observation were directed 
aright from the beginning. If he be 
made to parse his English sentences 
before turning them into Latin, he will 
soon perceive that certain fixed prin- 
ciples pervade both languages, and he 



will be pleased to find that^ in his 
practical knowledge of his modier 
tongue, he alreadjr possesses an un- 
suspected fund of information, which 
will enable him to master any lan- 
guage to which he turns his attentioa 

The object, then, of this 

book is to teach Latin compositioa 
and English Grammar simultaneoudft 
and it is believed that the bM^inner 
will find the acquisition of the former 
much easier, when he finds he is ap- 
proaching it throu|;h routes, which 
turn out on inspection to be already 
familiar to him. The system indi- 
cated above has been tested for 
several years, and has always been 
found to work successfully.*'— /Vvw 
the Preface, 



A First Verse Book. 

Being an Easy Introduction to the Mechanism of the Latin 
Hexameter and Pentameter. 

By Thomas Eerchever Arnold, M. A. 

Ninth Edition, i2mo. 2j. Tutor's Key, \s. 
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ressive Exercises in Latin Elegiac 

y C. G. Gepp, B. A., late Junior Student of Christ Church, 
3rd ; Assistant Master at Tonbridge School. 

ind Edition, Crown 8vo. 3^. dd. Tutor's Key, ^s, 
{See Specimen Page No, 2.) 



Sepp has brought together 
red passages (rom English 
series of ' Progressive Ex- 
Latin Elegiac yerse/ sup- 
l each passag^e with so many 
school-boy will be the better 
It and adding copious in- 
and Indices. The selection 
ie, and the Notes appear to 
iS. " — Examiner, 
y carefully prepared book. 
3e useful to those who still 
ime devoted to the making 
'^erse is not time wasted. A 
ite, with an average Latin 
y at command, and with an 
tading of the poets, should, 
urse of these Exercises, oc- 
ut a moderate time, become 
ible writer of Elegiacs." — 

• 

that the absurdity of mak- 
ys, however unfitted by na- 
e Latin Verses is univer- 
itted, there is a danger of 
> the opposite error of sup- 
it the exercise can be of no 
y. The comparatively few 
les being able to read Latin 
slligently, have a taste for 
m, may derive both advan- 
}leasure from it, and could 
'. better guide to direct them 

Gepp, who cautions them 
e faults to which they are 
1 furnishes them with such 
ill prevent them from being 

the difficulties of the task, 
owever, relieving them from 
ity of mental exertion. The 
)etry to be turned into Latin 



Verse is accompanied by a Prose 
Paraphrase as a stepping-stone, with 
suggestive Notes and References. 
Alter having gone through such a ju- 
dicious preparation as this, the student 
may faurly calculate on success." — 
Athenttum, ^ 

** A well planned and skilfully 
worked out little book, giving many 
choice passages from our famihar Eng- 
lish poetry, with a Prose version cast 
into a mould suggestive to the verse- 
maker." — Daily Telegraph, 

''There would probably be a less 
fierce set against a study, which is 
simply deli^tful to those who have 
mastered it, had reformers and review- 
ers had so pleasant a manual as Mr. 
Gepp's to begin with. Fearful to 
discourage pupils on the threshold, he 
has contrived to get all the cautions, 
hints on poetic ornament and licence, 
and preliminary aids to versification 
into about a dozen i>ages, and then 
divided the body of his book into two 
parts ; the first consisting of pieces of 
English Verse and song for translation 
into Latin Verse, the task being sim- 
plified by the addition of a Prose 
paraphrase of each passage, and by 
collateral hints and references ; the 
second composed of more difficult 
pieces, to the mastery of which gra- 
dually less help is vouchsafed, to the 
intent that the versifier may by de- 
grees learn to run alone We 

shall be glad if our brief notice of 
this book leads to its introduction into 
Preparatory Schools." — Illustrated 
Review, 
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{See Specimen Page No, 3. ) 

with examinations, especially as ex- 
aminees, will recognize the utility of a 
well-selected and well-edited collection 
of examination papers. 1 1 is a sort of 
scholastic chart, and marks the rodcs 
and quicksands on which carelessness 
or ignorance may suffer shipwmk. 
Mr. Gantillon's book is a judicious 
collection of papers. His notes con- 
vey information in cases where it is 
not easily accessible, and where it is, 
mention the sources at which it may 
be found. In the notes to the i^Io- 
sophical papers, he^ takes frequent 
opportunities of stating concisely the 
opinions of the ancient philosophers, 
and of referring to the writings of 
their more modem successors."— 
Scotsman. 



"If any of our readers have classi- 
cal pupils they will find this a most 
serviceable volume, alike for their own 
and for their pupils' use. The papers 
are mostly Cambridge or Oxford 
scholarship papers, and they are most 
carefully edited and annotated, so as 
to make their use as easy and as pro- 
fitable as possible. The papers chosen 
are of the Arery highest order, and we 
can only say that .<>uch a help would 
have been invaluable to ourselves 
when engaged in such work as to re- 
quire it." — Literary Churchman. 

" The papers are well selected, and 
are fairly representative of the princi- 
pal classical examinations of the pre- 
sent day." — A thenaum. 

"All who have had anything to do 
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** The idea on which this volume is 
constructed is a very good one. Pas- 
sages from English authors have been 
put together (taken for the most part 
from Oxford examination papers). 
At the end of each reference ts made 
to one or more passages of the great 
Greek and Latin prose writers, in 
which there is some similarity of 
thought or subject. . . . There could 
not be a better conception of what is 
intended by good composition in the 
classical language, and the authors 
have given both teachers and learners 
a most excellent help for realizing it in 
this volume." — Spectator. 

'* A manual certainly differing both 
in design and execution from Holden's 
* Foliorum Centuriae/ or Mr. Frost's 
' Selections/ and is noticeable because 
it proceeds upon the system and the 
principles which can alone be success- 
ful in the teaching of classical com- 
position. Every scholar has found 
ly experience how useful it is before 
jeginning to translate into Latin or 
(}reek to read oyer some original pas- 
sage of a classical author containing 
an analogy, however slight, to the 
version to be rendered, in order rather 



to impregnate himself with the general 
atmosphere and spirit, to get his 
thoughts to run in the proper classical 
groove, than to crib any particular 
words or phrases. The difficuUv that 
the tyro has to surmount with his 
limited stock of reading, is to lay his 
hand upon these passages ; and it is 
this difficulty which Mr. Sargent now 
removes.*' — Globe. 

*'This is certainly the most sys- 
tematic and useful work of its knid 
that has yet appeared in this country." 
— Standard. 

"This book may be recommended 
as a useful help to the acquisition of 
the power of writing Latin and Greek 
prose. The pieces are well arranged 
and of convenient length, and the re- 
ferences to passages in classical au- 
thors form a valuable feature of the 
book. " — A tkenceum. _ 

" It is a happy notion to adapt for 
the purpose of being translated into 
Latin or Greek, passages from the 
best English writers, as near as possi- 
ble representing the style and subject 
of the best classical examples. This is 
efficiently done by Mr. Sargent and 
Mr. Dallin." — Westmitister Review. 
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Selected Orations. Third Edition, 41. 
Selected Epistles. 5^. 

The Tusculan Disputations. Second Edition. 5^. 6</. 
De Finibus Malorum et Bonorum. (On the Supreme 

Good.) 5 J. 6^. 
Cato Major, sive De Senectute Dialogus. 2^. 6d. 

The Commentaries of Gains. 

Translated, with Notes, by J. T. Abdy, LL.D., R^us Pro- 
fessor of Laws in the University of Cambridge, and Barrister- 
at-Law of the Norfolk Circuit ; formerly Fellow of Trinity 
Hall ; and Bryan Walker, M.A., M.L., Fellow and Lecturer 
of Corpus Christi College, and Law Lecturer of St. John's 
College, Cambridge ; formerly Law Student of Trinity Hall 
and Chancellor's Legal Medallist. 

Crown 8vo, I2J. 6^. 

yuvenalis Satirae. 

Edited by O-. A. Simcox, M.A., Fellow and Classical Lec- 
turer of Queen's College, Oxford. Crown 8vo. 
Thirteen Satires. 3^. 6^. 
Forming a Part of the ** Catena ClassicorumJ** 



"Of Mr. Simcox's 'Juvenal' we 
can only speak in terms of the highest 
commendation, as a simple, unpre- 
tending work, admirably adaptea to 
the wants of the school-boy or of a 
college passman. It is clear, concise, 
and scrupulously honest in shirking uo 
real difficulty. The pointed epigram- 
matic hits of the satirist are every- 
where well brought out, and the notes 
really are what they profess to be, ex- 
planatory in the best sense of the 
term.*' — London Reinew, 



" This is a link in the Catena Clas- 
sicorum^ to which the attention of oar 
readers has been more than once 
directed as a good Series of Classical 
Works for School and College pur- 
poses. The introduction is a very 
comprehensive and able account of 
Juvenal, his Satires, and the Manu* 
scripts." — A tkenaum. 

" This is a very original and enjoy- 
able edition of one of our favourite 
classics." — Spectator^ 
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Persii Satirae. 

Edited by A. Pretor, M. A., of Trinity College, Cambridge, 
Classical Lecturer of Trinity Hall, Composition Lecturer of 
the Perse Grammar School, Cambridge. 

Crown 8vo. 3^. td. 

Forming a Part of the " Catena Classkorumy 



"Mr. Pretor has adopted in his 
edition a plan which he defends on 
a general principle, but^ which has 
really its^ true defence in the spe- 
cial peculiarities of his author. Mr. 
Pretor has given his readers trans- 
lations of almost all the difficult pas- 
sages. We think he has done so wisely 
in this case : for the allusions and con- 
structions are so obscure that help is 
absoluteljr necessary. He has also 
been particularly full in his notes. He 
has thought and written with great 
independence. He has used every 
means to get at the meaning of his 
author. He has gone to many sources 
for illustration. And altogether he has 
produced what we may fairly regard 
as the best edition of Persius in Eng- 
lish." — Museum. 

"In undertaking to edit for the 
Catena Classicfrunt an author so 
obscure as Persius confessedly is, Mr. 
Pretor has boldly erappled with a 
most difficult task. He has, however, 
performed it very well, because he has 
begun, as his Introduction shows, by 
making himself thoroughly acquainted 
with the mind and temper — a suffi- 
ciently cynical one — of the poet, and 
thus laying a good basis for his judg- 



ment on the conflicting opinions and 
varying interpretations of previous 
editors. The bulk of his commentary 
is from Jahn ; and if we were disposed 
to object, we should say that some por- 
tion of the matter he has transferred 
to his pages might as well have been 
omitted. To explain Persius satis- 
factorily, i.e. to make him really 
intelligible, it is necessary rather to 
keep before th6 reader the thread of 
the story, and to point out the less 
obvious, because purposely obscured, 
allusions and the sudden changes of 
the characters in the dialogues, than 
to dwell too much on the explanation 
of the words. If the satires of Persius 
are difficult, they are also very short ; 
and the more a commentary can be 
kept within reasonable limits, the more 
willing students will try to master the 
matter. All that can be required by 
the .students of Persius, including an 
elaborate introduction, a preliminary 
exposition of each satire, and a very 
copious index verborum, is now com- 
pressed in a volume of less than 150 
pages. It is a most useful book, and 
will be welcome in proportion as such 
an edition was really very much 
wanted." — Cambridge Univ. Gazette. 



Liber Precum Publicarum Ecclesice 

Anglicana. 

A Gulielmo Bright, A.M., et Petro Goldsmith Medd, 
A.M., Presbyteris, Coll^ii Universitatis in Acad. Oxon. Sociis, 
Latine redditus. 

With all the Rubrics in red. 

New Edition, Small 8vo. ds. 
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Terenti Comoediae. 

Edited by T. L. Papillon, M. A., Fellow of New College, 
and late Fellow of Merton, Oxford. 

Crown 8vo. 

Andria et Eunuciius. 4f. 6^. 

Forming a Part of the ** Catena Classicorum,^'* 

and appropriate.*' — Contetn^rary 
Review. 



"An excellent and supremely use- 
ful edition of the well known plays of 
Terence. It makes no pretension to 
ordinar]^ critical research, and yet per- 
haps, within the limits, it is all that 
could be desired. Its aim being 
merely^ ' to assist the ordinary stu- 
dents in the hig;her forms of schools 
and at the Universities/ numerous, 
and upon the whole, very scholarly 
notes and references have been given 
at the bottom of each page of the 
text."— Westminster Review. 

** Mr. Papillon's labours . . . 
exhibit a fair promise of usefulness as 
a school and college edition. The 
foot notes are, in the main, helpful 



«( 



We must admit that Mr. Papillon 
has succeeded admirably in producing 
a thoroughly useful and reliable edition 
of two ofTerence's most popular come- 
dies. We find not only an introduc- 
tion devoted to the life and writings, 
the style and literary merits, of uie 
great Roman comic poet, but also a 
complete account and analysis of each 
of the plays here printed. . Altogether 
we can pronounce this volume one 
admirably suited to the wants of stu- 
dents at school and college, and form- 
ing a useful introduction to the works 
of Terence." — Examiner. 



A Copious and Critical English-Latifi 

Lexicon, 
By T. K. Arnold, M.A., and J. E. Riddle, M. A. 

New Edition, Svo. 2\s, 

Riddle and Arnold's English-Latin 

Dictionary y for the use of S:hools ; being an Abridgment of 
Riddle and Arnold's Copious and Critical English-Latin 
Lexicon. 

By the Rev. J. C. Ebden, late Fellow and Tutor of Trinity 
Hall, Cambridge. 

Post Svo. 7j. dd. 
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Tlie First Greek Book. 

On the plan of ** Henry's First Latin Book." 
By Thomas Kerchever Arnold, M. A. 
Sixth Edition, i2mo. 5^. Tutor's Key, is, 6d, 

A Practical Introduction to Greek 

Accidence, With Easy Exercises and Vocabulary. 
By Thomas Kerchever Arnold, M. A. 

Eighth Edition, 8vo. 5^. dd, 

A Practical Introduction to Greek 

Prose Composition, Part I. 
By Thomas Kerchever Arnold, M. A. 
Eleventh Edition, 8vo. 5^. dd. Tutor's Key, is, 6d, 

Homer for Beginners. 

Iliad, Books I. — III. With English Notes. By Thomas 
' Kerchever Arnold, M. A. 

Third Edition. i2mo. 3^. dd. 
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The Iliad of Homer. 

From the Text of Dindorf. With Preface and Notes. ^ 

By S. H. Reynolds, M. A., Fellow and Tutor of Brasenose \ 
College, Oxford. Crown 8vo. 

Books I.— XII. 6j. 
Forming a Part of the ** Catena Classicorum, " ; 

The Iliad of Homer. \ 

With English Notes and Grammatical References. | 

By Thomas Kerchever Arnold, M. A. 

Fourth Edition, i2mo. Half-bound, 12^. 

A Complete Greek and 

Lexicon for the Poems of Homer and the Homerida ; illustrating 
the Domestic, Religious, Political, and Military Condition of 
the Heroic Age, and explaining the most Difficult Passages. 

By G. Ch. Crusius. Translated from the German by 
Henry Smith, Professor of Languages in Marietta Collie. 
Edited by Thomas Kerchever Arnold, M. A. 
New Edition. i2mo. 9j. 

Materials and Models for Greek and 

Latin Prose Composition, 

Selected and arranged by J. Y. Sargent, M. A. , Tutor, late 
Fellow of Magdalen College, Oxford ; and T. P. Dallin, 
M.A., Fellow and Tutor of Queen's College, Oxford. 

Crown 8vo. 7^. 6^. 
{See Page 5 and Specimen Page No. 4. ) 

Classical Examination Papers. 

Edited, with Notes and References, by P. J. P. Gantillon, 
M.A., some time Scholar of St. John's College, Cambridge; 
Classical Master in Cheltenham College. 

Crown 8vo. 7^. 6^. 

Or interleaved with writing-paper for Notes, half-bound, lOf. 6</. 

{See Page 4 and Specimen Page No. 3« ) 
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Demosthenes. 

Edited, with English Notes and Grammatical References, 
by Thomas Kerchever Arnold, M.A. i2mo. 
The Olynthiac Orations. Third Edition, y. 
The Philippic Orations. Third Edition. 4^. 
The Oration on the Crown. Second Edition. 4J. 6^. 

Demosthenis Orationes Privatae. 

Edited by Arthur Holmes, M.A., Senior Fellow and 
Lecturer of Clare College, Cambridge, and Preacher at the 
Chapel Royal, Whitehall. Crown 8vo. 

De Corona. 5^. 

Forming a Pari of the ** Catena Classicommy 

Demosthenis Orationes Publicae. 

Edited by G. H. Heslop, M. A. , late Fellow and Assistant 
Tutor of Queen's College, Oxford; Head Master of SL Beae. 

Crown 8vo. 
The Olynthiacs, 2j. 6^. ) . ^ ,t , ^ , 

THE PHILIPPICS, 3^. J "'■' '° °"' ^°'"'°*' ^- ^- 

De Falsa Legatione. 

Forming Parts of the " Catena Classicorumy 



(«• 



' The annotations are scarcely less 
to be commended for the exclusion of 
superfluous matter than for the excel- 
lence of what is supplied. Well 
known works are not quoted, but 
simply referred to, and information 
which ought to have been previously 
acquired is omitted." — Atherueum. 

"Mr. Heslop's critical scholarship 
is of an accurate and enlarged order. 
His reading of the chief authorities, 
historical, critical, explanatory, and 
technical, has^ been commendably 
thorough ; and it would be impossible 
to go through either the Olynthiacs, 
or Philippics, with his aid, and not to 



have picked up many pieces of infor- 
mation to add to one's stock of know- 
ledge of the Greek language and its 
use among the orators who rendered 
its latter day famous. He is more- 
over an independent editor, and we 
are glad to find holds his own views 
as to readings and interpretations, un- 
dismayed by the formidable names 
that occasionally meet him in his 
way." — Contemporary Review. 

" Mr. Heslop has carefully digested 
the best foreign commentaries, and his 
notes are for the most part judicious 
extracts from them." — Museum. 
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Scenes from Greek Plays. Rugby 

Editions, Abridged and adapted for the use of Schools. 

By Arthxir Sidgwiok, M.A., Assistant Master at Rugby 
School, and formerly Fellow of Trinity College, Cambridge. 

Small 8vo. \s. 6d. ; or in Paper Cover, is, each. 



Aristophanes, 
The Clouds. 



The Frogs. The Knights. Plutus. 



Euripides, 

Iphigenia in Tauris. The Cyclops. 

{See Specimen Page No. 5. ) 



The object of these editions is to 
remove some of the obstacles which 
young boys find in the earlier stages 
of learning Greek. 

The beginner can only do a short 
piece at a stretch, makes it out very 
slowly, and, in the process of looking 
out the words, undergoes a great deal 
of bewilderment and some unproduc- 
tive labour. The result is, that he 
misses the spirit of the book, and 
wastes a good deal of time. 

In the notes to these Plays an at- 
tempt has been made to save the 
labour of the lexicon in those nume- 



rous cases where such saving iiiT<^ved 
no loss to the learner. Explanations 
have been given of all the grammati- 
cal usages which offer any difficulty ; 
and an index has been added at the 
end to assist the classification and 
illustration of these usages. 

The stage directions nave been in- 
serted, 'to make the action of the Play 
more lively and intelligible. It Is 
hoped that the liberty thus taJcen with 
the text will be pardoned, as its sole 
object is to interest the learner, which 
is the first condition of successful 
teaching. 



Sophocles. 

With English Notes from SCHNEIDEWIN. 

Edited by T. K. Arnold, M.A., the Ven. Archdeaoon 
Paul, and the Rev. Henry Browne, M. A. 

i2mo. 

AjAX. y. Philoctetes. y. CEdipus Tyrannus. 4J. CEdipus 
CoLONEUS. 4J. Antigone. 4^. 
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Sophoclis Tragoediae. 

Edited by R. C. Jebb, M. A. , Fellow and Assistant Tutor of 
Trinity Collie, Cambridge, and Public Orator of the University. 

Crown 8vo. 
The Electra. Second Edition, revised. 3^. dd. 
The Ajax. 3^. bd. 

Forming Parts oj the ** Catena Ciassicoruni," 

{See Specimen Page No. 6.) 



** The Introduction proves that Mr. 
Jebb is something more than a mere 
scholar, — a man of real taste and feel- 
ing. His criticisms upon Schlegel's 
remarks on the Electra are, we believe, 
new, and certainly just. As we have 
often had occasion to say in this Re- 
view, it is impossible to pass any reli- 
able criticism upon school-books until 
they have been tested by experience. 
The notes, however, in this case 
appear to be clear and sensible, and 
direct attention to the points where 
attention is most needed." — IVestmin- 
ster Review, 

" We have no hesitation in saying 
that in style and manner Mr. Jebb|s 
notes are admirably suited for their 
purpose. The explanations of gram- 
matical points are singularly lucid, 
the parallel passages generally well 
chosen, the translations bright and 
graceful, the analysis of arguments 
terse and luminous. Mr. Jebb has 
clearly shown that he possesses some 
of the qualities most essential for a 
commentator. " — Specta tor, 

" The Notes appear to us exactly 
suited to assist boys of the Upper 
Forms at Schools, and University Stu- 
dents : they give sufficient help with- 
out overdoing explanations. . . His 
critical remarks show acute and exact 
scholarship, and a very useful addi- 
tion to ordinary notes is the scheme of 
metres in the choruses." — Guardian.^ 

** We have seen it suggested that it is 
unsafe to pronounce on the merits of a 
Greek Play edited for educational pur- 
poses until it has been tested in the 
hands of pupils and tutors. But our ex- 



amination of the instalment of, we hope, 
acomplete 'Sophocles,' which Mr. Jebb 
has put forth, has assured us that this 
is a needless suspension of judgment, 
and prompted us to commit the justifi- 
able rashness of pronouncing upon 
its contents, and of asserting after due 
perusal that it is calculated to be 
admirably serviceable to every class 
of scholars and learners." — Content' 
porary Review. 

* ' We do not know whether the matter 
or the manner of this excellent com- 
mentary is deserving of the higher 
E raise : the skill with which Mr. Jebb 
as avoided, on the one hand, the 
wearisome prolixity of the Germans, 
and on the other the jejune brevity of 
the Porsonian critics, or the versatility 
which has enabled him in turn to elu- 
cidate the plots, to explain the verbal 
difficulties, and to illustrate the idioms 
of his author. All this, by a studious 
economy of space and a remarkable 
precision of expression, he has done 
for the ' Ajax ' in a volume of some 
200 pa.ges.*'—AtheHa'um. 

" An accidental tardiness in notic- 
ing these instalments of a Sophocles 
which promises to be one of the ablest 
and most useful editions published in 
this country must not be construed 
into any lack of due appreciation of 
their value. It seemed best to wait 
till more than one play had issued 
from the press ; but it is not too late to 
exi}ress the favourable impression 
which we have formed, from the two 
samples before us, of Mr. Jebb's emi- 
nent qualifications for the task of inter- 
preting SophoQ\es."-Satur(fay Review. 
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Isocratis Orationes. 

Edited by John Edwin Sandys, M.A., Fellow and Tutor 
of St. John's College, Cambridge. 

Crown 8vo. 
Ad Demonicum et Panegyricus. 4j. 6^. 

Forming a Part of the ** Catena Classicorum,^* 



"This is one of the most excellent 
works of that excellent series, the 
' Catena Classicorum/ Isocrates has 
not received the attention to which the 
simplicity of his style and the ])urity 
of his Attic language entitled him as 
a means of education. Now that we 
have so admirable an edition of two of 
his works best adapted for such a 
purpose, there will no longer be any 
excuse for this neglect. For careful- 
ness and thoroughness of editing, it 
will bear comparison with the best, 
whether English or foreign. Besides 
an ample supply of exhaustive notes 
of rare excellence, we find in it 
valuable remarks on the style of Iso- 
crates and the state of the text, a 
table of various readings, a list of edi- 
tions, and a special introduction to 
each piece. As in other editions of 
this series, short summaries of the ar- 
gument are inserted in suitable places, 
and will be found of great service to 
the student. The commentary em- 
braces explanations of difficult pas- 
sages, with instructive remarks on 
grammatical usages, and the deriva- 
tion and meanings of words illustrated 
by quotations and references. Occa- 
sionally the student's attention is 
called to the moral sentiment ex- 
pressed or implied in the text. With 
all this abundance of annotation, 
founded on a diligent study of the 
best and latest authorities, there is no 
excess of matter and no waste of 
words. The elegance of the exterior 
is in harmony with the intrinsic worth 
of the volume." — AtkeHomm. 

" This work deserves the warmest 
welcome, for several reasons. In the 
first place, it is an attempt to introduce 
Isocrates into our schools, and this 



attempt deserves encourag^ement. The 
Ad Denumicum is very easy Greek. 
It is good Greek. And it is read- 
ing of a healthy nature for boys. 
. . . . Then the editor has done 
everything that an editor should do. 
We have a series of short introductory 
essays ; on the style of Isocrates, on 
the text, on the Ad Detnonicum^ and 
on the Panef^yricus. These are 
characterized by sound sense, wide 
and thorough learning, and the capa-. 
bility of presenting thoughts clearly 
and well. — Museum. 

** By editing Isocrates Mr. Sandys 
does good service to students and 
teachers of Greek Prose. He places 
in our hands in a convenient form an 
author who will be found of great use 
in public schools, where he nas been 
hitherto almost unknown.** — Cam' 
bridge University Gazette, 

"The feeling uppermost in our 
minds, after a careful and interesting 
study of this edition, is one of satis- 
faction and admiration : satisfaction 
that a somewhat unfamiliar author has 
been made so thoroughly readable, 
and admiration of the comparatively 
young scholar who has brought about 
this result by combining in the task 
such industry, research, and acumen, 
as are not always found united in 
editors who have had decads upon 
decads of mature experience."-* 
Saturday Review. 

" The style of Isocrates is discussed 
in a separate essay, remarkable for 
sense, clearness of expression , and apt« 
ness of illustration. In the introduc- 
tions to the two orations, and in the 
notes, abundant attention is ^ven to 
questions of authenticity and hutorical 
allusions."— /»«// Mall Gazette, 
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Aristophanis Comoediae. 

Edited by W. O. Green, M. A., late Fellow of King's Col- 
lege, Cambridge ; Assistant Master at Rugby School. 

Crown 8vo. 

The Acharnians and The Knights. 4^. 
The Clouds. 3j. 6^/. 
The Wasps. 3J. 6^/. 

An Edition of "The Acharnians and The Knights," revised 
and especially prepared for Schools. 4f. 

Forming Parts of the " Catena ClassicorumP 

"The utmost care has been taken biting sarcasm which will never lose 

with this edition of the most sarcastic either point or interest, and is as well 

and clever of the old Greek dramatists, adapted to the present age as it was 

facilitating the means of understand- to the times when first put forward. " 

ing both the text and intention of that —Bell's Weekly Messenger. 

Herodoti His tori a. 

Edited by H. G. Woods, M.A., Fellow and Tutor of 
Trinity College, Oxford. 

Crown 8v«. [/;/ the Press. 

Forming a Part of the ** Catena Classicoriim,^* 



A Copious Phraseological English- 
Greek Lexicon; founded on a work prepared by J. W. Pi^ders- 
dorff, Ph. Dr., late Professor of Modern Languages, Queen's 
College, Belfast. 

Revised, Enlarged, and Improved by the late Thomas Ker- 
chever Arnold, M.A., and Henry Browne, M.A., Vicar 
of Pevensey, and Prebendary of Chichester. 

Fourth Edition, 8vo. 2IJ. 
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Thucydidis Historia. 

Edited by Charles Bigg, M.A., late Senior Student and 
Tutor of Christ Church, Oxford ; Principal of Brighton 
College. Crown 8vo. 

Books I. and II. 6j. 



Forming a Part of the 

" Mr. Bigg, in^ his * Thucydides/ 
prefixes an analysis to each book, and 
an admirable introduction to the whole 
work, containing full information as to 
all that is known or related of Thucy- 
dides, and the date at which he wrote, 
followed by a very masterly critique 
on some of his characteristics as a 
wri ter. ' * — A thenaum . 

".While disclaiming absolute origi- 
nality in his book, Mr. Bigg has so 
thoroughly digested the works of so 
many eminent predecessors in the 
same field, and is evidently on terms 
of such intimacy with his author, as 
perforc6 to inspire confidence. A 
well pondered and well written intro- 
duction has formed a part of each link 
in the ' Catena ' hitherto published, 
and Mr. Bigg, in addition to a general 
introduction, has given us an essay on 
'Some Characteristics of Thucy- 
dides,' which no one can read without 



" Catena Classicorum,^^ 

being impressed with the learning and 
judgpnent brought to bear on the sub- 
ject" — Standard. 

"We need hardly say that these 
books are carefully edited ; the repu- 
tation of the editor is an assurance on 
this point ^ If the rest of the history 
is edited with equal care, it must be- 
come the standard book for school 
and college purposes.** — yohn Bull. 

" Mr. Bigg first discusses the facts 
of the life of Thucydides, then passes 
to an examination into the date at 
which Thucydides wrote ; and in the 
third section expatiates on some cha- 
racteristics of Thucydides. These 
essa^^s "are remarkably well written, 
are judicious in their opinions, and 
are calculated to give the student 
niuch insight into the work of Thucy- 
dides, and its relation to his own 
times, and to the works of subsequent 
historians." — Museum. 



Dean Alford's Greek Testament. 

With English Notes, intended for the Upper Forms of Schools, 
and for Pass-men at the Universities. 



Abridged by Bradley H. 
Trinity College, Cambridge. 

Crown 8vo. 

The volume consists of the revised 
text, printed from the latest editions of 
the larger work. In cases where two 
readings seem of equal authority, the 
alternative text is presented beneath. 
The notes are faithful abridgments of 
those in the larger edition, presenting 
the results there arrived at, and sup- 
porting them by short proofs. Espe- 
cial care has been taken to mark the 
sequence of thought from chapter to 



Alford, M.A., late Scholar of 



I ox. (yi. 

chapter, and in 
soned portions 



the more closely rea- 
from verse to verse. 
Additional grammatical notes will be 
found, adapted to the use of younger 
Students, and accompanied by refe- 
rences to the usages of the Septuagint 
version and the rules of Donaldson's 
Greek Grammar. 

The whole is prefaced bjr concise 
notices of the authorship, object, and 
date of each book. 
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The Greek Testament. 

With a Critically Revised Text ; a Digest of Various Readings ; 
Marginal References to Verbal and Idiomatic Usage ; Prolego- 
mena ; and a Critical and Exegetical Commentary. For the 
use of Theological Students and Ministers. 

By Henry Alford, D.D., late Dean of Canterbury. 
New Edition, 4 Vols. 8vo. I02j. 

The Volumes are sold Separately, as follows : — 

Vol I.— The Four Gospels. 2&f. 
Vol. II. — Acts to II. Corinthians. 24J. 
Vol. III. — Galatians to Philemon, i&r. 
Vol. IV. — Hebrews to Revelation. 32^. 

The Greek Testament. 

With Notes, Introductions, and Index. 

By Ohr. Wordsworth, D.D., Bishop of Lincoln; formerly 
Canon of Westminster, and Archdeacon. 

New Edition, 2 Vols. Impl. 8vo. 6oj. 
The Parts may be had Separately, as follows : — 
The Gospels. 16^. 
The Acts. &r. 
St. Paul's Epistles. 23J. 
General Epistles, Revelation, and Index. i6j. 

The Cambridge Greek and English 

Testament, in Parallel Columns on the same page. 

Edited by J. Soholefleld, M.A., late Regius Professor of 
Greek in the University. 

New Edition, Small 8vo. *J5, 6d. 

The Cambridge Greek Testament. 

Ex editione Stephani tertia, 1550. 

Small Svo. y, 6d. 
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An Introduction to Aristotle's Ethics. 

Books I. — IV. (Book X., c. vL — ix. in an Appendix.) With 
a Continnous Analysis and Notes. Intended for the Use of 
B^inners and Junior Students. 

By the Rev. Edward Moore, B.D., Prindpal of S. Edmand 
Hall, and late Fellow and Tutor of Queen's Collie, Oxford. 

Crown Svo. los. 6d. 

"For the purpose for which it is 
designed to provide, namely, a simple 
Introduction to the Ethics for be- 
ginners generally, and especially for 
those who are commencing it with a 
view to the Oxford Final Examina- 
tions, this is a most excellent edition 
of the Nicomachean Ethics. . . . Not 
only is it suited for the classes already 
named, and for students in the public 
schools ; it will also 'be found very 



serviceable to those whose Greek has 
been permitted to grow rusty by 
disuse, and who, for philosophical or 
linguistic purposes may desire to 
revive it. We can fully credit the 
statement of the accomplished editor, 
that clearness ^ and ampUcity have 
been the qualities most aimed at, and 
can testify that he has fully succeeded 
in his intention." — Mdinburgh 
Courant 



Aristotelis Ethica Nicomachea. 

Edidit, emendavit, crebrisque locis parallelis e libro ipso, alib- 
que ejusdem Auctoris scriptis, iUustravit Jacobus E. T. 
Rogers, A.M. 

Small Svo. 4?. dd. Interleaved with writing-paper, half-bound, df. 
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CATENA CLA8SIC0RUM 

A Series of Classical Authors 

Edited by Members of both Universities, under the direction 
of the Rev. Arthur Holmes, M.A., Cambridge, and 
the Rev. Charles Bigg, M.A., Oxford. 
Crown 8vo. 
{See Specimen Page No. 6. ) 
Sophoclis Tragoediae, ByR C. Jebb, M.A. 

The Electra. 3j. td. The Ajax. 3^. dd, 

Juvenalis Satirae, By G. A. Simcox, M.A. 3^. ed, 

Thucydidis Historia. By Charles Bigg, M. A. Books I. and 
II. 6s. 

Demosthenis Orationes Publicae. By G. H. Heslop, M.A. 
The Olynthiacs. 2j. 6^.) 
The Philippics. 3^; ) ""'^ '"^ ^^^ Volume, 4s. 6d. 

Demosthenis Orationes Privatae, By Arthur Holmes, M.A. 
De Corona, 5^. 

Aristophanis Comoediae, By W. C. Green, M.A. 
The Acharnians and the Knights. 4^. 
The Clouds, y, 6d. The Wasps. 3j. 6d. 

An Edition of The Acharnians and the Knights, 
Revised and especially adapted for Use in Schools. 4^. 

Isocratis Orationes. By John Edwin Sandys, M.A. 
Ad Demonicum et Panegyricus. 4^. 6d, 

Persii Satirae, By A. Pretor, M.A. 3^.6^. 

Homeri Ilids. By S. H. Reynolds, M.A. Books I. to XII. dr. 

Terenti Comoediae. By T. L. Papillon, M.A. 
Andria et Eunuchus. 4j. dd. 

Other Works are in preparation. 
AND AT OXFORD AND CAMBRIDGE 



MATHEMATICS 



RIVINGTON'S MATHEMATICAL SERIES 



Algebra. Part I. 



By J. Hamblin Smith, M. A. , of Gonville and Caias College, 
and late Lecturer at St. Peter's College, Cambridge. 

i2mo. 2 J. dd, "With Answers, 3J. 
{Sec Specimen Page No. 7. ) 

He does not carry the student out of 
his depth by sudden plunges, but 
leads hiin gradually onward, never 
beyond his depth from any desire to 
hurry forward. The examples appear 
to be particularly well arranged, so as 
to afford a means of steady progress. 
With such books the judicious teacher 
will have abimdant supply of examples 
and problems for those who need to 
have each step ensured by familiarity, 
and he will be able to allow the more 
rapid learner to travel onward with 
ease and swiftness. We can confi- 
dently recommend Mr. Hamblin 
Smith's books.^ Candidates preparing 
for Civil Service examinations under 
the new system of open competition 
will find these works to be of great 
\2l\\xc.*'— Civil Seri'ice Gazette. 



' "The design of this treatise is to 
explain all that is commonly included 
in a First Part of Algebra. In the 
arrangement of the chapters, I have 
followed the advice of experienced 
teachers. ^ I have carefully abstained 
from making extracts from books in 
common use. The only work to which 
I am indebted for any material assist- 
ance is the Algebra of the late Dean 
Peacock, which I took as the model 
for the commencement of my treatise. 
The Examples, progressive and easy, 
have been selected from university 
and college examination papers, and 
from old English, French, and Ger- 
man works." — Front the Pre/ace. 

" It is evident that Mr. Hamblin 
Smith is a teacher, and has written to 
meet the special wants of students. 
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RiviNGTON^s Mathematical Series (continued). 

Exercises on Algebra. Part I. 

By J. Hamblin Smith, M.A. i2mo. 2s, 6d, 



Copies may be had 

" I have arranged in this book a 
series of examples in Elementary 
Algebra, co-extensive with my treatise 
on that subject. The Examples are 
progressive and _ easy. They have 
tssen selected chiefly from i>apers set 
during the last three years in univer- 
sity and college examinations. The 
exercises are arranged on the follow- 
ing plan: — Part I. conducts the stu- 
dent by gradual steps as far as Geo- 
metrical Progression, each exercise 
having the limit of its extent specified 
in the heading by a reference to the 
chapters of my^ Elementary Algebra. 
Part II. contains papers of greater 



without the Answers. 

length and somewhat more difficulty 
than those in Part I. No question in 
these papers implies a knowledge of 
any part of Algebra beyond Geome- 
trical Progression, but at the end of 
each exercise one piece of bookwork 
is given. Part III. takes in the whole 
of the subject, so far as I have written 
on it in my treatise, especial promi- 
nence being given to that portion of 
the work which follows the chapter on 
Geometrical Progression. The ques- 
tions in bookwork in Parts II. and III. 
follow the order in which the matters 
to which they refer are given in my 
treatise." — From the Preface, 



Trigonometry. 

By J. Hamblin Smith, M.A. i2ino. 4;. 6./. 
{See Specimen 

" I have attempted in this work to 
explain and illustrate the principles of 
that portion of Plane Trigonometry 
which precedes De Moivre's Theorem. 
The method of explanation is similar 
to that adopted in my Elementary 
Algebra. The examples, progressive 
and easy, have been selected chiefly 
from College and University Examin- 
ation Papers; but I am indebted for 
many to the works of several German 
writers, especially those of Dienger, 

Elementary Hydrostatics. 

By J. Hamblin Smith, M.A. i2mo. y. 



Page No, 8.) 

Me^er, Weiss, and Weigand. I have 
carried on the subject somewhat be- 
yond the limits set oy the Regulations 
for the Examination of Candidates^ for 
Honours in the Previous Examina- 
tion, for two reasons : first, because I 
hope to see those limits extended ; 
secondly, that my work may be more 
useful to those who are reading the 
subject in schools, and to candidates 
in the Local Examinations." — From 
the Pre/ace, 



"The elements^ of Hydrostatics 
seem capable of being presented in a 
simpler form than that in which they 
appear in aN the works on the subject 
vrith which I am acquainted. I have 
therefore attempted to give a simple 
explanation of the Mathematical 
Theory of Hydrostatics and^ the prac- 
tical application of it. Prior to the 



publication of this work, some copies 
were privately circulated, with a view 
to obtain opinions from teachers of 
experience as to the sufficiency and 
accuracy of the infonnation contained 
in it. A few suggestions received in 
consequence of this arrangement will 
be found in the Notes at the end of 
the volume." — From the Preface. 
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RiviNGTON's Mathematical Series (contimied ), 

Elements of Geometry. 

By J. Hamblin Smith, M. A. Part I., containing the First 
Two Books of Euclid, with Exercises and Notes, arranged with 
the Abbreviations admitted in the Cambridge Examinations. 
i2mo, 2s. ; limp cloth, \s, 6d, 

Part II., containing the Third and Fourth Books of Euclid, 

with Exercises, &c. i2mo, 2^, ; limp cloth, IJ-. 6d. 
Parts I. and II. bound together, 3^. 

Part III., to Complete the Volume, is in the Press. 

{See Specinien Page No, 9. ) 

" To preserve Euclid's order, to for a first reading) the difficult Theo- 
supply omissions, to remove defects, rems 5 and 7 in the First Book. I 
to give brief notes of explanation and have also attempted to render many 
simpler methods of proof in cases of of the proofs^ as, for instance, Propo- 
acknowledged difficulty — such are the sitions 2, 13, and 35 in Book I., and 
main objects of this edition of the Proposition 13 in Book II., less con- 
Elements. The work is based on the fusing to the learner. In Propositions 
Greek text, as it is given in the edi- 4, 5, 6, 7, and 8 of the Second Book, I 
tions of August and Peyrard. To the have ventured to make an important 
suggestions of the late Professor De change in Euclid's mode of exposi- 
Morgan, published in the Companion tion, by omitting the diagonals from 
to the British Almanack for 1849, I the diagrams and the gnomons from 
have paid constant deference. ^ A the text. In the Third Book I have 
limited use of symbolic representation, deviated with even greater boldness 
wherein the symbols stand for words from the precise line of Euclid's me- 
and not for operations, is generally re- thod. For it is in treating of the 
garded as desirable, and I have been properties of the circle that the im- 
assured, by the highest authorities on portance of certain matters, to which 
this point, that the symbols employed reference is made in the Notes of the 
in this book are admissible m the present volume is fully brought out. 
Examinations at Oxford and Cam- I allude especially to the application 
bridge. I have generally followed of Superposition as a test of equality, 
Euclid's method of proof, but not to the conception of an An^le as a 
to the exclusion of other methods magnitude capable of unlimited in- 
recommended by their simplicity, crease, and to the development of the 
such as the demonstrations by methods connected with Loci and 
which I propose to replace (at least Symmetry." — From the Preface. 

Elementary Statics. 

By J. Hamblin Smith, M. A. i2mo, y, ^ 

*' This book is now published in such from Papers set in Cambridge Univer- 
a form that it may meet the require- sity Examinations. The propositions 



ments of Students in Schools, espe- requiring a knowledge_ of Trigono 
cially those who are preparing for the 

Local Examinations 

The Examples have been selected 



cially those who are preparing for the metry are marked with Rofnan nume- 
Local Examinations rals.— i^n^w the Preface, 
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Rivington's Mathematical Series (continued). 

Algebra. Part II. 

By E. J. Gross, M. A., Fellow of Gonville and Caius Col- 
lege, Cambridge. [Preparing. 

Geometrical Conic Sections. 

By G. Bichardson, M.A., Assistant Master at Winchester 
College, and late Fellow of St. John's College, Cambridge. 

\Preparing, 

Analytical Geometry of Two Dimen- 
sions. 

ByH. E. Oakeley, M. A., late Fellow and Senior Mathe- 
matical Lecturer of Jesus College, Cambridge, H.M. Inspector 
of Schools. {Preparing. 

Other Works are in Preparation. 



The Properties of Triangles and their 

Circles treated Geometrically. 

By O. W. Bourne, M.A., Assistant Mathematical Master- 
at Marlborough College. 

Fcap. 4to. 2s. 6d. 

Arithmetic for the Use of Schools. 

With a numerous Collection of Examples. 

By R. D. Beasley, M.A., Head Master of Grantham Gram- 
mar School. 

i2mo. 3^. 

The Examples separately : — Part I. 8^. Part II. is. (>d. 
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Arithmetic J Theoretical and Practical. 

By W. H. Girdlestone, M.A., of Christ's College, Cam- 
bridge, Principal of the Theological College, Gloucester. 
New Edition, Crown 8vo, 6j. 6cl, 

Also a School Edition. Small 8vo. 3^. 6d. 

{See Specimen Page No. lo.) 



« 



We may congratulate Mr. Gir- 
dlestone on havinjg produced a tho- 
roughly philosophical book on this 
most useful subject. It appears to 
be especially suited for older students, 
who, having been taught imperfectly 
and irrationally in the earlier part of 
their school career, desire to go over 
the whole ground again from the be- 
ginning ; but in the hands of an intelli- 
gent and discriminating teacher it may 
also be perfectly adapted to the com- 
prehension of young boys." — Times. 

^ ** We consider this work one of the 
highest order of its kind, far, very far, 
superior to those of former days. As- 
suredly, if brevity (as it is considered) 
be the soul of wit, so must it be that of 
Arithmetic, when its object is equally 
attained by it, as by a roundabout 
method ; and on this account alone it 
commends itself to the attention of the 
rising generation, who might go to 
work with it in self-instruction with- 
out the superintendence of a teacher. 
Kut with or without such assistance, 
the Hive who masters the contents of 
the work before ns in all its parts may 
well be considered a finished ac- 
countant. " — Nautical Magazine. 

"This work belongs to a depart- 
ment of science to which we do not 
often^ refer ; but so decided is its 
superiority to ordinary arithmetical 
treatises, and, while adapting itself to 
the humblest capacity, so comprehen- 
sive is the view it affords of the laws 
of number, not unfrequently neglected 
by many who devote serious thought to 
the higher branches of mathematics, 



that it seems entitled to exceptional 
notice. . . ._ . Let us add that 
the practical is quite equal to the 
theoretical value of his performance. 
He (Mr. Girdlestone) never misses 
an opportunity of showing how arith- 
metical labour may be conveniently 
shortened, and not only is every one 
of his rules followed by abundant ex- 
ercises, but he gives by way of appen- 
dix a series of examination papers set 
at different institutions, ascending from 
the humblest requisitions to the Uni- 
versity papers of Oxford and Cam- 
bridge. To all the questions an- 
swers are given at the end. " — Saturday 
Revreix). 

From the Very Reverend the Dean 
of Ely (now Bishop of Carlisle): — "Mr. 
Girdlestone's book on arithmetic seems 
very complete and good, with plenty 
of example.s, which is a valuable fea- 
ture. — H. Goodwin, Deanery, Ely." 

From the late Professor De Morgan: 
— '* Mr. Girdlestone's is an intellectual 
book." — A. Dc Morgan. 

From the Rev. W. W. Griffin, late 
Fellow and Tutor of St. John's Col- 
lege, Cambridge, and Senior Wrang- 
ler : — " Mr. Girdlestone's book on 
arithmetic appears to me to be the 
work of one who in actual teaching has 
found out the impediments which pu- 
pils have in gaining scientific views of 
arithmetic. His explanations seem to 
be clear, examples insufficient number 
are worked as models, and a good col- 
lection given besides for practice. — 
W. W. Griffin, Ospringe Vicarage, 
Favershaia. 
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A Manual of Confirmation. 

With a Pastoral Letter instructing Catechumens how to pre- 
pare themselves for their First Communion. 

By Edward Meyriok Goulburn, D.D., Dean of Nor^vich. 
Eighth Edition. Small 8vo. is. 6d. 

The Treasury of Devotion. 

A Manual of Prayers for General and Daily Use. 

Compiled by a Priest. Edited by the Rev. T. T. Carter, 
M.A., Rector of Clewer, Berks. 

Fourth Edition, i6mo, limp cloth, 2s, ; cloth extra, ». 6d, 
Bound with the Book of Common Prayer, 3J-. 6d. 

The Way of Life. 

A Book of Prayers and Instruction for the Young at School, 

Compiled by a Priest. Edited by the Rev. T. T. Carter, 
M.A., Rector of Clewer, Berks. 

i6mo, cloth extra, is, 6d, 
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Prayers and Meditations for the Holy 

Commitnion, 

With a Preface by C. J. EUicott, D.D., Lord Bishop of 

Gloucester and Bristol. 

With rubrics and borders in red. Royal 32010. 2J. dd, 

decease, not as superseding it, for the 
scope of the two is different, but to be 
taken along with it Nothing can ex- 
ceed the beauty and fulness of the 
devotions before communion in Mr. 
Keble's book, but we think that in 
some points the devotions here given 
after Holy Communion are even su- 
perior to it." — Literary Churchman. 

" We know "of no more suitable 
manual for the newly confirmed, and 
nothing more likely to engage the 
sympathies of youthful hearts."— 
Church Review. 



**The present Manual of Prajrers 
came by accident under my notice. 
Having long felt the want of such a 
Manual for the use of those who had 
been recently confirmed, and observ- 
ing that the present work went far to 
supply the need, I suggested to the 
writer of the volume the desirableness 
of publication. The manuscript was 
in consequence submitted to me for 
perusal, and is now presented to those 
recently confirmed, with the full per- 
suasion that the warmth of the prayers, 
the deep spirit of devotion that per- 
vades them, and the freshness that 
especially marks the volume, will 
appeal to young and warm hearts, 
and, with the blessing of the Holy 
Ghost, will be helpful to them in the 
after-confirmation life." — From the 
Preface. 

** Devout beauty is the special cha- 
racter of this new manual, and it 
ought to be a favourite. Rarely has 
it happened to us to meet with so 
remarkable a combination of thorough 
practicalness with that almost poetic 
warmth which is the highest flower of 
genuine devotion. It deserves to be 
placed along with the manual edited 
by Mr. Keble so shortly before his 



"A manual for the recently con- 
firmed, nicely printed, and theologi- 
cally sound." — Church Times. 

*' In freshness and fervour of devo- 
tion, few modem manuals of prayer 
are to be compared with it." — Church 
Herald. 

** Merits the Bishop of Gloucester's 
epithets of ' warm, devout, and fresh.* 
And it is thoroughly English Church 
besides. " — Guardian. 

" The devotion which it breathes is 
truly fervent, and the lang^uage attrac- 
tive, and as proceeding from a young 
f>erson the work is altogether not a 
ittle striking." — Record. 



A Short and Plain Instruction for the 

Better Understanding of the Lord *s Supper ; to which is annexed 
the Office of the Holy Communion, with Proper Helps and 
Directions. By Thomas Wilson, D.D., late Lord Bishop 
of Sodor and Man. 

Complete Edition ^ with red borders, i6mo. 2s, 6d, 
Also a Cheap Edition, without red borders, is. ; or in paper cover, 6d, 

{See Specimen Page No. II.) 
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KEYS TO CHRISTIAN KNO^VLEDGE. 



Small 8vo. 2s. 6d. each. 



^ Key to the Knowledge and Use of 



the Holy Bible, 

By the Rev. J. H. Blunt, M. A. 



"Another of Mr. Blunt's useful and 
workmanlike compilations, which will 
be most acceptable as a household 
book, or in schools and colleges. It is 
a capital book too for schoolmasters 
and pupil teachers." — Literary 
Churchman. 

"As a popular hand-book, setting 
forth a selection of facts of which 
everybody ou^ht to be cognizant, and 
as an exposition of the claims of the 
Bible to be received as of superhuman 
origin, Mr. Blunt's ' Key ' will be 
useful." — Churchman. 

" A great deal of useful information 



is comprised in these pages, and the 
book will no doubt be extensively cir- 
culated in Church families." — Clerical 
youmal. 

" We have much pleasure in recom- 
mending a capital hand-book by the 
learned Editor of * The Annotated 
Book of Common Prayer.'" — Church 
Times. 

"Merits commendation for the 
lucid and orderly arrangement ia 
which it presents a considerable 
amount of valuable and interesting 
matter. " — Record. 



A Key to the Knowledge and Use of 



the Book of Common Prayer, 

By the Rev. J. H. Blunt, M.A. 

{See Specimen Page No, 12.) 



"A very valuable and practical 
manual, full of information, which is 
admirably calculated to instruct and 
interest those for whom it was evi- 
dently specially intended — the laity of 
the Church of England. It deserves 
high commendation. " — Churchman. 

** A thoroughly sound and valuable 
manual. " — Church Times. 



''To us it appears that 
has succeeded very well 



Mr. Blunt 
All neces- 
sary information seems to be included, 
and the arrangement is excellent." — 
Literary Churchman. 

" It is the best short explanation of 
our offices that we know of, and would 
be invaluable for the use of candidates 
for confirmation in the higher classes." 
—John Bull. 



A Key to the Knowledge of Church 



History (Ancient). 

Edited by the Rev. J. H. Blunt, M.A. 



"It contains some concise notes on 
Church History, compressed into a 
small compass, and we think it is 
likely to be useful as a book of refer- 
ence." — John Bull. 

**A very terse and reliable collec- 



tion of the main facts and incidents 
connected with Church History.*'^ 
Rock. 

** It is both well arranged and well 
•written.'*— Literary Churchman. 
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Keys to Christian Knowledge (continued), 

A Key to the Knowledge of Church 

History {Model ti). 
Edited by the Rev. J. H. Blunt, M.A. 

A Key to Christian Doctrine and Prac- 
tice, founded on the Church Catechism, 
By the Rev. J. H. Blunt, M. A. 

'' Of cheap and reliable text-books of 
this nature there has hitherto been a 
great want We are often asked to 
recommend books for use in Church 
Sunday schools, and we therefore take 
this opportunity of saying that we know 
of none more likely to be of service both 
to teachers and scholars than these 
Keys.* " — Churchman's Shilling Ma- 
gazine. 

" This is another of Mr. Blunt's most 
useful manuals, with all the precision 
of a school book, yet diverging into 



matters of practical application so freely 
as to make it most serviceable, either 
as a teacher's suggestion book, or as 
an intelligent pupil's reading book."— 
lAterary Churchman. 

" Will be very useful for the higher 
classes in Sunday schools, or rather 
for the fuller instruction of the Sunday 
school teachers themselves, where the 
parish Priest is wise enough to devote 
a certain time regularly to their pre- 
paration for their voluntary task."— 
Union Review. 

A Key to the Narrative of the Four 

Gospels. 

By the Rev. John Pilkington Norris, M.A., Canon of Bris- 
tol, formerly one of Her Majesty's Inspectors of Schools. 

the Holy Gospels." — Lofidon Quar- 
terly Review. 

" We hope that this little book wilt 
have a very wide circulation, and that 
it will be studied ; and we can promise 
that those who t&ke it up will not 
readily put it down a.ga\n.**—Recard. 



** This is very much the best book of 
its kind we have seen." — Literary 
Churchman. 

" This is a golden little volume. 

Canon Norris' book supplies 

a real want, and ought to be welcomed 
by all earnest and devout students of 



A Key to the Narrative of the Acts 



of the Apostles, 
By the Rev. John Pilkington Norris, M.A. 

" The book is one which we can hear- 
tily tftcomxMxvdi.'*— Spectator. 

• ' Few books have ever given us more 
unmixed pleasure than this. " — Literary 
Churchman. 

" This is a sequel to Canon Norris's 
* Key to the Gospels,' which was pub- 
lished two years ago, and which has 
become a general favourite with those 



who wish to grasp the leadings features 
of the life and work of Chnst. The 
sketch of the Acts of the Apostles is 
done in the same style ; there is the 
same reverent spirit and quiet enthu- 
siasm running through it, and the same 
instinct for seizing the leading points 
in the narrative." — Record. 
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Household Theology : A Handbook of 

Religious Information respecting the Holy Bible, the Prayer 
Book, the Church, the Ministry, Divine Worship, the Creeds, 
&c., &c. 
By the Rev. J. H. Blunt, M. A. 

New Edition, Small 8vo. y, dJ, 
{See Specimen Page No, 13. ) 

**At the very outset we are well several matters treated, which will 

inclined towards this little volume ; for soon remove from biassed and preju- 

the author tells us plainly that he hopes diced minds doubts and mis^ivingn 

' some Dissenters may be found who touching principles and practices of 

will care enough about historical truth the English Church. Indeed, we have 

and sound reasoning to follow the writer seldom had the pleasure of meeting 

through statements and arguments in with a text-book of religious informa- 

which they will meet with a fair repre- tion which said so much in so few and 

sentation of the conclusions arrived at intelligible words. A very useful plan 

by the learned men who are his autho- is adopted by the author to enable 

rities ; and that, by doing so, they will those who may be interested in the 

find themselves disabused of many study of special subjects to carry on 

mistakes and prejudices, and prepared their inquiries without trouble to their 

to look more respectfully and more friends. At the end of every chapter is 

lovingly upon the Church and her given a list of the standard books from 

principles.' In the 270 pages of clear, which more complete information can 

bold type there is compressed a com- be obtained." — Church Bells. 
plete summary of information upon the "It is recommended by the Bishop 

subjects indicated by the title, given of Central New York and most of our 

in such simple lan|^age that every one other Bishops to whose notice it has 

can understand it, and without the been brought. It ought to be made a 

slightest approach to controversial bit- text-book m all our parishes." — Gospel 

temess. There is presented to the Messenger^ Utica^ U.S, 
reader an impartial epitome of the 

Sermons for Children. 

Being Thirty- three short Readings, addressed to the Children 
of St. Margaret's Home, East Grinsted. 
By the late Rev. J. M. Neale, D.D. 

Second Edition, Small 8vo. Jj. dd. 

The Holy Catholic Church ; its Divine 

Ideal, Ministry, and Institutions, With a Catechism on each 
Chapter, forming a Course of Methodical Instruction on the 
subject. 

By Edward Meyiick Goulbum, D.D., Dean of Norwich. 

Crown 8vo. [Nearly Ready, 
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A Plain and Short History of England 

for Children : in Letters from a Father to his Son. With a 
Set of Questions at the end of each Letter. 

By George Davys, D.D., formerly Bishop of Peterborough. 
JVew Edition. i8mo. is. 6d. 

Also, an Edition with Twelve Coloured Illustrations. 
Square crown 8vo. 3^. 6d. 

A Practical Introduction to English 

Prose Composition : an English Grammar for Classical Schools , 
with Questions, and a Course of Exercises. 

By Thomas Kerchever Arnold, M. A. 

Ninth Edition, l2mo. 45. dd. 
{See Specimen Page No. 14.) 

The First French Book. 

On the plan of ** Henry's First Latin Book." 
By Thomas Kerchever Arnold, M. A. 

Sixth Edition, i2mo. ^s. 6d. Key, 2s, 6d, 

WATERLOO PLACE, PALL MALL, LONDON 
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Selections from Modern French Au- 
thors. 

Edited, with EnglishNotes and Introductory Notice, by Henri 
Van Laun, formerly French Master at Cheltenham College, and 
now Master of the French Language and Literature at the 
Edinburgh Academy. 

Crown 8vo. 3J. (>d, each. 
I. HoNOR]^ DE Balzac. . II. H. A. Taine. 
{See Spximen Page No. 15.) 



((' 



■ This selection answers to the re- living authors; and perhaps a better 

quirements expressed by Mr. Lowe in modem author could not be found 

one ofhis speeches on education, where than M. Taine. The style is vivid, 

he recommended that boys should be idiomatic, and clear, and the thought 

attracted to the study of French by is striking and fresh. M. Van Laun's 

means of its lighter literature. M. notes explain the more difficult idioms, 

Van Laun has executed the task of and give all necessary information on 

selection with excellent taste." — Pall the authors and heroes mentioned in 

Mall Gazette. the text." — Freeman. 

" This is a very serviceable book of "Of all the proficients in the art of 

extracts from a great writer whom no speaking well, few excel M. Taine. 

student of French should neglect." — His style is justly admired, and his 

spectator. editor does not praise it too highly. 

" Passages from seven of De Balzac's ..... The preface is judiciously 

works, with notes, and an introductory written, and the extracts are such as 

account of his life and literary efforts, to convey an adequate idea of M. 

constitute the present volume. . . . . Taine's characteristics. The editor 

Such is the force and fascination has appended many notes that will 

of the writing that it is sure to be read smooth the reader's path, and will 

with deep interest.*' — Atheneeum. ^ furnish him with much grammatical 

"There are obvious advantages in xoioxiasXxQXi*^ —Scotstnan. 
teaching French from the works of 

The First German Book. 

On the plan of " Henry's First Latin Book," and the ** First 
French Book." 

By Thomas Kerohever Arnold, M.A., and J. W. FrS- 
dersdorff, Ph.D. of the Taylor Institution, Oxford. 
Sixth Edition, i2mo. 5 J. 6^. The Key, 2s, 6d, 

The First Hebrew Book. 

On the plan of " Henry's First Latin Book." 
By Thomas Kerolxever Arnold, M.A. 

Third Edition, i2mo. 7j. dd, 31. 6</. 
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MESSRS. RIVINGTON'S LIST. 



A Theory of Harmony. 



Founded on the Tempered Scale. With Questions and Exer- 
cises for the Use of Students. 

By Jolin Stainer, Mus. Doc., M. A., Magd. Coll., Oxon. 

Royal 8vo. 7^. 6^. 



This work will be found to differ 
from others on the same subject, in 
the simple and natural arrangement of 
the contents, and from the fact that all 
the statements i>ut forward are verified 
by short quotations from well known 
works of tne great masters. In chap- 
ters II. to VIII., the formation of 
chords from a combination of Scale- 
Thirds is traced, and a complete clas- 
sification and easy system of nomen- 
clature for their different forms is 
given. In chapter IX. the relation of 
chords to each other is deduced from 
the formation of the scale, and thence 
are drawn the laws of Profession and 
Modulation. The remain mg chapters 
account for the existence of many im- 
portant musical effects, the growth of 
progressions, and the process by which 
successive composers seek to expand 
the use of material previously in use. 
Up to this point, the book can be read 
by any lover of music, whether he be 
an adept at its practice or not ; and as 
the whole theory is deduced from the 
scale in common use, not from the laws 
of Acoustics, nothing beyond a know- 
ledge of the mere rudiments is re- 
quired for its complete grasp. Teachers 
and students of harmony will find in 



the Appendix an explanation of the 
rules for Figured Bass, sixty exercises 
in the treatment of chords in the order 
in which they are analyzed in the body 
of the work, and a set of questions on 
each ddipter, with references to the 
section Where the answers are to be 
found. Throughout the whole work 
all unnecessary ^ technicalities have 
been dispensed with, and no law has 
been promulgated which has not been 
found to influence the best specimens 
of the art. 

"Dr. Stainer, in his thoughtful 
book, sees clearly^ of amalgamating 
opposing systems in order to found a 
theory of harmony. He bases his 
work on the tempered scale, and he 
developes and illustrates his theory by 
questions and exercises for the use of 
students. His opening^ exposition of 
the rudiments ojf music is clear : when 
he reaches the legions of harmony' he 

comes on debateable ground 

Dr. Stainer, who is known for a clever 
setting of the Evening Service with a 
novel and effective organ accompani- 
ment, will gain ground by his present 
} roduction, the printing of wnich is 
remarkably clear." — A tJientenin. 
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